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PREFACE. 



1 HE first edition of this work having been pub- 
lished above forty years ago has long been out of 
print, and my leisure hours for several years have 
been employed in preparing the present edition ; 
in which not only much additional matter is con- 
tained, but the solutions of all the different pro- 
blems are derived from the real probabilities of 
life rather than from an hypothesis, which in many 
cases is found to be so defective as not even to 
approximate to the truth. 

Before the year 1788, when I communicated my 
first paper on the subject to the Royal Society, no 
attempt, to my knowledge, had been made to solve 
any problem, involving more than one life in the 
computation, from the real probabilities of life ; 
but the solutions were derived from the hypothesis 
of an equal decrement, partly from the want of ac- 
curate tables of observation, and partly on account 
of the facility which it afforded of investigating 
the most complicated problems in the doctrine of 
life annuities. In the case of a single life, pro- 
vided the age neither falls short of twenty nor ex- 
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IV PREFACE. 

ceeds sixty years, the errors produced by this 
hypothesis are inconsiderable ; but at earlier and 
later periods, and when more than one life is con- 
cerned, these errors in many instances render the 
rules altogether unfit for use. 

In the former edition of this work, the rules for 
determining the values of contingent reversions 
depending on three lives were for the most part 
derived from two or three problems in Mr. Simp- 
son's Select Exercises j but the solutions of those 
problems having M. De Moivre*s hypothesis for 
their basis were incorrect, and in consequence the 
above-mentioned rules, so far as they were con- 
nected with them, were equally so. It should, 
however, be observed that having been deduced 
from plain reasoning and depending on no parti- 
cular hypothesis, the rules wpuld have been per- 
fectly correct if the solutions of Mr. Simpson's 
problems had been derived from the real proba- 
bilities of life. These rules were, indeed, rendered 
in some degree less inaccurate by adopting the 
expectations of life as deduced from real observa- 
tions instead of assuming them, agreeable to the 
hypothesis, to be always equal to half the difference 
between 86 and the age of the given life. Still, 
however, they were founded on the supposition 
that the decrements of life were equal ; so that the 
series expressing the several contingencies were 
made to decrease in arithmetic progression, while 
the series expressing the expectation decreased in 
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a different proportion, and thus made it impossible 
that a rule founded on such discordant principles* 
should be strictly true. 

The values of reversions depending on two lives 
are as readily determined from real observations 
as from De Moivre's hypothesis, and the rules are 
as simple : but in regard to those reversions which 
depend on three lives, it must be acknowledged 
that the operations are much more complicated, 
and laborious. In some cases the values depend 
on ten or twelve contingencies, and consequently 
the series expressing those values are more than 
twice as numerous. To reduce so many quantities, 
therefore, into any form that shall not render the, 
computation of them a work of great labour, be- 
comes a matter of considerable difficulty. It is 
possible that the rules which have been given in 
this work might have been a little simplified by 
omitting or altering some of the expressions which 
appear to be of inconsiderable value ; but the re-./ 
suits would then have been only approximations to 
the truth, and the subject would have been left in 
the same uncertainty as if the solutions had been 
derived from the hypothesis which had been found 
to be so defective. 

My chief purpose in the present work has been 
to give solutions strictly correct according to any 
table of observations deduced from the real pro- 
babilities of life j and this purpose would have 
been defeated, if I had omitted any series, how- 
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ever insignificant, With the view of rendering the 
process more simple. I know not how far I have 
succeeded in rendering the rules intelligible to the 
general class of readers, by giving them in words at 
length ; but the mathematical reader will find no 
difficulty by referring to the notes at the end of 
the work ; where those rules with their demonstra- 
tions are given algebraically. By a little manage- 
ment in arranging and conducting the operations, 
they will be found, however, to be less formidable 
than they appear; and though they may be attended 
with more trouble, than by the method of ap- 
proximation, they should not be objected to on 
that account, since the additional labour they pro- 
duce will be abundantly compensated by the 
greater accuracy of the computation. 

In the first and second chapters the nature of 
assurances and annuities on lives is stated and ex- 
plained, together with the principles on which the 
computations of their values are founded. Being 
intended as an introduction to the subject, these 
chapters contain nothing that is either difficult or 
abstruse, but are written in a plain and familiar 
manner with the view of preparing the uninformed 
reader for understanding the solutions of the sub- 
sequent problems. Having deduced all those 
solutions from the real probabilities of life, the 
examples by which the reasoning in the first and 
second chapters are illustrated, have been derived 
from the same source, rather than from the hy- 
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pothesis of M. De Mohre ; and with this exception, 
these two chapters are the same with those in the 
former edition. It should, however, be observed, 
that the second section of the first chapter, as well 
as the introduction written by my invaluable friend 
and relative Dr. Price to that edition* are now en- 
tirely emitted, having no particular connection with 
the subjects of the present work, and containing 
observations no longer applicable to the circum- 
stances of the Society to which they were addressed. 
Ill the year 1779, when those observations were 
written, the business of assurances on lives was but 
little understood and but little practised. Except- 
ing the Society in Serjeants Inn, which assured 
lives at all ages under 45 at the same annual pre- 
mium, and never exceeded ^300 on the same life, 
and the Royal Exchange Office, which made a few 
assurances for a single year at the general premium, 
I believe, of £5 per cent. ; the Equitable Society 
had no competitors, and were the only Society 
which varied their premiums according to the age 
of the person assured. The assurances for the 
benefit of surviving families at this period were but 
•few in comparison with those which were made on 
the lives of those improvident persons who, in the 
disposal of their property, seemed to have as little 
consideration for their families as for themselves ; 
and as the price of an annuity on a life, howevei 
young, very rarely exceeded seven years purchase, 
die assurances were seldom made for a longer 
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term, so that a very small proportion was made on 
the whole continuance of life, or with any other 
view ,than to secure a purchaser from the risk of 
losing the price of his annuity. Still* however, though 
the progress, of the Society was slow, their number 
continued tp increase and their capital to accumu- 
late* By persevering in a course of strict economy 
in the management of their affairs; by guarding 
against the introduction of bad lives, and abstain- 
ing carefully from any measure that had a direct 
tendency to alienate their funds, they found them- 
selves in the year 1782 in the possession of such a 
surplus as to justify them in adopting a new and 
more correct set of tables, which reduced their 
premiums. in some instances to one half of their 
original amount, and at the same time in making 
an addition to the claims of ^1 10s. per cent, for 
every payment which had been made prior to that 
year. During the following nineteen years four 
other additions were made to the claims ; and in 
order to prevent the too frequent recurrence to 
these additions in future, it was determined in 
1800 that none should thereafter be made without 
a previous investigation of the affairs of the Society 
— that such investigation should take place at the 
end of every ten years — and that the amount of 
thfe additions in present value should never exceed 
two thirds of the surplus stock of the Society. The 
beneficial effects of these wise regulations have 
been fully manifested in the decennial investiga- 
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tions of 1810 and 1820: the additions in those 
two periods exceeding in present value the sum of 
three millions sterling, and increasing the sums 
assured in the old policies to five times their original 
amount. These repeated operations in favour of 
the members, and the immense increase of the 
society in numbers, wealth, and credit, have natu- 
rally excited a desire of forming similar institu- 
tions, or rather trading companies, with the view of 
appropriating the whole, or a greater part of those 
profits among the partnership which have been so 
liberally shared in common by all the members of 
the Equitable Society. 

Without entering into the merits or demerits of 
these companies (for they are of very different de-» 
scriptions) it is impossible to contemplate without 
great satisfaction the happy effects produced by 
the success of the Equitable Society. The multi- 
plication of assurance offices, to which this success 
has given rise, necessarily increases the number of 
assurances, and makes the subject more widely 
known and better understood. Thousands of 
families are now secured in the enjoyment of com- 
forts, of whiqh they would otherwise have been 
rendered destitute by the death of their friends 
or relatives. The establishment therefore of these 
new offices, if properly conducted, appears to be 
a considerable public benefit, and the only danger 
of their not continuing so, arises from the dispo- 
sition which some of them manifest to make pre- 
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mature inroads upon their capital It should be 
remembered, that the probabilities of lire are 
generally higher in the infancy, than they are in 
the more advanced state of a Society, and conse- 
quently that any measure founded on the expecta- 
tion that events will prove more and more favour- 
able as the Society becomes longer established, 
will most probably terminate in disappointment. 
The Equitable Society proceeded quietly in the same 
course for near twenty years before they ventured 
upon any change. During that period the decre- 
ments of life among the members had attained such 
a degree of regularity that very little risk was in- 
curred in founding any new measure on the pre- 
sumption that they would continue to be equally 
so. The experience of the last forty years has 
confirmed this opinion, and the probabilities of 
life among the members of the Society may now 
be considered as uniformly regular as they are 
among the general mass of inhabitants in this 
country. 

The erroneous conclusions deduced from the 
higher probabilities of life in the first years of a 
Society, are in danger of deriving additional force 
from a spirit of competition, and an eager desire 
of increasing their business. By publishing a de- 
lusive account of their prosperity founded on these 
probabilities, they are holding forth advantages 
which are the less likely to be realized in propor- 
tion to their magnitude and the earlier period of 
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their commencement It should be particularly 
observed, that the motives which induce persons 
to become members with such promises to allure 
them, will always urge them to press for greater 
advantages, and the Society will find that the 
higher the expectations of such persons are raised, 
the more difficult it will be either to satisfy or to 
moderate them. 

In this commercial country almost every thing 
becomes a matter of speculation, and the prospect 
of advantages, however distant, never fails to sti- 
mulate adventurers to the pursuit of them. It is 
no wonder therefore that the great success of one 
office in the business of assurance on lives should 
give rise to the establishment of so many new ones. 
In the course of a few years the number has been 
increased by about fifteen additional offices, in 
which are included the whole nearly of the Fire 
Offices, whose business seems to have been ex- 
tended to assurances on lives with the hope of 
repairing the losses they have sustained by a ruinous 
competition with each other in the business of fire- 
assurances ; but I am sorry to say that in some of 
them this new branch of business does not appear 
to have been entered upon with a more liberal 
spirit than they have manifested in their manner 
of conducting the old one *. To the public in- 



* See particularly the prospectus of the Sun Life Assurance 
Society, in the year 1820, in which it is stated " that the managers 
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deed it is a matter of little moment in what terms 
they display their superiority to each other, but it 
is of consequence that they should be convinced 
of the danger to which they are exposed, by adopt- 
ing injudicious measures from too eager a pursuit 
after monopoly. As long as they proceed in a safe 
and honourable course, they have my warmest 
wishes for their success, as I consider every as- 
surance made for the purpose of providing for a 
surviving family, in whatever office it is effected, 
not only as a private but as a public good. It is 
far from my intention to extend these observations 
to all the offices which have been established within 
the last twenty years. Some of them are highly 
respectable, and cannot fail to prove beneficial to 
themselves and the public. 

^.^^_^__ . i - - i ■ i r * 1 - - ^_ 

" being satisfied that the premiums which have hitherto been re- 

" quired for assurances were not properly graduated according to 

" the ages, have had others calculated proportional to the real values 

of th£ risks at the different periods of life, and having adopted 

these new rates, now offer assurances to the public on these 

terms, which will be found to be more liberal than any hitherto 

" granted, the premiums having been, in many cases, reduced 

• f twenty and thirty per cent." If we may judge from the great 

irregularities in the increase and decrease of the difference between 

the premiums at any two successive ages, for a single year, we 

shall have no great reason to think very favourably of the superior 

corectness of this new graduation ; nor shall we think more 

favourably of the greater liberality of their terms if we compare 

them with those of other offices ; for instead of being 20 and 30 

per cent, lower, their premiums for the whole continuance of life at 

all ages after 45, are really higher than the premiums required by 

any other office in London. 
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In the former edition of this work* I gave a par- 
ticular account of the Equitable Society, which 
being then almost the only society of the kind, I 
was induced to enter more minutely into the dif- 
ferent methods of ascertaining the real state of 
that, or of any other similar institution ; and con- 
cluded with observing, that the accounts of the 
Equitable Society had been lately investigated by 
each of those methods, and found to be so highly 
favourable as to justify the measures then adopted. 
But on more mature consideration, I have seen 
reason to change my opinion of those measures ; 
and happily the Society, convinced of their per- 
nicious tendency, have never repeated them. In 
all the subsequent investigations a more prudent 
and beneficial course has been pursued. By the 
method of making additions to the claims, no im- 
mediate invasion of the capital takes place j but 
the profits are divided so gradually, as neither to 
alienate the capital too suddenly, nor even to pre- 
vent the accumulation of it. The effect also of 
its operation for the first years is almost insen- 
sible, so that the credit and consequence of the 
Society are not impaired by the abrupt diminution 
of their capital ; nor is there any danger of such 
a diminution at any future period, provided, as in 
the case of the Equitable Society, the present 
value of those additions is never suffered to exceed 
a certain portion K of the surplus. Indeed I know 
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of no other safe and effectual method of appro- 
priating this surplus. The immediate division of 
it is too ruinous in its consequences to be men- 
tioned, or even thought of. The reduction of the 
premiums, although it were liable to no other ob- 
jection, is altogether inadequate in many cases ; 
fot if all the annual premiums be remitted in some 
very old assurances, the present value of them 
during the remainder of the life assured would 
not be equal to the present value of a single addi- 
tion of £ 1 per cent. In order, therefore, to give 
the old members their due share in the surplus, it 
would, in this case, be necessary to supply the de- 
ficiency by an immediate payment of money ; or 
in other words, by an immediate invasion of the 
capital. But the method of making additions to 
the claims is exposed to none of these difficulties. 
Every member participates, as nearly as circum- 
stances will admit, in due proportion to his age 
and the number of his payments ; — the annual in- 
come of the society is not reduced, and the pur- 
pose of the assurance is answered in the best man- 
ner, by increasing that provision for a family which 
it was originally intended to secure for them. The 
long experience of the Equitable Society has fully 
demonstrated the excellence of this method in the 
success \vith which it has been attended. From 
the time in which it was first adopted to the last 
decennial investigation in 1819, the numbfer of 
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members has increased more than ten-fold, the 
annual income more than one hundred fold, and 
the capital in a still higher degree. Many millions 
have been added to the sums originally assured, 
and the. prospect of still further benefits is now 
secured by the admirable regulations which were 
formed in the year 1816, for limiting the number 
of those who are to share in them at one and the 
same time. These regulations exclude none from 
the expectation of partaking in those benefits, as 
some of the societies lately established have very 
improperly represented. They only postpone the 
enjoyment of them in order to render them ulti- 
mately more secure and valuable to the new 
members. 

Having now been engaged in conducting the 
afiairs of the Equitable Society for almost half a 
century, I cannot take my leave of the subject 
without expressing the pleasure I feel in witnessing 
the success of an institution (begun in obscurity, 
without any capital, and formed on the narrowest 
scale), exalted by prudence and economy to the 
highest summit of wealth and credit, extending 
its benefits to thousands of families, and affording 
the most solid reason to hope, that those which it 
has already conferred are only pledges of still 
greater benefits to thousands of families hereafter. 
With an ardent wish that this hope may be realized, 
and impressed with a lively sense of gratitude for 
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the many instances of kindness which I have 
experienced during a long series of years from 
the members of this Society, I shall now con- 
clude this preface with submitting the following 
work to „ the candid perusal of the reader. 

Equitable Assurance Office, 
MayXM, 1821. 



Lately published by the same Author, 
Memoirs of the Life of Dr. PRICE. 
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CHAPTER L 

An Introduction to the Doctrine of Assurances 

on Lives. 

JLhe value of an assurance is computed more 
or less easily, according to the number of lives 
involved in the calculation. In order, therefore, 
to give a clear idea of this subject, and the prin- 
ciples from which the more complicated questions 
are deduced, it will be necessary to begin with 
those in which only one life is concerned. 

The simplest of this kind is the assurance of a 
single life for the term of one year. In this case 
nothing further is required than to determine the 
probability of the life's failing in the year; and 
in proportion as this probability is greater or less, 
the value of the assurance will be greater or less ; 
so that were it certain that the life would fail, this 

value would, be equal to the sum assured ; were it 

■■_■» 
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2 AN INTRODUCTION TO THE DOCTRINE 

an even chance whether the life failed or not, it 
would be equal to half the sum assured ; were there 
only one chance out of twenty for the life's failing, 
the value would only be a twentieth of the sum 
assured ; and so on. 

Suppose, for example, that 50 persons aged 39 
agreed to assure j£100 each on their lives for one 
year. By the Northampton Table * of Observations 
it appears that one of them will die in the year. 
The value of the assurance therefore will be ~ of 

50 

j£100, or £% from each person ; for this contri- 
bution will just furnish money enough to pay the 
claim. But since the money is supposed to be ad- 
vanced at the beginning, and the claim not to be 
paid till the end of the year, this sum must be 
(discounted for a year, so that the several contribu- 
tions, together with their interest, may be just equal 
to the sum assured. Had these persons been 60 
years of age, two of them would have died in the 
,year, and the contributions should have been twicp 
as much; had they been 73 years of age, four of 
them would have died, and the contributions should 
have been four times as much. At a more ad- 
vanced age, a still greater number would have 
died ; so that the value of an assurance for one 
year, by thus continually increasing with age, must 
at the extremity of life become equal to the sum 
assured. 



* See Tab. 1. 
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Let the term now be two, three, or any certain 
number of years, the sum as before j£100, the 
value of the assurance to be paid down immeK 
diately, and the sum assured at the end of the 
year in. which the life becomes extinct. The 
investigation in this case, being more compli- 
cated than in the former, may be explained in the 
following manner : Suppose the age of the person 
to be assured is 30 years, and the probabilities of 
life as given in the Northampton Table. The 
number of persons living in that table at the age 
of 30 is 4385, — at the age of Si it is reduced to 
4310,— at the age of 32 to 4235,— at the age of S3 
to 4160, and so on.. The chances therefore for 
his living one yeat will be 4310 out of 4385 and 
expressed by the fraction ~^. The chances for 
his living two years will be 4235 out of 4385 and 
expressed by the fraction j^~. The chances for his 
living three years will be 4160 out of 4385 and 
expressed by the fraction ^. The chances for his 

* * 4385 

living 4, 5, &c. years, will in like manner, be ex- 
pressed by the fractions 4 -^» 4 -^» &c. The differ- 

* J 4385 4385 

ence between the number of persons living at the 
beginning of each year, and the number living at 
the beginning of the succeeding year, will denote 
the number of lives that have failed in the year. 
The difference between 4385 and 4310 — between 
4310 and 4235— between 4235 and 4160, and so 
oi| to the age of 40, being coijstantly 7^, it follows 

b2 
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that — will express the probability of the life's 
foiling in the first year ; ^» multiplied into —> 
or — $ will express the probability of its failing in 
the second, after having survived the first year ; 
7^7 multiplied into JJJ (or jgj) will express the 
probability of its failing in the third, after having 
survived the 1st and 2d years, and this fraction 
will continue invariably the same, while the probabi- 
lities of life decrease in an arithmetical progression, 
so that the value of the assurance in the 1st year 
will be the sum discounted for a year, and dimi- 
nished in the ratio of ~\ the value of the assur- 

4385 

ance in the 2d year will be the sum discounted 
for two years, and diminished in the same ratio ; 
the value of the assurance in the 3d, 4th, 5th, and 
four following years, will be the sum discounted 
for 3, 4, 5, &c. years, diminished still in the same 
ratio ; but after the 9th year the probabilities of 
life do not decrease in the same arithmetical pro- 
gression, and consequently the discounted sums 
must be respectively diminished in a different 
ratio: — thus in the 10th year the probability of the 
.life's failing will be ^> in the 11th year -^-, in 
the 12th year -^-, and so on. The amount of the 

* 4385 

several sums so discounted and diminished for 2, 
3, 4, &c. years, or to the end of life, according 
as the assurance is for a term of 2, 3, 4, &c. years, 
or for the whole of life, is equal to the value of 
such assurance. This amount, however, may be 
determined in a more compendious way than by 
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the continued addition of the several values in each 
year ; but as my present design is only to give a 
general idea of the principles from which the va- 
lues of assurances are investigated^ the considera- 
tion of this part of the subject must be referred to 
a subsequent chapter. 

If, instead of the value of an assurance for any 
term of years in a single payment, the same value 
were required in annual payments* the answer may 
be obtained in the following manner. Suppose 56 
persons, each aged 30, had agreed to assure <sfl00 
each on their lives from year to year, for any cer- 
tain term j that is, by equal contributions to dis- 
charge whatever claims may happen in the course 
of every year. By the Northampton Table one of 
them will die in the first year, and become a 
claimant at the end of the year. The sum there- 
fore to be contributed from each person will be 
£1 15s. 9d. nearly ; but if the money has been 
advanced at the beginning of the year, this contri- 
bution will be less, or only £\ 15s. 9d. discounted 
for a year. In the second year there will be 55 
persons alive, and one in 55 will die by the same 
table ; consequently one again will become a claim- 
ant in the course of the second year. But a con- 
tribution of ^1 15s. 9d. each from 55 persons will 
not be sufficient to discharge such a claim, and 
therefore at the beginning of the second year they 
ought to contribute a little more than they did at 
the beginning of the first year. For the same rea- 

b3 
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son, those that live to the beginning of the third 
year ought to contribute more than they did in the 
second year in order to make good the claim, and 
so on for every year during the whole term. If 
the value of the assurance is paid, not in annual con- 
tributions increasing from year to year, but in 
onefeced annual contribution, it is obvious that it 
should be higher than the contribution in the first 
year of the term, and lower than the contribution 
in the last year : In other words, it should be such 
a mean, as, being multiplied into the value of the 
life for the given term, shall produce a sum just 
equal to the value of the assurance in a single pay- 
ment. But this will be better understood when 
the principles on which the values of life, annuities 
are founded, have been explained in the following 
chapter. 

Had the ages of the 56 persons, instead of SO, 
been 57, two of them would have died by the 
Northampton Table in the first and following years, 
and the contributions must consequently have been 
doubled* But since at this advanced age the pro- 
babilities of dying increase more rapidly than at 
the earlier age of 30, the contributions necessary 
to discharge the claims in each year must of course 
increase in the same proportion, so that the differ- 
ence between the first and last contribution in the 
one case must be more considerable than it is in 
the other ; and hence may be inferred the reason 

why the annual payment for assuring an old life 

8 
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for 6 or 7 years exceeds the payment fot one year 
in a much greater proportion than it does in the 
case of a young life. Were the annual payments 
to be continued during the whole of life, that is, 
were it an assurance of ^100 to be paid whenever 
the life fails, the reasoning would be the same in 
all respects j observing, however, that the mean of 
all the payments would be much more consider- 
able ; for the contributions in this case must in- 
crease annually till they become equal to the sum 
assured. This follows from that invariable law of 
nature, which, rendering human life more and more 
precarious, lessens the number of survivors in each 
year, till at the extreme of life they are reduced 
to a single person, whose contribution, if he lives 
to the beginning of the last year, must equal the 
claim to be paid on his decease. It may not be 
improper to observe that the mean between the 
first and last payment is not to be understood as a 
simple arithmetical mean, or the half of the sum of 
those payments, but such a constant annual sum, 
which must so far exceed the value of the assur- 
ance for the first year as to produce a surplus, that, 
in consequence of being improved at compound 
interest, shall form a capital which shall be suffi- 
cient to discharge the claims a? they become pay- 
able ; so that when the last life drops, just so much 
of this capital shall remain as shall be equal to one 
claim. 

B 4/ 
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From these principles the values of all assur- 
ances on single lives, on the joint continuance of 
the lives, or the longest of any number of lives 
are deduced. It should, however, be observed 
that as, in supposing any two events, the chance 
is universally less for the happening of both of them 
than of one, so the value of an assurance on two 
joint lives which depends on such a contingency 
must be greater than the value of an assurance on 
the single life of one cf them j for in the one case 
the claim is paid if they do not both live to the end 
of the term, that is, if two events do not happen ; 
in the other case, it is paid if one does not live to 
the end of the term, or if one event does not 
happen. For the same reason, the value of an as- 
surance on the longest of two or any number of * 
lives, will be less than the value of an assurance 
on a single life ; for in the former the claim is not 
paid unless two or more events do happen, that is, 
unless two or more lives fail in the term ; hence it 
follows that the greater the number of joint lives 
' that are assured, the greater will be the value of 
the assurance ; and on the contrary, the greater the 
number assured during the longest liver, the less 
will be the value of the assurance. t 

In regard to assurances on survivorships, espe- 
cially those cases in which the contingencies are 
extended to more than two lives, the reasoning is 
much more complicated, and leads to the most ab- 
struse parts of the doctrine of chances* At present, 
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therefore, I shall confine myself to those cases 
in which only two lives are concerned; not 
only as being the most common, but as the same 
reasoning, if rightly understood, may be applied 
to other cases in which a greater number of lives 
are involved in the computation. To begin with 
the most simple : Let us suppose the assurance 
made only for one year on the contingency of one 
life's surviving another. Let the age of the per- 
son to be survived be 50, and of the person who is 
to be the survivor SO ; that is, a given sum is to 
be paid in case the former should die before the 
latter in one year. The payment of the claim in 
this case depends upon either of two events \ first, 
that they shall both die in the year, and the 
youngest shall die last : secondly, that the oldest 
person only shall die in the year. By the North- 
ampton Table* the probability that a person 
aged 50 dies in the year is — » and the probability 
that a person aged 30 dies in the year is ^, the 
probability therefore that they both die is ex- 
pressed by these two fractions multiplied into each 
other, or g 8S7 x 4385 t \ but that one in particular 
shall die before the other is very nearly an 

* Tab. 1. 

f In this and the following chapter, it is taken for granted 
that the reader is so far acquainted with the doctrine of chances 
as to know, that the probability that any number of independent 
events will all happen, is the product of all their probabilities, 
separately taken, multiplied by one another. 
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equal chance. Half of this fraction, therefore, 
or 9K *** 7 l\ 395 9 will be the value of the expectation 
on the first of the two events. The second, which 
is by far the most considerable, will be expressed 
by the probability of the older person's dying, 
or jji-f multiplied into the probability of the 
younger person's living, or 81x431 ° • The sum of 

these two fractions therefore, or — 81 ? y * added 

2X3857X4385 

to — - — — > will express the ratio in which the 

2857X4385 r 

sum proposed to be assured, after being discounted 
for a year, is to be diminished. By reasoning in 
the same manner the value of the assurance may 
be determined, if the life to be survived is younger 
than the life to be the survivor. If the term is 
extended to two, three, four, &c. years, or to the 
extremity of life, the principles from which the 
solution is derived are exactly similar, provided 
the value is required in one present payment. Thus 
the chance that the older life shall die in each of 
the following ten years is constantly — > and tlie 
chance that the younger life shall die in each of 
those years is constantly -^- *• Half the frac- 



tion T^ b wiN therefore, during this period, in- 
variably express the value of the expectation on 
the contingency of their both dying in the same 
year, and one in particular dying last. The other 
expectation after the first year depends on the 
younger person's living two, three, four, &c. years, 

I II I ——————I H I '■ ■■ ■ ■ » II ■ I , ■ . ■ n il 

* See page 9. 
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and the older person's having died in the first, 
second, third, &c. years, according as the assur- 
ance is to be continued for two, three, four, &c. 
years, and is determined by multiplying ~^ (ex- 
pressing the latter probability) into the several 
fractions expressing the former probability, which 
appear by the Northampton Table to be — . . .— . . . 
— , &c. \ these fractions being severally multiplied 

int0 iiT 7 and added t0 %*?*** S S expressing the 
expectation on the first contingency, will give the 

ratio in which the sum to be assured is to be dimi- 
nished, after having been previously discounted 
for two, three, four, &c. years respectively. The 
sum of all these expressions, continued for as 
many terms as are equal to the number of years 
for which the assurance is to be made, will give its 
whole value in one present payment. But if the 
assurance is not to cease till the claim is deter- 
mined, those terms must be continued to the 
extremity of the oldei; life. The repeated 
multiplications and additions which would be 
necessary by these means to ascertain the va- 
lue of the assurance would be attended with 
great labour, especially if the operations were 
to be continued during life, or even during a 
period of eight or ten years. A more concise 
method, therefore, is given in the fourth chapter 
of this work, for determining the sum of those 
terms in ail cases, and reducing them into general 
rules. 
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In computing the values of assurances on sur- 
vivorships in annual payments from the same prin- 
ciples with those on single lives, the reasoning 
becomes much more complicated. Suppose a 
given sum to be paid on the death of a person 
aged 56, should that happen before the death of 
another aged 30, and that 58 persons all aged 56 
had agreed to assure ^£100 each on their lives, 
dependent on this contingency. By the North- 
ampton Table one will die out of 58 at the age of 
30 in the first year, and two out of the same 
number at the age of 56. One claim, therefore, 
will become due in this year, towards which a 
contribution of d 1 14$. 6d. from each person must 
be paid. That the other does not become due 
depends upon two events ; first, that the younger 
life which drops was one of those assured against 
either of the two older lives which failed in this 
year ; secondly, that provided this was the case, 
the younger person also died before the older one 
in the year. That the first event happens, there 
are two chances out of 58, or a probability which 
may be expressed by the fraction — or - > that the 
second event happens is very nearly an even chance 
which is expressed by £. These two fractions 
being multiplied into each other will produce — » 
expressing the whole probability that the second 
claim does not become due ; that is, ~th or 
j£l 14$. 6d. must be added to the former contri- 
bution of j£1 14$. 6d. which will make the whole 
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of the first year's assurance equal to ^3 9$. and as 
this is supposed payable at the beginning, and the 
claim not till the end of the year, it must be dis* 
counted for one year. In the second year, there 
will be very nearly three assurances less than in 
the first year ; and as the deaths among the old 
and young lives continually bear the same propor- 
tion to each other, there will again be nearly two 
claims to be paid in this year, which being among 
fewer persons will render the contributions from 
each so much the higher. In the third year there 
will be nearly six assurances less than in the first, 
and three less than in the second vear. The claims, 
however, will be much the same, and conse- 
quently the contributions higher than in the pre- 
ceding year. By reasoning in the same manner, 
it will be found that the annual payments are con- 
tinually increasing till they become greatest in the 
last year ; in order therefore to reduce these in- 
creasing annual payments to one fixed sum which 
shall be the same during every year of the assur- 
ance, it will be necessary to find such a mean 
between the highest and lowest contribution as 
shall provide a sufficient surplus, with its accumu- 
lating interest, to discharge the last claim. To 
determine with perfect accuracy how much the 
contributions increase and the claims diminish in 
every year would lead to a train of reasoning so 
perplexed and complicated as to be altogether 
unfit for the present purpose, and it will be 
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Sufficient only to observe from this general view 
of the subject, since the contributions appear 
to increase much faster than the claims dimi- 
nish, that the last contribution must necessarily 
be the greatest, and consequently that the fixed 
annual payment must be such a mean as I have 
described. 

As the annual payments in the case of survivor- 
ships are made to cease whenever either of the 
lives fails, it is evident that these payments must 
be such a mean, as being multiplied into the value 
of an annuity on the joint lives shall be equal to 
the value of the assurance in one payment : or in 
other words, the annual payment will be the 
quotient arising from the value of the assurance 
in one payment divided by the value of an 
annuity on the two joint lives. But this will 
be better understood when the principles on 
which the values of annuities oh single and joint 
lives shall have been explained in the following 
chapter. 






il 
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CHAPTER II. 

An Introduction to the Doctrine of Annuities 

on Lives. 

1 he value of a life annuity, like that of an assu- 
rance, is more or less easily determined in proportion 
to the number of lives on which the annuity depends. 
When only one life, therefore, is concerned, the 
operation will be most simple, and if the annuity 
is limited to a single year, it becomes the exact 
converse of the operation for an assurahce during 
the same time. In the former, a given sum is to 
be paid if the life exists one year, in the latter the 
sum is to be paid if the life fails in the year ; so 
that if it were an even chance whether it would 
exist through a year, or not, the value of an 
annuity and of an assurance would be equal ; and 
the former will exceed the latter, in proportion 
as the chance of living exceeds that of dying in 
the year. Suppose, for example, that A. and his 
heirs were entitled to 60 annuities of ^£100 each 
on the single lives of as many persons, whose 
common age was 39 ; that is, that they were 
to receive s£l00 from every one of 50 persons 
of this age, at the end of every year while 
they lived. By the Northampton Table of Ob* 
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servation* it appears that 49 out of the 50 will 
live one year, and therefore the value of the first 
payment of those annuities is £ 100 multiplied 
by 49 (or ^5,000, the sum -of all the payments 
lessened in the ratio of 49 to 50) which is equal 
to j£4,900. But as this money is not payable till 
the end of the year, it must be discounted for a 
year, so that the present value with the interest 
may in this time just accumulate to ^4,900. 
Hence it follows that the value of the first pay- 
ment of an annuity, in the present instance, exceeds 
that of an assurance for a year, in the ratio of 49 
to one, the premium for assuring those several 
sums on 50 such lives being only £ 100 discounted 
for a yeart. Had the annuity been on 50 single 
lives, whose common age was 60, two persons 
would have died by the Northampton Table in the 
year, so that the first payment would have been 
£ 100 multiplied into 48 (or ^5,000 lessened in 
the ratio of 48 to 50) which is equal to ^4,800; 
and in the former chapter \ it is proved that the 
premium for assuring those sums is ^200 §, hence . 
the first payment of an annuity on a life of 60 
exceeds an assurance for a year on the same life 
only in the ratio of 48 to 2 or 24 to 1. At the 
age of 94 the number of those that die exceeds 
the number of those that live one year, and con- 



* Tab. 1. t See page 2. \ Ibid. . 

§ It will be remembered that both these sums of j£4,800 and 
£200 are to be discounted for a year. 
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sequently the value of the first payment of an 
annuity becomes less than the assurance for a. year 
of a sum equal to that annuity. It may be ob- 
served from these calculations that the sum of the 
values of the first payment of an annuity, and of 
an assurance for one year, is always equal to such 
first payment of the annuity to be received cer- 
tainly at the end of the year ; for if a given sum 
is to be then received, whether a life does or does 
not exist, one or other of these two events must 
happen, and it is obvious that the expectation 
on both of them is the expectation of a certainty. 
Byt the value of the several payments of a life 
annuity for two, three^ or any number of years, 
may perhaps be determined more simply in the 
following manner: Suppose the annuity to be 
confined to one person of the age of 66, and the 
value of it to be computed from the Northampton 
Table. The number of persons living in that 
table at the beginning of the first year is 1552, 
and the number living at the beginning of the 
following year is 1472. The probability therefore 
of the person's living in this case, to the end of the 
first year, is in the proportion of 1472 to 1552, 
and the value of £1 to be then received on that 
contingency is the sum discounted for a year, and 
multiplied into the fraction ~~. In the second 
year, the number living at the beginning of the 
third year being 1392, the probability of the per- 
son's living to that time will be in the proportion 
of' 1392 to 1552* and therefore the value of the 
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second payment of the annuity will be £1 dis- 
counted for two years, and multiplied into the 
fraction — • By reasoning in the same manner, 
£1 discounted for three years, and multiplied into 
the fraction J^, will give the value of the third 
payment of the annuity. If the operations are 
continued for any number of terms, the sum of 
those terms will be the value of the annuity for an 
equal number of years ; and if in the present case 
they be continued to 30 terms, it appears from the 
table that the numerator of the fraction, which 
constitutes the 31st term, vanishes, and conse- 
quently the sum of the different products for SO 
terms will express the value of the annuity for 
the whole duration of a life of 66. The subject 
may be otherwise explained in the following 
manner. Suppose a life annuity of £\ payable 
yearly to every one of 5132 persons, all now 
aged 20, the first payment of which is to be 
made a year hence. It appears from the North* 
ampton Table of Observations, that only 5060 of 
these persons will be living at the end of a year, 
and consequently that the money to be then paid 
will be only ^5,060. The present value therefore 
of the first payment of the annuities will be the 
sum which now put out to interest will increase in 
a year to ^5,060, that is, it is £5,060 discounted 
for a 1 year, or £4>,865 7s- 6d. ; for this sum added 
to its interest for a year at £4* per cent, will just 
make up £5,060. From the same table it appears 
further, that of 5132 persons liwng at 20 years of 
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age, only 4985 will be living at the end of two 
years. The present value therefore of the second 
payment of the annuities will be the sum which 
being now put out to compound interest at £4» 
per cent, will increase in two years to ^4,985. 
This sum is ^4,609. In like manner 4910, 4835, 
4760, &c. being the number living at the end of 
3, 4, 5, &c. years, the value of the 3d, 4th, 5th, 
&c. payments of the annuities will be ^4,910, 
rf4,835, ^4,760, &c- discounted for 3, 4, 5, &c. 
years respectively. These sums so discounted and 
continued to the year in which all the lives become 
extinct will amount to ^82,282, and will be suffi- 
cient if improved at j£4 per cent, to make good the 
payment of an annuity for life of jgl to every one 
of 5132 persons aged 20* according to the North- 
ampton Table of Observations. The value there- 
fore of such an annuity payable only to one such 
person must be the 5132d part of ^82,282, or 
£16 Os. 8d. 

Were the probabilities of life to decrease in 
arithmetical progression according to an hypothesis 

invented by M. De Moivre* the sum of the 

*- * - - , -...■■.-, 

* In this hypothesis the limit, or utmost extent of life, is con- 
■_ fined to the age of 86 ; and supposing any number living at a 
given age* an equal number of them is supposed to die in every 
year, till at the age of 86 all the lives become extinct. Thus, 
if there are 50 persons living at the age of 30, one of them by 
this hypothesis will die annually during the term of 56 years, 
• at which period the last surviving life will have failed ; or, in other 
words, 55 will be living at the end of the 1st year, 54 at the end 

C 2 
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several products in the preceding series might 
easily be computed. But this hypothesis is so 
incorrect in the earlier and latter periods of life as 
to be altogether unfit for use ; nor can .the rules 
which are founded upon it be applied to tables of 
^observation. The only method of obtaining values 
strictly true, from the real probabilities of life, is 
by proceeding regularly with the operations for 
each year in the manner described above, which 
in the case of very young lives will be attended 
with considerable labour. But these difficulties 
may in a great measure be obviated by a method, 
which will be given in the subsequent section, of 
deducing from a value so calculated the values of 
annuities on all younger lives, so that a table of 
the values of annuities on lives of all ages may be 
computed nearly in the same length of time qs 
would be required to compute the value af a single 
annuity upon a life of the youngest age. 

The values of annuities upon the joint con- 
tinuance of two lives are derived from the same 
principles with those on single lives. Suppose the 
ages of two persons, on which the value of such 
an annuity is to be determined, are 50 and 60. 
By the Northampton Table the probabilities of 
their living singly the first year will be ^, and 

of the 2d year, 53 at the end of the 3d year, and so on for 56 
years; so that the probabilities of living, one, two, three, &c. 
years at this age will be f£> •£$■> •§-£» &c. respectively ; where it 
appears that the fractions expressing those probabilities decrease 
arithmetically* 
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*£*?. The probability therefore of their both living 
to the end of this year will be expressed by these 
two fractions multiplied into each other *,- or — 
multiplied into ~. In the same manner the pro- 
bability of their both living to the end of the 
second year will be expressed by the two fractions 
jjj| and —^ multiplied into each other: The 
probability of their both living to the end of the 
third year by the multiplication erf the two fractions 
^~ and ^2? into each other, and so on for 86 

2857 2036 ^ * 

years, at the end of which term, the numerator of 
the fraction expressing the probability of the older 
life's existence vanishes. These several fractions 
multiplied into the annuity properly discounted 
for 1, 2, 8, &c. years, and added together, will 
give the whole value of such annuity upon the 
joint continuance of the two lives. The values of 
annuities on the joint continuance of three or anjr 
greater number of lives are found in the same 
manner ;• the several fractions expressing the pro- 
bability of their living singly in each year being 
multiplied into one another, and also into the sum 
discounted as above, and the aggregate of the 
products arising from those multiplications being 
continued to the extremity of the oldest life will 
give the whole value of the annuity. It is evi* 
dent from what has been already observed, that 
the value of an annuity on a single life must 
always be greater than the value of an annuity on 

* See page 9. note. 

c3 
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two joint lives of the same age, as the money is tor 
be received, in the first case, if only one event 
happens, and, in the second case, it is not to be 
received, unless that event and another happen. 
For the same reason, an annuity upon two joint 
lives is worth more than an annuity upon three 
joint lives of the same ages, inasmuch as the 
money in the one case is to be received, if only 
two events happen ; in the other it is not to be 
received, unless those two events and one more 
all happen. Universally, the greater the number 
of lives, the less will be the value of the annuity 
on their joint continuance j and this number may 
be so increased, as to render such an annuity 
nearly of no value. When the number of lives 
exceeds two 9 the computations, in the manner 
I have described, become so laborious, as to 
render it necessary to have recourse to methods 
for approximating to the true values. For this 
purpose Mr. Simpson in his Select Exercises 
(prob. ix.) has given a rule for determining the 
value of three joint lives, from the given value of 
two joint lives, which has been rendered suffi- 
ciently correct in most cases by those tables of 
the values of single and joint lives, which have 
since been computed from the real probabilities 
of human life.* 

* In the year 1783 Dr. Price published tables of single and 
joint lives from the Northampton Table of Observations, and also 
from the probabilities of life in the whole kingdom of Sweden. 
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With respect to annuities on the longest of 1 any 
number of lives, the reasoning is less simple, and if 
more than two lives are concerned, it becomes so 
complicated, as not to admit of being explained in 
a few words. I shall therefore confine myself at 
present to the single case of two lives, which being 
derived from the same principles with those from 
which the value of a greater number of lives is 
determined, will, if properly understood, lead to 
a general knowledge of the subject in all cases* 
Suppose the ages of the two persons, during whose 
lives the annuity is to be enjoyed, are 50 and 60. 
By the Northampton Table the probability of the 
former's living one year, is expressed by the frac- 
tion — > and the probability of the latter's living 



2857 



1956 



the same time by the fraction — -> The probabi- 



lities of their severally dying in the year, are 



1956 



3776 
2857 



subtracted from unity, and — subtracted from 
unity, that is, they are 1 — H^ and 1— !22. * 

JJ J J 2857 2036 

These two expressions v being multiplied into each 
other will give the probability of their both dying, 



About the same time Mr. Baron Maseres also published similar 
tables from the probabilities of life, as deduced by M. Be Parcieux. 
These have been computed at different rates of interest, and are 
indeed a very important addition to the doctrine of annuities. 
The Northampton and Sweden tables are inserted in this volume; 
*• A certainty is always denoted by unity, so that the differ- 
ence between the probability of an event's Itappening and thid. 
certainty, must express the probability of the same events not 
happening. 

c 4t 
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in the year*, which is equal to 1 a ^„ — gg^-fr 
a776xi956 < j^ ^j g eX p ress i on a crain be subtracted 

2857 X 2036 r ° 

from unity, the remainder will give the probability 
that they will not both die in the year ; that is, 
that one of them at least will live to the end of it. 
In order therefore to subtract the above expression, 
nothing more is necessary than to change the 
different signs in it, and then add the whole to 
unity : in which case we shall have ^? + ^f — 

J 2857 2036 

2I57 x 2036 ^ or t ^ ie P r °k a bility required. In the same 
manner the probability of one of them at least, 
living to the end of the second year may be found 
to be ^+1^-™11^ the probability of one 

2857 2036 2857 X 2036 * J 

of them at least living to the end of the third year 

2612 1793 _ 2612X^1793 fl on fo, numbef Q f 

2857 2036 2857 x 2036 

years equal to thfe difference between the age of 
the younger of the two lives, and that of the oldest 
life in the table of observations. If those several 
expressions be respectively multiplied into the 
annuity discounted for 1, 2, 3, &c. years, and the 
products be added together, the sum will be the 
whole value of the annuity for the continuance of 
the longest of two lives aged 50 and 60 years. By 
proceeding in the same manner the value of an 
annuity on the longest of any other two lives, and 
by any table of observations may be determined. 
But if the values of the single and joint lives are 
given, it appears from what has been observed in 



* See note, page 9. 
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the beginning of this chapter that the value of 
an annuity during the continuance of the longest 
of them may be obtained without difficulty. For 
since — + ?^i+ ?£!?, & c . multiplied into the an- 

2857 285; 2857 r 

nuity discounted for 1, l 2 9 3, &c. years, is shown 
to be the value of an annuity on a single life of 50, 

SS+sSi+SS &c - so discounted, to be the value 
of an annuity on a single life of 60, and 2776x19 ** + 

1874X2694 2612X1793 j. . ,. 2 W X 2036 

» c » ,« + »««„ o ,« > & c - discounted in like manner 

12857 X 2036 2857 X 2o36 

to be the value of an annuity on two joint lives 
aged 50 and 60,* it follows that if " from the sum 
" of the values of an annuity on the single lives, 
tc the value of an annuity on the joint lives be 
" subtracted, the remainder will give the value of 
" an annuity on the continuance of the longest of 
" two such lives." t If the lives are increased to 
three, four, five, or any other number, the value 
of an annuity on the longest of them may still be 
found from the values of the single and joint 
lives j but the operation becomes much more 

* See page 20. 

f Example. Suppose the value to be required of an annuity 
on the longest of two lives aged 40 and 50, reckoning interest at 
4 per cent, and computing from the probabilities of life at North- 
ampton. By Tab. 3. the value of a single life of 40 is 13.197, 
and by the same table the value of a single life of 50 is 11.264. 
Their sum is 24.461 ; from which 8.834 (the value of the joint 
lives of 40 and 50 by Tab. 4.) being subtracted, we have 15.627 
for the number of years purchase required. , 
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complicated, and if the number exceeds three* 
almost impracticable, especially as there are no 
tables of the values of four joint lives, nor even 
any tolerably correct method of approximating 
to them. 
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CHAPTER III. 

On the method of calculating tables of the values of 
annuities on single and joint lives. 

V 

Were it certain that a person of a given age 
would live to the end of a year, the value of an 
annuity of £1 on such a life would be the present 
sum that would increase in a year to the value of 
a life one year older, together with the value of 
the single payment of £\ to be made at the end 
of a year ; that is, it would be £1 together with 
the value of a life one year older than the given 
life, multiplied by the value of £1 payable at the 
end of a year. Let the value of a life one year 
older than the given life be denoted by N. and the 
value of dl payable at the end of a year by -i *, 
then will the value of the annuity on the given 
life on the supposition of a certainty be i +-xN, 
But, in fact, it is uncertain whether the life will 
or will not exist to the end of the year ; this value, 
therefore, must be diminished in the proportion of 
that uncertainty ; that is, it must be multiplied 
by the probability that the given life will survive 

* If r represent sSl increased by its interest for a year, - will 
be the present value of ggl to be received at the end of a year. 
See the Appendix at the end of the Tables. 
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one year, or supposing - * to express this proba- 
bility it will be b - x 1 + N. This theorem has 
been otherwise demonstrated by Mr. Simpson in 
his book on Life Annuities (prob. i. cor. 7th,) and 
by Dr. Price in his Treatise on Reversionary Pay- 
ments (Note N. Appendix.) Its great utility will 
appear from the following examples : Suppose the 
probabilities of life to be as they have been given 
by Dr. Price from the Bills of Mortality at North- 
ampton, and the rate of interest to be 8 per cent., 
or that r is equal to 1.03. By reasoning, as in 
page 17, the value of a life aged 95 will be ex- 
pressed by the fraction - x ^ =.242718. The 
value of a life one year younger by this theorem 
will be — i— x 1.242718 = .536232. The value 

9X 1.03 ' 

of a life two years younger will be by the same 
theorem ~ ic3 x 1.5o6232 = .838961. The value 

of a life three years younger will be 24 ^ x 
1.838961 = 1.190262, and if we proceed in this 
manner the value of every younger life may be 
deduced from that next proceeding ; nor will the 
number of operations necessary to determine the 
values of all the lives much exceed the number 
of those which must otherwise be used for the 
single value of the youngest life. In computing 
a table of the values of annuities according to this 

* If a denote the number living at the age of the given life, 

b , 
wad b the number living in the following year, - will express the 

probability that such life exists one year. (See page 17.) 
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or any other theorem, it cannot but be particu- 
larly agreeable to have the truth of our operations 
proved as we go on. I do not know that any rule 
has been delivered for this purpose, on which 
account I shall beg leave to offer the following : 
" Find the present value of £ 1 payable if the 
*' youngest life in the table should live to that of 
" the oldest. Find next the present value of ^1 
payable if the youngest life should live to an age 
one year less than that of the oldest. Multiply 
" this last value by the value of an annuity on the 
"oldest life but one in the table, found in the 
manner just directed; and if the product is 
equal to the value of £\ payable on the first 
u mentioned contingency in this rule, a demon- 
" stration arises of the value of the life's being 
right. Again, find the value ofj^J payable if 
the youngest life should live to an age two years 
" less than the oldest life in the table. Multiply 
4C this by the value of an annuity of £i on a life 
u two years younger than the oldest life, (found 
from the value just calculated of a life one year 
younger,) and if the product is equal to the sum 
of the two values of £\ payable if the youngest 
life should continue to the age of the oldest ; 
and to the age of the life one year less than the 
" oldest, the value of this second life will also be 
" right. In the same manner let the three values 
4i of £\ payable if the youngest life should con- 
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" tinue to the several ages of the oldest, the second 
" and the third lives be added together, and if 
" they are equal to the product arising from * the 
" multiplication of the value of an annuity on the 
'* life three years younger than the oldest, (found 
from the value last calculated of a life two years 
younger) into the value of j£l 9 payable if the 
" youngest life should continue to an age also three 
" years less than the oldest, a demonstration will 
u be given of the correctness of the value of this 
" third life. Universally ; if the several values of 
" £1 payable if the youngest life in the table 
" should live to the age of the oldest, the second, 
" third, fourth, &c. lives be added together, and 
" are found respectively equal to the products 
" arising from the value of a life one, two, three, 
u &c. years, younger than the oldest life multiplied 
* into the value of £1 payable if the youngest life 
" should continue to an age one, two, three, four, 
" &c. years less than the oldest life, a proof will 
arise of x the exactness of the operations as far as 
they have proceeded ; and when we have gone 
" in this manner through all the ages in the table, 
u and the sum of the several values of £l payable, 
" if the youngest life should continue to the ages 
" of all the older lives, is found equal to the value, 
" found last of all, of the youngest life, we have a 
" conclusive proof that the values of the lives at 
" all ages in the table have been computed without 






V~7 JP 



ON SINGLE AND JOINT LIVES* SI 

u committing any mistake, and are exact at least 
" as far, or to as 'many places of decimals as the 
" equality reaches." This rule will be better 
understood from the following examples. Let 
the probabilities of life be as they are in the North- 
cmvpton Table, and the rate of interest 3 per cent. 
By reasoning as in page 17, the value of dl pay- 
able if a life aged one year lives to the age of 96, 
is expressed by the fraction ^ multiplied into 
£\ discounted for 95 years, or .06032,* which is 
equal to .00000697* Again the value of £\ pay- 
able if the same life continues to the age of 95 
years is ^ multiplied into £1 discounted for 94 
years, or .06213, which is equal to .00002873. 
The value of an annuity on a life of 95 has been 
found in page 28, to be equal to .242718, and this 
being multiplied into .00002873 gives .00000697, 
which has likewise been just found to be the value 
of £\ payable if a life aged one year lives to 96, 
and therefore the value of the annuity is proved to 
be right. The value of £1 payable if a life of 
one year lives to be 94 is —^ multiplied into ^1 
discounted for 93 years, or .063994, which is 
equal to .00006658. The value of a life aged 94 
calculated from the value of a life aged 95 in the 
manner directed in page 27, is .536232. These 
multiplied into each other produce .000035703, 

* SeeTab.18. 
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which is also the sum of the values of £1 payable 
if a life of one year continues to the several ages 
of 95 and 96; consequently the value of this 
annuity is also right. Again, the sum of the three 
values of £1 payable if a life of one year con- 
tinues to the several ages of 94, 95, and 96 is 
.00010228. The value of a life aged 93 calcu- 
lated from the value of a life aged 94 is .838961, 
and the value of £1 payable if a life aged one 
year continues to the age of 93 is ^ multiplied 
into £1 discounted for 92 years, or .065914, 
which is equal to .00012192, and .838961 multi- 
plied into this number produces .00010228, or the 
sum of the values just found. Hence it follows 
that .838961 is the true value of an annuity of £1 
on a life aged 93 years. By proceeding in this 
manner through every age, it will appear at last 
that the sum of all the values of £1 payable if a 
life aged one year continues to the several ages of 
96, 95, 94, 93, 92, &c. years is 16.0214, which 
corresponds exactly with the value of an annuity 
of £1 on the same life found in consequence of 
computing upwards from the oldest to the youngest 
life according to the theorem in this chapter, and 
therefore the values of all the lives are strictly 
true.* 

In making these calculations it will be conve- 



* See the demonstration of this rule in Note II. 
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irient to dispose the operations into the following 
order : 



Age. 


Values of Lives. 


Values of £i payable. 


Sums. 


96 

95 
94 
93 


0.0000 
.242718 
.536232 
.838961, 

&c. 


.00000697 
.00002873 
.00006658 
.00012192 
&c. 


0.000000 

.00000697 

.00003570 

.00010228 

&c. 



In the first of these columns is the age. In the 
second the value of a life at that age agreeable to 
the Northampton Table of Observations, found 
by calculating upwards from the oldest to the 
youngest, in the manner already directed ; that is, 
(reckoning interestatSper,cent.).00000=-x-^-« • • 
,242718=i x ^ • • • .5 36232=^ x^ x TT^fTs 
. . . .838961 = ^xr^xl+ .53623^, &c. &c. In the 

16 1.03 

third column is the value of £1 payable to a life 
aged one year (being the youngest life to which the 
operations are to be carried), provided it should 
exist to the ages of 96, 95, 94, &c. that is, 
.000006032 is the probability that a life aged one 
shall exist till 96, multiplied by the value of £1 
payable at the end of 95 years, or .00000697= 
.06032 x -^ / In like manner .00002873 =.06213 

&c. &c. In 



8650 



. . . .00006658 = .063994 x 



8650 vv "8650 

the fourth column are the sums of all the values in 
the third column above the values even with those 
sums, or (which comes to the same thing) the sums 
of the two numbers immediately above them* 

D 
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and even with one another in die 3d and 4th 
columns; that is, -00000697 =.00000697+ .00000 
.„ .00003570=. 00000697+ -00002873 ... .00010228 
=.00006658 +.00003570, &C.&C. Inconsequence 
of this arrangement it will be always found that 
the product of every number in the second column, 
multiplied by the number even with it in the third 
column, gives the number even with both in the 
fourth column ; and this forms a proof that there 
has been no error during the whole progress of 
the calculations in any of the preceding ones *&d 
that the value of every life, as it comes out, may 
be depended on to as many places of decimals, as 
those in the product just mentioned are the same 
with the decimal figures in the correspondent 
number in the 4th column. For example ; .838961 
(the value of a life aged 93) multiplied by 
.00012192, gives .00010228, which being the same 
to the last place of decimals with .00010228 in the 
4th column, proves that the values of the lives 
aged 93, 94, and 95 may be depended upon to 
the six places of decimals. This proof makes a 
little more labour necessary in calculating the 
values of lives ; but this addition of labour is more 
than compensated by the time and trouble that 
must be saved in consequence of detecting every 
error as it arises, and also by the satisfaction 
attending a series of operations, every one of 
which, if right, proves the truth of all that have 
been made before it. The following expedient, 
however, will remove one half the labour. In 
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order to find the numbers in the third column one 
multiplication is necessary and ope division. The 
time employed in the latter may be saved by 
making the number XQfiOQ the divisor instead of 
the number in the Table of Observations opposite 
to the ypupgest age. For example; in all the 
operations which bring out the numbers in the 
third column, the divisor is 8650, but it might 
have been taken to be 10,000, and then the first 
number in that column, instead of .00000697* 
would have been. 000006032 =-i-x. 06032. The 

10,000 

second number, instead of .00002873, would have 



been 



10,000 



x. 06213 =.000024852. The third, in- 



10,000 



stead of .00006658, would have been 
.06390*= .000057595, &c. &c. And the corre- 
spondent sums in the fourth column would have 

been .000000 000006032 000030884 . . . 

•00008848, &c. The table then would have been 
as follows ; 



* ■ "-'?■■ 
Age. ' 


Values of Live*. 


Values of £l payable, 
&c. 


• 

Sums. 


96 


0.00000 


.000006032 


.000000 


95 


0.242718 


.000024852 


.000006032 


94 


0.536232 


.000057595 


.000030884 


93 


0.838961 


.000105462 


.000088479 


92 


1.19026 


.000162938 


.000193941 


91 


1.50103 


.000237755 


.000356879 


90 


i. 79474 


.000331324 


.000594634 


89 


2.01312 


.000459953 


.000925958 


88 


2.18521 


.000634219 


- .001385911 


87 


2.31236 


.000873614 


.002020130 


86 


2.46181 


.001175442 


J002893744 


85 


2.62012 


.001553044 


,004069186 



2 
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Age. 


Vaiiui of Lives. 


Villus of £i pjyable, [ Sum. 


84 


2.79372 


.002012447 


.005622230 


83 


2.98226 


.002560019 


.007634677 


82 


3.22934 


.003156904 


.010194696 


81 


3.49933 


.003815466 


.013351600 


80 


378150 


.004539732 


.017167066 


79 


4.07717 


.005323980 


.021706798 


78 


4.37250 


.006181998 


.027030778 


77 


4.65192 


.007139610 


.033212776 


1 


4.92544 


.008192664 


.040352386 


5.19970 


.009336205 


.048545050 


74 


5.49113 


.010540896 


.057881255 


78 


5.79384 


.011809462 


.068422151 


72 


6.10373 


.013144757 


.080231613 


71 


6.41788 


.014549414 


.093376370 


70 


6.73417 


.016026595 


.107925784 


69 


7.05104 


.01757936 


.12395238 


68 


7.36731 


.01921085 


.14153174 


67 


768210 


.02092433 


.16074259 


66 


7-99473 


.02272330 


.18166692 


65 


8.30467 


.02461154 


.20439022 


64 


8.61152 


.02659250 


.22900170 


63 


8.91001 


.02868621 


.25559426 


62 


9.20550 


.03088146 


.28428047 


61 


9-49288 


.03319977 


.31516193 


60 


9.77738 


.03562933 


.34836170 


59 


10.0587 


.03817484 


.38399103 


58 


10.3368 


.04084093 


.42216587 


57 


10.6115 


.04363262 


.46300680 


56 


10.8826 


.04655507 


.50663942 


55 


11.1500 


.04961362 


.55319449 


54 


11.4138 


.05281375 


.60280811 


53 


11.6739 


.05616140 


.65562186 


52 


11.9302 


.05966213 


.71178326 


51 


18.1828 


.06332250 


.77144539 


50 


12.4360 


.06712522 


.83476789 


49 


12.6937 


.07105091 


.90189311 


48 


12.950S 


.07512666 


.97294402 


47 


13.2028 


.07938308 


1 .0480707 


46 


13.4498 


.0838272 


1.1274538 


45 


13.6920 


.0884664 


1.2112810 


44 


13.9295 


.0933086 


1.2997474 


43 


14.1625 


.0983616 


1.3930560 


42 


14.3911 


.1036341 


1.4914176 
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Age. 


Values of Lives. 


Value* of .£] payable, 
Ac. 


s„ m , 


41 


14.6200 


.1091036 


1.5950517 


40 


14.8480 


.1147766 


1.7041553 


39 


15.0753 


.1206588 


1.8189319 


38 


15.2978 


.1267911 


1.9395907 


37 


15.5156 


.1331824 


2.0663818 


36 


15.7290 


.1398432 


2.1995642 


35 


15.9380 


.1467840 


2.3394074 


34 


16.1427 


.1540151 


2.4861914 


33 


16.3433 


.1615482 


2.6402065 


32 


16.5400 


.1693945 


2.8017547 


31 


16.7328 


.1775664 


2.9711492 


30 


16.9218 


.1860757 


3.1487156 


29 


17.1072 


.1949363 


3.3347913 


28 


17.2891 


.2041607 


3.5297276 


27 


17-4675 


.2137634 


3-7338883 


26 


17-6426 


.2237584 


3.9476517 


25 


17.8144 


.2341606 


4.1714101 


24 


17-9830 


.2449856 


4.4055707 


23 


18.1486 


.2562495 


4.6505563 


22 


18.3111 


.2679682 


4.9068058 


21 


18.4708 


.2801601 


5.1747740 


20 


18.6385 


.2926677 


5.4549341 


19 


18.8208 


.3053867 


5.7476018 


18 


19.0131 


.3183594 


6.0529885 


17 


19.2184 


.3315248 


6.3713479 


16 


19.4359 


.3448725 


6.7028727 


15 


19.6577 


.3585243 


7.0477452 


14 


19.8728 


.3726845 


7.4062695 


13 


20.0814 


.3873722 


7.7789540 


12 


20.2837 


.4026052 


8.1663262 


11 


20.4800 


.4184041 


8.5689314 


10 


20.6633 


.4349416 


8.9873355 


9 


20.8123 


.4527261 


9.4222771 


8 


20.8857 


.4728130 


9.8760032 


7 


20.8538 


.4962093 


10.3478162 


6 


20.7275 


.5231724 


10.8440255 


5 


20.4735 


.5552155 


11.3671979 


4 


20.2109 


.5899005 


11.9224134 


3 


19.5757 


.6391743 


12.5123139 


2 


18.5995 


.7070875 


13.1514882 


1 


13.8585* 


1.0000000 


I3.8ii8.5757 



* True value 16.0214. 
D 3 
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In this way the same proof of all the operations is 
obtained ; nor has any error arisen except in the 
value of the life last calculated, which is easily 
corrected by taking the number of the living at 
the age of this life, agreeable to the table of ob- 
servations, instead of supposing it 10,000 ; that 
is, by making the value of the life aged one year 
gx^x 1 + 18^995, instead of -2S- x -i- x 

$650 1.03 "" 7 10,000 1.03 

1 + 18.5995. 

The use of logarithms will further expedite the 
computations, by the assistance of which the values 
of single lives at all ages agreeable to any given 
table of observations may be calculated in a few 
hours, without the possibility of committing any 
mistake. 

By a similar process the values of annuities on 
the joint continuance of two lives may be computed 
with equal facility and correctness. But this part 
of the subject will require no explanation, as it 
may easily be understood from what has been al- 
ready said, in regard to the values of annuities on 
single lives. Thus, let the value of any two joint 
lives be denoted by M. the probability that two 
lives, each one year younger, will exist together 
one year by — , and let -> as before, be the value 
of £1 payable at the end of the year ; then by 
reasoning as^ in page 27, the value of an annuity 
on the joint continuance of those two younger 
lives will be expressed by — x 1 + M. This, 
together with the necessary proof of the operations, 
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will be sufficiently explained by the following 
specimen. 



r 


Values of Joint 

Una. 


Values erf .Cl payable. 


Sums. 


96 


62 


0.00000 


.000003088(46 


.OOOOOftOOOOOO 


95 


61 


0.23254 


.00001327 iJ 908 


.000003088146 


M 


60 


0.51044 


.000032066 3 97 


.00OO1G36S054 


93 


59 


079297 


.00006107974 


.0ODO-IS434454 


92 


58 


1.1173 


.011009801823 


.00010951419 


91 57 


1.3989 


.0001483509 


.0002075324 


90 56 


1.6618 


.0002141533 


.0003558833 


89 


55 


1.8531 


.0003076044 


.0005700366 


88 


54 


2.0021 


.0004383541 


.0008776410 


sr 


53 


2.1110 


.0006233915 


.0013159951 


86 


52 


2.2418 


.0008651009 


.0019393866 


85 


51 


2.3811 


.001177799 


.002804488 


84 


5d 


2.5353 


.001570730 


.003982287 


83 


49 


2.7043 


.002053371 


.005553017 


82 


48 


2.9262 


.002599382 


.007600388 


81 


47 


3.1666 


.00322295 


.01020577 


80 


46 


3.4157 


.00393150 


.01342872 


79 


45 


3.6748 


.00472411 


.01736022 


78 


44 


3.9316 


.00561718 


.02208433 


77 


43 


4.] 723 


.00663941 


.02770151 


76 


42 


4.4065 


.00779328 


.03434092 


75 


41 


4.6417 


.00907742 


.04213420 


74 


40 


4.8924 


.01046763 


.05121162 


73 


39 


5.1531 


.01196935 


.06167925 


72" 


38 


5.4185 


.01359201 


.07364860 


71 


37 


5.6861 


.01534261 


.08724061 


70 


36 


5.9542 


.01722868 


.10258322 


69 


35 


6.2214 


.0192581 


.1198119 


68 


34 


6.4868 


.0214389 


.1390700 


67 


33 


6.7497 


.0237799 


.1605089 


66 


32 


7.0099 


.0262900 


.1842888 


65 


31 


7.2667 


..0289788 


.2105788 


64 


30 


7.5200 


.0318562 


.2395576 


63 


29 


7.7653 


.0349521 


.2714138 


62 


28 


8.0075 


.0382597 


.3063651 


61 


27 


8:2422 


.0418121 


.3446248 


60 


26 


8.4741 


.0456020 


.3864369 
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Lim. 


Values of £l pspWe, 


a™ 


59 


25 


8.7031 


.0496420 


.4320389 


58 


24 


8.9290 


.0539458 


.4616809 


57 


23 


9.1518 


.0585274 


.5356267 


56 


22 


9.3714 


.0634013 


.5941541 


55 


21 


9.5878 


.0685832 


.6575554 


54 


20 


9.8067 


.0740449 


.7261386 


53 


19 


10.0316 


.0797670 


.8001835 


52 


18 


10.2600 


.0857681 


.8799505 


51 


17 


10.4934 


.0920313 


.9657186 


50 


16 


10.7353 


.0985301 


1.0577499 


49 


15 


10.9*47 


.1052627 


1.1562800 


48 


14 


11.2310 


.1123271 


1.2615427 


47 


13 


11.4704 


.1197755 


1.3738698 


40 


12 


11.7033 


.1276258 


1.4936453 


45 


11 


11.9301 


.1358977 


1.6212711 


44 


10 


12.1467 


.1446616 


1.7571688 


43 


9 


12.3408 


.1541081 


1.9018304 


42 


8 


12.4879 


.1S46335 


2.0559385 


41 


7 


12.5739 


.1766009 


2.2205720 


40 


6 


12.6052 


.1901732 


2.3971729 


39 


S 


12.5608 


.2059850 


2.5873461 


38 


4 


12.5106 


.2232773 


2.7933311 


37 


3 


12.2268 


.2467213 


3.0166084 


36 


2 


11.7265 


.2782389 


3.2633297 


35 


1 


3.5415* 


i. 0000000 


3.5415686 



In the third column the values are \— x ^ x — - 



=.00000. ..^Xjx 
; x -L x 1+.28SJ54: 



jXl.+0= 
,51044 . . . 
1+.51044=.79S97, and so on. 



•MM....S* 

5039 „ 9 „ 1 



In the fourt.li 
column the numbers of the living at each of the 
youngest ages to which the values are to be found 
(which in the present case are 1 and S3) are sup- 



* True value 10.2102. 
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posed to be 10,000; so that .000003088146= 
^Hi x —5— x .164789 (the value of £\ pay- 

10,000 10,000 ' v r J 

able at the end of 61 years) ; .000013279908 = 
il^l x -i- x .169733 (the value of d\ payable at 

10,000 10,000 »• v r- • 

the end of 60 years), or _±-x. 083 19977 (the 
number in the third column of the table of the 
values of single lives opposite the age of 61), 
000032066397=—- * -^ x .174825, or — — 

• • • .ww www v# 10j000 10,000 ' ' 10,000 

x .03562933, (the number in the third column of 
the abovementioned table, opposite the age of 60), 
and so on. Having therefore previously computed 
a table of the values of single lives, and preserved 
the numbers in the third column, one half the 
trouble of computing the values in the fourth 
column of the present table may be saved. In 
the fifth column are the sums respectively • of 
.000003088146 and .00000000 . . . of .000013279908 
and .000003088146 ... of .000032066397 and 
.000016368054, &c. And the equality of the 
products of the values even with one another in 
the third apd fourth columns, with the number in 
the same line in the fifth column, forms the same 
proof of the accuracy of the operations with that 
already explained in the account of the method 
of computing the values of single lives. The cal- 
culation of the values of joint lives, in exact agree- 
ment to a given table of observations, was 
formerly considered as a task so laborious, that 
with the exception of Mr. Simpson, who computed 
the values of joint lives from the London Table, 



i 
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I do not know that it was ever undertaken. But 
these values being computed only to one place of 
decimals, and deduced from a table of observations 
representing the rate of mortality among the inha- 
bitants of London taken in the gross, and conse- 
quently giving the probabilities of life much too 
low for the middle and higher sorts of people in 
London itself, were rendered of little use. Re- 
course therefore was had to the values of joint 
lives founded on M. De Moivre's hypothesis of 
an equal decrement of human life, which in the 
middle stages agrees tolerably well with the pro- 
babilities of life deduced from real observations, 
but in the earlier and later stages corresponds so 
ill with those probabilities, that the values of joint 
lives derived from it, are much too incorrect to be 
applied to the solution of problems which involve 
two or three lives in the computation. The inac- 
curacy of this hypothesis and the defectiveness of 
Mr. Simpson's tables induced me to be more 
minute, than I should otherwise have been, in 
describing the safest and most expeditious methods 
of calculating tables of the values of single and 
joint lives, from any given table of observations j 
and since the first publication of this work about 
forty years ago, I have had the satisfaction of 
seeing those methods adopted, and such tables 
computed as have entirely superseded the use of 
M. De Moivre's hypothesis in all cases, and laid 
the foundation for correct solutions of all the 

9 
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different problems in the doctrine of Life Annuities 
and Reversions* It may not be improper to 
observe that the several tables of the values of 
single and joint lives in the present volume have 
been computed in this manner, atid that those 
tables which have been derived from the probabi- 
lities of life at Northampton, have not only been 
adopted by the legislature in order to determine 
the duties on contingent legacies, and for other 
purposes, but further that they have been applied 
to the computation of the different premiums of 
assurance required during the last 38 years by the 
Equitable society ; which premiums, with very little 
variation, have also been assumed by most of the 
other assurance offices lately established in this 
country. 



i 
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CHAPTER IV.— Sect. I. 

An Account of the Method of computing the Values 
qf contingent and other Annuities, the Values of 
Reversionary Payments, &p. 

Introduction. 

In the preceding chapters I have endeavoured 
to explain the principles from which the values of 
assurances and annuities are deduced, which, being 
properly understood, may be applied without much 
difficulty to the solution of the more complicated 
cases of contingent reversions and survivorships. 
Being now possessed of tables of the values of 
single and joint lives, computed from real obser- 
vations, it no longer becomes necessary to have 
recourse to any rules for approximating to these 
values, and therefore the rules given for that pur- 
pose in the former edition of this work, are now 
omitted, as well as all those problems whose solu- 
tions are derived frojn M. De Moivre's hypothesis 
of an equal decrement of life. There are however 
many problems introduced into the present, which 
were not given in the former edition ; but there 
are no problems inserted, whose solutions are not 
founded on principles altogether independent of 
any hypothesis, and which are not strictly true, 
according to any table of observations. In some 
cases, particularly those in which three lives axe 
concerned, the rules are necessarily more compli- 
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cated than those derived from M. De Moivrefs 
hypothesis; but their superior correctness more 
than compensates for the greater length of the 
operations which they require. 

In this chapter I have confined myself to a 
description of the rules, without entering into their 
demonstrations ; many of which are very abstruse 
and complicated. These have all been inserted in 
Notes at the end of the Volume, for the informa- 
tion of the mathematical reader, being aware that 
the practical part of this work ought not to be en- 
cumbered with analytical operations, which would 
serve rather to perplex than to inform the reader 
who is not a mathematician. 

The solutions of the greater number of the pro- 
blems involving three lives in the computation 
were communicated by myself to the Royal Society, 
and published in the Philosophical Transactions 
about 25 years ago, and were I believe the first 
attempt to give correct rules for determining the 
values of those contingent reversions, according 
to the real probabilities of life. By a slight altera- 
tion in some of the symbols, these rules have been 
simplified in, a small degree; but they are still 
rather complicated, nor do I see how they can be 
rendered less so, without at the same time ren- 
dering them less accurate, and thus reducing them 
to be mere approximations, like those which were 
founded on the erroneous hypothesis of M. De 
Moivre. 



4 
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Problem I. 

To find the expectation of* given life, according 
to any table of observations j or the time which, 
one with another, a body of people will live at the 
age of the given life; some of them living as much 
longer as others live less than that time, 

Solution. Find the sum of all the living kj the 
table, from the age of the given life ; divide thjs 
sum by the number of the, living at that age, and 
the quotient, lessened by half-unity, will be the 
required expectation. 

Example. The sum of all the hying from the 
age of ten, in the Northampton Table of Observa- 
tions, is 228599 i this sum divided by 5675, the 
number living at the age of ten, gives 40.28, which 
being lessened by half-unity, the remainder, or 
39*78 will be the expectation of a life of ten, 
according to the probabilities of life at Norih&mp~ 
ton. The expectation of a life is the same with 
the value of an annuity on such life, supposing 
money not to bear interest ; and therefore having 
computed the expectation of any given life, a 
table of the expectations of all the younger lives 
may be obtained in the same manner as the values 
of annuities are obtained from those on the older 
lives ; that is, if £. be the computed expectation 
of any kfe, and ^ the probability that a life one 
year younger shall m exist a year, the expectation 
of such younger life will be - x 1 + E. Thus, 
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the expectation of a child aged 10 is S9L78, and 
the probability that a child aged nine exists one 
year, is ~- 9 the expectation therefore of this 
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younger child will be — x 40.78 = 40.86.* 

Problem IL 

To determine the value of an annuity on a given 
life, for any given number of years. 

Solution. Find the value of a life as many 
years older than the given life as are equal to the 
term for which the annuity is proposed ; multiply 
this value fey *f 1 payable at the end of the term, 
and also by the probability that the life will con- 
tinue so long t. Subtract the product from the 



* See Tab. 2. 

t The probability that a life shall continue any number of 
years, or attain to. a given age 9 is the fraction, whose .numerator 
£S the number living in the table of observations opposite that age, 
and denominates the number opposite to the present age of the 
given life: Thus 2038 is the number opposite to 60, and 4385 
the number opposite to 30, |-H-$* therefore is the probability ibat 
a person aged 30 shall attain to 60, or live 30 years. 

In the same manner the probability that any two lives shall con- 
tinue in being together any number of years, or both attain to 
given ages, is the fraction whose numerator is the product arising 
from the numbers of living in the table, opposite to each of those 
given ages multiplied by one another, and denominator the pro- 
duct arising from the numbers opposite to the present ages, mul- 
tiplied into each other. Hence the probability, that two lives aged 
20 and 25 shall both continue in being 10 years is "^"jj = 

»tnn » 
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present value of the given life, and the remainder 
multiplied into the annuity will be the answer. 

Example. Let the annuity be £ 10, the age of 
the life ,30 years, and the proposed term 15 years. 
The value of a life aged 45, (or 15 years older than 
the given life) appears by Tab. 3. at 3 per cent to 
be 13.692. The value of ^1 payable at the end 
of 15 years, by Tab. 18, is .64186, and the proba- 
bility that the life will exist so long by Tab. 1. is 
— . These three quantities, multiplied into each 

4985 

other, produce 6.510, which being subtracted from 



Again, the probability that a life shall fail in any number of 
years, or not attain to a given age, is the fraction expressing the 
probability of his living so long, subtracted from unity, agreeable 
to what has been observed in page 23 : In other words, it is the 
fraction whose denominator is the number of the living opposite 
to the present age, and whose numerator is the difference between 
this denominator and the number of living at the given age. Thus, 
3-24-f* is the probability that a life of 30 shall attain the age of 60 ; 
•H4-* therefore will be the probability that he shall not attain this 
age. For the same reason -J-H-J ana till being the probabilities 
that two lives aged 20 and 25 shall severally exist 10 years, t^tVt 
multiplied into -^V (= a4f%U a ) will be €he probability that 
they shall both die in 10 years ; and this fraction again being sub- 
tracted from unity, will give \ \\\\%\ - for the probability that 
they shall hot both die in this time, that is, that one of them at 
least shall live 10 years. Further 1111111 being the probability 
that the two lives of 20 and 25 shall exist together 10 years, if 
the numerator be subtracted from the denominator, we shall in 
this case have - /iVAVg f° r the probability that they shall not both 
live so long ; that is, that one of them at least shall die in this 
time. 
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16.9^2 (the present value of the given life by 
Tab. 3.) leaves 10.412, and this remainder multi- 
plied into 10 gives j£104.12 or nearly .#104 2s. 5d. 
for the value required. 

Corollary 1st. In the same manner may the' 
value of an annuity for a given term upon two 
joint lives be determined ; let the age of each of 
the two persons be 30 years, the term 15 years, 
and the rate of interest 3 per cent. The value of 
two joint lives, each aged 45, by Tab. 4. is 9-776, 
which being multiplied into .64186 (the value of 
<s£l at the end of 15 years by Tab. 18:) and also 
into 82 t 8 * 8 * 48 , the probability that both lives shall 

4385X4385 * J 

exist so long by Tab. 1., will produce 3.443, and 
this subtracted from 12.589, the whole present 
value of the joint lives by Tab. 4., leaves 9.146 for 
their value during the term proposed. And since 
the value of the longest of two lives is equal to the 
joint lives subtracted from the sum of the two 
single lives *; if from twice 10.412 we subtract 
9.146 we Shall have 11. 678 for the value of the 
longest of two equal lives aged 30, for the term 
above mentioned. 

Corollary 2d. The value of an annuity for the 
sremainder of a term certain after any life or lives 
is immediately obtained from this problem, or the 
foregoing corollary, being only the difference be- 



* See page 25, and also Prob. hi. 

E 
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tween the value of the life or lives found above, 
and the value of an annuity certain for the pro- 
posed term. Hence if this term be 15 years, its 
value at 3 per cent, by Tab. 19. is 11.938, from 
which 10.412, or 9.146, or 11.678 being subtracted, 
we have either 1.526, 2.792, or .260 for the value 
of an annuity during the remainder of 15 years, 
after a single life of 30, or after two joint lives of 
the same age, or after the longest of two such 
lives. 

Corollary 3d. If the value of an annuity on 
the life or lives for any given term be subtracted 
from the value of the annuity for the whole life or 
lives, the difference will be the value of the annuity 
during the remainder of such life or lives after the 
expiration of that term. Or it is equal in the 
£ase of single and joint lives to the product de- 
scribed in the solution of this problem ; thus 6.51 
is the value of an annuity of £1 during the re- 
mainder of a life of 30 after 15 years, and 3.443 
the value of the like annuity during two joint lives 
after the same term. * 



* In the case of the longest of two lives, it is evident that the 
value can only be found by taking the difference mentioned in this 
corollary ; so that 21.255 being the whole value of the longest of 
two lives aged 30 at s£3 per cent.,*found by Prob. in., and 1 1 .678 
being the value for 15 years, if the latter be subtracted from the 
former, we shall have 9.577 for the value of the longest of those 
two lives, after the term just mentioned. 
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Problem III. 

To find the value of an annuity during the 
longest of two lives. 

Solution. From the sum of the values of the 
two single lives, subtract the value of the two 
joint lives, and the remainder will be the value 
required. * 

Example. Let the ages of the two lives be 40 
and 50, and the rate of interest 5 per cent. By 
Ta|^8. the value of the single life of 40 is 11.837, 
the value of the single life of 50 is 10.269, and the 
value of the two joint lives by Tab. 4. is 8.177, 
which being subtracted from 22.106, the sum of 
the two former values, leaves 13.929 for the number 
of years purchase required. 

Problem IV. 

To approximate to the value of an annuity on 
the joint continuance of three lives, A. B. andC. t 

Solution. Let A. be the youngest, and C. the 
oldest of the three lives; take the value of the 
two joint lives B. and C. and find the age of a 
single life D. of the same value nearly ; then find 
the value of the joint lives A. and D. which will 
he the answer; : i 



* See the demonstration in page 23. 

t A general account of the method of computing the values, of 
two joint lives from the real probabilities of life has been already 
given in page 20, 

E 8 
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Example. Supposing the value were required at 
£4< per cent, of an annuity on the joint continuance 
of three lives aged 10, 17, and 47 years. By 
Tab. 4. the value of the two oldest joint lives is 
10.208, answering to a single life D. of 55 years, 
by Tab. 3., and the value of two joint lives aged 
10 and 55 9 by Tab. 4. is 9.256, which is the answer. 

Problem V. 

To find the value of an annuity upon the longest 
of the three lives A. B. and C. 

Solution. From the sum of the values of the 
three single lives added to the value of the three 
joint lives, found by the preceding problem, sub- 
tract the sum of the two joint lives of A. and B., 
of A. and C, and of B. and C, and the remainder 
will be the answer. * 

Example. Let the ages of the three lives re- 
spectively be 20, 30, and 60, interest £ 8 per cent. 
By Tab. 3. the values at £3 per cent, of the several 
single lives of A. B. and C- are 18.638, 16.922, 
and 9-777- By the preceding problem the value 
of the three joint lives is 7.444, these four values 
added together make 52.781. By Table 4, the 
several values of the joint lives of A, and B., of 
A. and C, and of B. and C. are 13.286, 8.597, and, 
8.378 ; this #um, or 30.261, subtracted from 52.781 



* See the demonstration, Note III. 
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leaves 22.52 for the number of years purchase 
required. 

Scholium. By proceeding in the same manner, 
and computing at £ L \> per cent., the exact values 
of three equal lives, each aged 60, may by the 
help of the table of three joint lives (Tab. 5.) be 
found = 13.194 ; . . . the exact value of three equal 
lives aged 70 = 9.817, and the exact value of three 
equal lives aged 75 = 7*960. The computation of 
the values of three joint lives for all ages, is a work 
of such immense labour, that it is never likely to 
be accomplished; but the approximation in Prob. iv. 
renders such labour in a great measure unneces- 
sary. Thus the several values above mentioned, 
by having recourse to this approximation, instead 
of the correct values of the three joint lives, appear 
to be 13.251, 9.853, and 7.967, which are suffi- 
ciently near the truth for any useful purpose. 

Problem VI. 

To find the value pf an annuity granted upon 
three lives, A. B. C, on condition of its ceasing as 
soon as any two of them become extinct. 

Solution'. From tke sum of the values of the 
two joint lives A. B., A. C, and B. C, subtract 
twice the value of the three joint lives, A. B. and 
C, and the remainder will be the answer. * 



* See the demonstration, Note IV. 

E 3 
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Example. Let the ages of A. B. and C. re* 
spectively be 20, 30, and 60, and the rate of 
interest £4* per cent. By Tab. 4. the values of the 
joint lives of A. B., A. C. and B.C. are 11.873, 
7-995, and 7-802, the sum of these numbers is 
27.670. By Prob. iv. the value of the three joint 
lives is 6.986, the double of which is 13.972, and 
therefore 13.698 is the value required. 

Scholium. The value of an annuity for any 
given term, upon the continuance of two lives out 
of three, is determined from the solution of the 
second problem, by substituting in the preceding 
rule the value of the joint lives far the given ternif 
instead of the values for their whole duration. 

Problem VII. 

To determine the sum to which any given 
annuity, forborn and improved at compound in- 
terest, will amount during the continuance of any 
given life. 

Solution. If the life exists one year, the ac- 
cumulation will be just &1. If it exists two years 
the accumulation will be £\ increased by its 
interest for a year. If it exists three years the 
accumulation will be £1 increased by its interest 
for two years, and so on for the other years, so 
that the whole accumulation will be expressed by 
the sum of the series arising from the multipli- 
cation of these several amounts of j£1, into the 
respective probabilities that the life exists one, 

8 
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two, three, &c. years j thus, supposing the life to 
be 30 and the rate of interest £4< per cent, the 
accumulation will be — °r=.9829 in the 1st year, 
the accumulation in the 2d year will be —^ x 1.04 
=1*0044, the accumulation in the S(J year will be 
~x 1.0816 = 1.0861, and so on. But as this 

4385 * * 

would he a very tedious way of obtaining the 
amount in every separate case, the following 
theorem is given,- by which a table of the amounts 
during the lives of persons at all ages may be 
computed with no more labour than would be 
required to compute the amount during the con- 
tinuance of the youngest life. Let Q. be the 
amount of the annuity computed in the manner 
described above during the oldest life. Let - be 
the probability that a life one year younger exists 
a year, and let r be £\ increased by its interest ' 
for a year ; then will the amount during such 
younger life be - x 1 +r Q. * From the amount, 
thus obtained, may in like manner be computed 
the amount during the next younger life, and so 
on during every other younger life in the table 
of observations. 

Problem VIII. 

To find the value of an annuity during a given 
life of £\ payable at the end of the 1st year, £% 
at the end of the 2d year, £3 at the end of the * 



* See the demonstration and the Table in Note V. 
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3d year, and so on; the annuity uniformly in- 
creasing every year till the extinction of the given 
life. 

Solution. This, like the preceding problem, 
will not admit of a solution strictly accurate, 
except by a separate computation of the value of 
each payment of the annuity ; so that in order to 
find the value of the first payment, £1 discounted 
for a year must be multiplied into the probability 
that the life exists a year ; to find the value of the 
2d payment, £ 2 discounted for two years must 
be multiplied into the probability that the life 
exists two years ; to find jthe value of the 3d 
payment, £8 must be discounted for 3 years 
and multiplied into the probability that the life 
exists three years, and so on with regard to the 
other payments till the life becomes extinct by 
the table of observations. Thus, supposing the 
age of the life to be 35 and the rate of interest 
£4f per cent. The value of the first payment will 
be -9569* x^f =.9290, the value of the 2d pay. 
ment will be .9157 x^° x 2=1.7629, the value of 
the 3d payment wilTbe .8763 x^L*x3 = 2.4814, 
and if these operations be continued to the end of 
life, the whole value will be 1 76.967. In order to 
avoid these tedious operations in every particular 
case, a table may be constructed by the following 
theorem of the values of this annuity at alleges, 



* See Tab. 1 and 18. 
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with no more trouble than would be required to 
compute the value of the like annuity on the 
youngest life. Let b, a, and r, denote the same 
quantities as in Prob. vn.' ; let R be the value of 
this annuity computed as above, and N the value 
of an annuity on the given life ; then will the value 
of an increasing annuity on.a life one year younger 
than the given life, be equal to — xl+R+N. # 
From this value may be computed the value of an 
annuity on the next younger life, and so in sue- ' 
cession of every other younger life in the table. 

Corollary list. If the annuity is to commence 
with a larger sum than £1, and in the same 
manner to go on increasing £1 every year, add to 
the preceding value the value of the given life* 
multiplied into the first payment lessened by unity, 
and the sum will be the answer. Thus if instead of 
£l, d% £3, &c. the annuities had been £15, £ 16, 
£V7, &c, the value, supposing the life to be 35, and 
the rate of interest £4* per cent., would have been 
176.967 added to 14.039 multiplied into 14, or 
,£373.513. 

Corollary 2d. From a table computed by the 
rule in this problem, the value may be determined 
of an annuity uniformly decreasing every year till 
the life shall become extinct, provided the annuity 

does not vanish in the meantime.t Let * be the 

* — 1 ■ — — — — — — 

* See the demonstration, Note VI. 

t It should be observed that unless r be greater than the 
difference between the age of th£ given life, and that of the 
oldest life in the table, this rule fails. 
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first payment of the annuity, a — /3, the second 
payment, a— 2 /3, the third payment; then will the 
value of such annuity, be a A—^xR, A being the 
value of an annuity on the given life, R the 
amount of an increasing annuity on a life one 
year older, and - the probability that the given 
life exists one year. Thus, if it were required to 
find the value of an annuity of ^70 decreasing 
£l annually during the life of a person aged 34, 
at £4 per cent,, it would be equal to 14.195 x 70 
_ jjoioxi_ xl76g67 = 99&65-]67.03=jtf826.62. 

4085 X 1.04 ' ' ' 

Corollary 3d. By the assistance of the same 
table the value may be found of rfl, payable if 
a life Jails in the first year, j£2 if it fails in the 
second year, £3 if it fails in the third year, and so 
on, increasing £1 every year during the whole 
continuance of such life. Let A be the value of 
an annuity on the given life, M the value found 
by this problem of an increasing annuity on the 

said life, and the required value will be ^— — r "~*' 
equal, if the age of the life be 85, and the 
rate of interest £4 per cent, to »**»—*» "«* 

r 7 1.04 

=r^7.65S.* 

Problem IX. 

To find the value of an annuity during the 
remainder of the life of A. after the decease of B. 

Solution. From the value of an annuity during 
the life of A. subtract the value of an annuity on 



* See the demonstration of this and the second corollary in 
Note VI. 
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the joint lives of A, and B., and the remainder will 
be the answer.* 

Example. Let the respective ages of A. and B. 
be 35 and 45, and the rate of interest ^4 per cent* 
By Tab. 3. the value of an annuity on the life of 
A. is 14.039- By Tab. 4. the value of an annuity 
on the joint lives of A. and B. is 10.622 j the dif- 
ference therefore, or 3.417, is the number of years 
purchase required. 

i 

Problem X. 
» To find the value of an annuity on the life of A. 
after the extinction of the two lives of B. and C. 

Solution. From the sum of the values of ah 
annuity on the life of A. and of an annuity on 
the three joint lives, subtract the stem of the values 
of the two joint lives A. B. and of the two joint: 
lives A. C, and the remainder will be the number 
of years purchase required.t 

Example. Let the respective ages of A., B. and 
C. be 15, 50, and 65, and the rate of interest £5 
per cent. By Tab. 3. the value of an annuity on 
the life of A. is 14.588. By Prob. iv. the value of 
the three joint lives may be found equal to 5.631, 
the sum of these two values is 20.219. By Tab. 4. 
the values of the joint lives of A. B. and of A. C. 
are 9.O76 and 6.705, deducting their sum, or 
15.781* from 20.219, we have 4.438 for the answer. 

«. . 11 ■■!.. ii 1. ' i , '■ 1 1 ■ 1 1 ■■ 1 , , -m ' 1 i n — «>— »^— «^— ^ 

* See the demonstration, Note VII. 
t See the demonstration, Note VIII. 
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Problem XI. 

To find the value of the reversion of the longest 
of the two lives A. and B. after the decease of C. 

Solution. From the value of the longest of the 
three lives subtract the value of the life of C. and 
the remainder will be the value required.* 

Example. Let the ages of the three lives, A. B. 
C, be 20, SO, and 60 respectively, and the rate of 
interest £3 per cent. By Prob. v. the value of 
the longest of the three lives is 22.52. By Tab. S. 
the value of an annuity on the life of C. is 9.777i 
the difference therefore between these two sums, 
or 12.743, is the answer. 

Problem XII. 

To find the value of an annuity during the life 
of A. after the extinction of the joint lives of B. 
and C. 

Solution. Subtract the value of the three joint 
lives from the life of A. and the remainder will be 
the answer.* 

Example. Let the value be required of an an- 
nuity of £1 at £4* per cent, during the life of A. 
aged 30, after the joint lives of B. and C. aged 25 
and 60. By Prob. iv. the value of the three joint 
lives may be found = 6.920. By Tab. 3. the value 
of the single life of A. is 14.781, the difference 
therefore, or 7*86l, is the required value. 

* See the demonstration, Note VIII. . 
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Problem XIIL 

To find the value of an annuity during the joint 
lives of A. and B. after the decease of C. 

Solution, From the value of the joint lives of 
A. B. subtract the value of the three joint lives, 
and the remainder will be the value required. * 

Example. Let ; the ages of A. B. and C. respec- 
tively be 40, 50, and 60, the annuity j£l f and the 
rate of interest £5 per cent. By Prob. iv. the 
value of the three joint lives is 5.690. By Tab. 4. 
the value of the joint lives of A. B. is 8.177 ; the 
former subtracted from the latter, leaves 2.487 for 
the answer. 

Problem XIV. 

To find the value of an annuity during the joint 
lives of A. and B. which is to be reduced one half 
during the life of the survivor. 

Solution. This annuity is equal to half the sum 
of the values of the two single lives.t 

Example. Let the ages of A. and B. respec- 
tively be 25 and 32, the annuity ^40 which is to 
be reduced to i£20 on the extinction of the joint 
lives during the life of the survivor, and let the 
rate of interest be £4s per cent. By Tab. 3. the 
values of those lives are 15.438, and 14.495, and 
14.9665, half their sum multiplied into 40 gives 
598.66 for the value required. 

■- " ■■■■■■! ■ ■ ■!.■■■ | < »l ■ ' » 

* See the demonstration, Note VIII. 
f See the demonstration, Note IX. 
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If jf 1,000 were sunk to purchase such an an- 
nuity, it should be £66.8 (or ^M during the 
joint lives to be reduced to ^£33.4 during the life 
of the survivor. 

Problem XV. 

Supposing an annuity to be equally enjoyed by 

A. and B., and that the survivor is to enjoy the 

whole of it during the remainder of his life, after 

the decease of the other ; to find the value of the 

* interest of each in that annuity. 

Solution. Subtract half the value of the joint 
lives from the value of the life of A. or B. and 
the remainder will be the value of A. or B.'s in- 
terest. * 

Example. Let the age of A. be 30, that of B. 
45 years, the annuity j£l, and the rate of interest 
£5 per cent. By Table 4. the value of the joint 
lives is 9.135. By Tab. 3. the value of the life of 
A. is 13.072, and the. value of the life of B. is 
11.105, therefore half 9.135 or 4.567, subtracted 
from 13.072 gives 8.505 for the value of A. f s in- 
terest, and 4.567 subtracted from 11.105 gives 
6.538 for the value of B.'s interest in the annuity* 

* 
Problem XVI. 

An annuity is equally enjoyed by A., B. and C. 
during their joint lives, on the decease of either it 

* See the demonstration, NoteX. 
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is in like manner to be equally enjoyed by the two 
survivors during their joint lives, and after their 
extinction it" is to be enjoyed by the last survivor 
during his life, to find the value of A.'s interest in 
this annuity. 

Solution. From the value of the life of A. added 
to -J- the value of the three joint lives, subtract 
half the sum of the values of the joint lives A. B. 
and A. C, and the remainder will be the value of 
A/s interest. * 

Example. Supposing the ages of A., B. and C. 
respectively to be 35, 45, and 50, and the rate of 
interest <£4< per cent. By Tab, 3. the value of the 
life of A. is 14.039. By Prob. iv. the value of the 
three joint lives is 7-318, and by Tab. 4. the values 
of 'the joint lives of A. B. and of A. C. are 9.706 
and 9.110, therefore the value of A.-s interest will 

i_ -tj s\ar\ 1 7-318 <^706 + 9.110 _ ~ rw*r\ 

be 14.039 + — - — -- — =7-270 years pur- 
chase. 

Problem XVII. 

Supposing a given annuity after the decease of 
A. to be equally divided between B. and C. during * 
their/omit lives, and then to be enjoyed entirely 
by the last survivor for life, to find the value of 
BJs expectation. 

Solution* From the value of an annuity during 
the remainder of the life of B. after A. found by 

* See the demonstration, Note XL 
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Prob. ix. deduct half the value of an annuity during 
the joint lives of B. and C. after A. found by 
Prob. xn. and the remainder will give the value of 
B.'s expectation. * 

Example. Let the respective ages of A*, B. and 
C. be 45, 35, and 50, and the rate of interest £ 4 
per cent. By Prob. ix. the value of an annuity 
during the life of B. after A. is 3.417. By Prob. xn. 
the value of an annuity during the joint lives of 
B. C. after A. is 1.792, therefore 3.417 - ^ gives 
2*521 for the number of years purchase required. 

Problem XVIII. 

To find the value of an annuity after the ex- 
tinction of any two of the lives, A. B. C, during 
the continuance of the life of the last survivor. 

Solution. To the sum of the values of the three 
single lives, add three times the value of the three 
joint lives; and from this sum let twice the sum 
of the joint lives of A. and B^ R and C, and C. 
and A. be deducted, and the remainder will be the 
number of years purchase required, t 

Example. Supposing the ages of A., B. and C. 
to be 15, 50, and 65, and the rate of interest £5 
per cent. By Tab. 3. die respective values of the 
threesingle tivesare 14«583> 1<X«$, and 7-376. By 
Pirolk iv. the value of the three joint lives is 5.631. 



* &* iW AmMKCnKiock Note 301. 
t $tt iW ihaw oi t w ttwok Sole X11L 
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By Tab. 4. the values of the joint lives of A. B., 
B. C., and A. C. are 9.O76, 5.897, and 6,705 j 
adding therefore the sum of the single lives to three 
times the value of the three joint lives, we have 
49.026, from which deducting twice the amount 
of the two joint lives (or 43.356) we have 5.69 for 
the number of years purchase required. 

This may in fact be considered as a corollary to 
the 10th problem ; and when the three lives are of 
equal age, the value of the annuity is immediately 
obtained from it, being equal to three times the , 
value of A/s expectation, as found by that problem. 

Problem XIX. 

Supposing ah annuity to be enjoyed during the 
life of A., at whose decease B. or his heirs have 
the nomination of a successor, who is likewise to 
enjoy the annuity during his life ; it is proposed to 
find the value of the succeeding life. 

Solution. From the perpetuity subtract the 
value of life of A., multiply the remainder by the 
value of the life to be nominated, divide the pro- 
duct by the perpetuity, and the quotient will be 
the answer. * 

Example. Suppose the age of A. to be 65, and 
that B. has the power of nominating a life at his 
decease then worth ll£ years purchase; to find 
the present value at £Q per cent, of such succes- 
sive life. By Tab. 3. the value of the life of A. is 

* See the demonstration, Note XIV. 

F 
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6.841 which being deducted from 1 6.667 (the 
value of the perpetuity), and 9*826 the remainder 
multiplied into 11.5, we have 112.999; dividing this 
sum by 16,667, the perpetuity, 6*78, the quotient 
will be the answer. 

Corollary i. If instead of a l\fe to be nomi- 
nated, it were required to determine the present 
value of the reversion of an annuity for a certain 
term of years after the death of A. the operation 
will be precisely the same ; only substituting the 
value of the annuity for the term of years instead 
of the value of the succeeding life j so that if in 
the above example the term had been 26 years, 
the value of the reversion at the same rate of in- 
terest after the death of A. would have been 9.826 
multiplied into 13.00 (the value of the annuity 
certain by Tab. 19.) and divided as above by 16.607- 
or 7*664. 

Corollary ii. The same rule may be applied to 
the solution of this problem, when the annuity is 
enjoyed during the longest of two or three lives, 
or during the joint continuance of two or three 
lives, and B. and his heirs have the right of nomi- 
nating one, two, or three lives at their decease. 
In all cases " the value of the life or lives in pos- 
session is to be deducted from the perpetuity, the 
remainder is to be multiplied into the value of the 
life or lives at the time of nomination, and the pro* 
duct is to be divided by the perpetuity ;" so that 
if the annuity were enjoyed during the longest of 
two lives aged 40 and 50, and the value of the 
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two lives nominated at their decease were equal to 
15 years purchase, the reversion at £5 per cent* 
would be 20-13.93 multiplied into ^, or 4.55. * 

Problem XX. 

Supposing an estate to be held during the longest 
of two or three lives, and on the extinction of those 
lives, that the lease were always to be renewed 
during other two or three lives at a certain fine; to * 
determine the present value of those fines for even 

Solution. Find by Prob. m. or Prob. v. the value 
of an annuity on the longest of two orthree lives ; 
find also by the same prob. the value of the lives 
to be nominated whenever a vacancy happens ; 
subtract the former from the perpetuity, multiply 
the remainder into the given fine, and the product, 
divided by the lives to be nominated, will give the 
value required. 

Example I. Supposing the lease to be held 
during two lives of 30 and 45 years, that the ages of 
the lives to be nominated are always to be 15 years, 
the rate of interest £5 per cent., and the fines 
j£1000. By Prob. in. the value of two lives of SO 
and 45 years is 15.042, the value of two lives each 
aged 15, is 17-216 ; the former deducted from 20 
leaves 4.958, which being multiplied into 1000, 

* 

* It can hardly be necessary to observe, that if the value of the 
life or lives in possession be added to the value of the life or lives 
to be nominated at their decease, the whole value of the annuity 
will be obtained. 
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and then divided by 17.216, gives €2878 for the 
value required. 

Example II. Supposing the lease is held during 
three lives aged 30, 45, and 60 j that the lives to 
be nominated are to be each 15 years of age, the 
fines always €1000, and the rate of interest «€5 
per cent. ; then the value of the three lives first 
mentioned, by Prob. v., will be 15.379, the value of 
the other lives will be 18.244, the former of these 
deducted from 20, the perpetuity, leaves 4.621, 
which being multiplied into 1000, and the product 
divided by 18.244, will give €2532 for the answer* 

Problem XXI. 

Supposing a copyhold estate to be held during 
any number of lives, and that a stated fine were 
always to be paid upon replacing each of them as 
they become extinct, to find the present value of 
those fines for ever. 

Solution. Subtract the sum of the values of all 
the single lives upon which the copyhold is held 
from the perpetuity multiplied by the number of 
those lives, and reserve the remainder. Find by 
Table 3. the value of the life to be put in at each 
renewal, multiply the reserved remainder into 
the fine, and the product divided by the value of 
the life to be nominated will give the value sought. 

Example. Let the number of lives be three, of 
the several ages of 35, 45, and 55 ; let the age 
of the life to be always nominated be 12, the fine 
€1000, and the rate of interest €4 per cent. By 
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Tab. 3. the values of each of the three lives are 
14.039, 12.283, and 10.201 ; their sum, or 36.523 
being deducted from 75, three times the perpetuity, 
leaves 38.477 for the remainder to be reserved. 
By Tab. 3. the value of a life of 12 years of age is 
17.251 ; 38.477 therefore multiplied into 1000, the 
stated fine, and divided by 17-251, gives .§£2230 
for the value required. 

Corollary. If it were required to determine 
the annual rent which should be paid as an equi- 
valent for the above fines, their present value must 
be multiplied into the interest of j£1 for a year, 
and the product will be the answer. Thus, sup- 
posing the lives to be as above ^2230, their value 
in one payment being multiplied into .04 (or 
which is the same thing into —J will produce 
,§£89 4$. Od. for the rent required. 

Problem XXII. 

Supposing D. to enjoy an annuity during the 
life of A., E. to have the right of nominating a 
successor (B.) on the death of A., and F. to have 
the like right of nominating (C.) the successor 
of A. and B. ; it is required to determine the 
values of D. E. and iVs separate interests in this 
annuity. 

Solution. The value of D/s interest is imme- 
diately obtained from the table of the values of 
annuities on single lives. The value of E.'s in* 
terest may be found by Problem xix. j and in 

f 3 
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order to find the value of F/s interest, subtract 
the sum of the two values above mentioned 
from the perpetuity, multiply the remainder into 
the assumed value of the life of G, and the pro- 
duct divided by the perpetuity will be the answer* 

Example. Let the age of A» (as in Prob. xix.) 
be 65, and the rate of interest £Q per cent., then 
will D/s interest by Tab. 8. be 6.8*1 ; E.'s interest 
by Prob. xix. will be 6.78, and their sum will be 
13.621, which being deducted from 16.667 (the 
perpetuity) and 3.046, the remainder multiplied 
into 11.5 (the assumed value of C.'s life), and the 
product again divided by 1 6.667, we have 2.1 for 
the value of C/s interest. These three values added 
together give 15*721 for the whole value of the 
annuity. * 

Problem XXIIL 

To find the value of a given sum payable on the 
decease of A. ; or.m other words to find the value 
of an assurance of any given sum on the whole 
duration of the life of A. 

Solution. Subtract the value of an annuity on 
the life of A. from the perpetuity, multiply the 

* Mr. Simpson in his Select Exercises has given a rule for 
determining by one operation the values of all the successive lives, 
deduced from the same principles with those on which the present 
solution is founded. But as this problem is generally applied 
towards determining the separate values of alternate presentations 
to livings, the rule given above is so far preferable. The opera- 
tions in both rules may be continued during any number of suc- 
cessive lives. 
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remainder into the given sum, divide the product 
by the perpetuity increased by unity, and the 
quotient will be the answer in a single present pay- 
ment ; and this quotient divided by the value of 
the life, will give the answer in annual payments 
during the continuance of the life, supposing the 
first of those payments to be made at the end of 
the year j but if the annual payments are to be 
made at the beginning of each year, the above 
mentioned quotient must be divided by the value 
of the life increased by unity. 

If, instead of a sum the value of the reversion 
of an estate were required aftgr the death of 
A., the value of an annuity on A/s life must 
be deducted from the perpetuity* and the re- 
mainder multiplied into the annual produce of 
such estate. 

Example. Let it be required to determine the 
value of an assurance of ££1000 on the life of A. 
aged 20, at £4t per cent., either in a single or in 
annual payments, to be made at the beginning of 
each year. By Tab. 3. the value of an annuity on 
the life of A. is 16.033, which being deducted 
from 25 (the perpetuity) leaves 8*967 ; multiplying 
this number by 1000, and dividing the product by 
26 (the perpetuity increased by unity), we have 
344.884 for the value of the assurance in (me pay- 
ment; and dividing 344.884 by 17.033 (the value 
of the life increased by unity) we have 20.224 for 
the same value in annual payments- Had it been 

f 4 
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required to find the value of the reversion of an 
estate of ^40 per annum after the life of A., at the 
same rate of interest, it would have been equal to 
8.967 multiplied into 40, or .€358.68. * 

Corollary. The value of a given sum payable 
on the extinction of any two or three joint lives, 
or of the longest of two or three lives, is determined 
in the same manner ; only substituting the values 
of the joint lives, or the longest of the lives, instead 
of the value of the single life. Let the value be 
required, at £3 per cent., of £\O0 payable on the 
extinction of two joint lives aged 35 and 56. By 
Tab. 4. the value of the joint lives is 8.9608, which 
being subtracted from 33.333, the perpetuity, leaves 
24.3725 ; multiplying this number by 100, and di- 
viding the product by 34.333, we have j£70.99 
for the value sought. Again, let it be required to 
determine the value of ^100 at d3 per cent., pay- 
able on the extinction of the longest of two. lives 
aged 42 and 63. By Tab. 3. the values of the two 
single lives are 14.391 and 8.910. By Tab. 4. 
the value of the joint lives is 7-372, the value 
therefore of the longest of the two lives is 15.929 f 
which being subtracted from 33.333 leaves 17.404. 
Hence the required value will be 17.404 multi- 
plied into 100, and then divided by 34.333, or 
£50.692. 



* See the demonstration in Note XV. and in Note E. of the 
Appendix to Dr. Prices Treatise on Reversionary Payments. 
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Problem XXIV. 

To find the value of a given sum payable at the 
decease of A., should that happen within a given 
term ; or in other words, to find the value of an 
assurance of any given sum on the life of A. for 
any given term. 

Solution. Find the value of an annuity on the 
life of A. for one year less than the term by* 
Prob. ii. Add unity to this value, and divide 
the sum by £1 9 increased by its interest for a year. 
From the quotient subtract the value of the life 
for the whole term, found by the same problem, 
multiply the remainder by the given sum, and the 
product will be the value required in one payment. 
And if this payment be divided by the annuity 
found above, for one year less than the term, and 
increased by unity, we shall have the value of the 
assurance in annual payments to be made at the 
beginning of each year of the term. But if those 
payments are to be made at the end of each year, 
which is seldom the case, the single payment must 
be divided by the value of the annuity on the life 
of A. for the whole term.* 

Example. Let the value be required of an 
assurance of a£lOOO on the life of A. aged 30, 
for 7 years at £3 per cent. By Prob. n. the 
value of the life for 6 years is found equal to 



* See the demonstration. Note XVI, 
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5.1009 ; hence 6.1009 divided by 1.03 is=5.92*S. 
The value of the life for 7 years, by the same 
problem, is 5.8166, which being subtracted from 
5.9228, and the remainder (.10574) multiplied by 
1000 will give £\ 05.74, for the value of the assu- 
rance in one payment. And 105.74 divided by 
6.1009, or 5.8166 will give either 17.32 or 18.18 
for the annual payments, according as they are 
to be made at the beginning or the end of each 
year; but subject in both cases to failure, if the 
life should fail. 

Corollary i. In like manner may the value 
of an assurance on any two or three joint lives, or 
on the longest of two or three, or two out of three 
lives for any term be computed, only substituting 
the value of the joint lives, or of the longest of 
the lives, or of two out of three lives, instead of 
the single life in the foregoing rule. This will be 
better understood from the following examples. 

Example I. Let the value be required either in 
one, or in annual payments of an assurance of 
jf 1000 on two joint lives, each aged 30, for the 
term of 15 years, at £4 per cent. The value of 
the joint lives for 14 years, and also for 15 years, 
may be found by Cor. 1. Prob. n. to be equal 
* respectively to 8.270 and 8.580, adding unity to 
the former, and dividing 9.27 the sum by 1.04 we 
have 8.913. Deducting 8.58 from this quotient, 
and multiplying .333, the remainder, into 1000, 
we have £338 for the value in one payment j 
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which being divided by 9.27 (found above) gives 
^35.92 for the same value in annual payments. 

Example II. If the assurance were made during 
the longest of two lives of the same age, and for 
the same term, the value of an annuity on those 
lives for 14 and 15 years, by Cor. 1. Prob. n. 
being equal to 10.866 and IO.872 respectively, 
the value in one payment will be (^=) 10.929 
lessened by 10.872, (or .057) multiplied into 1000, 
which is equal to £57; and 57 divided by 11.366/ 
(the value of the longest of the two lives for 14 
years, with unity added) gives ^5.015, for the 
answer in annual payments to be m#de at the 
beginning of each year of the term, and subject to 
failure should both the lives fail in 14 years. 

Corollary ii. Supposing, instead of a sum, that 
the reversion of an estate depended on the con- 
tingency of A.'s dying in a given time, the value 
of such reversion may be found by the following 
rule:* " Subtract the value of A.*s life for the 
€S given term from the value of an annuity certain 
" for the same term, and reserve the remainder. 
" Multiply the perpetuity into the probability that 
" A. dies in the. given term, and also into £1 dis- 
" counted for that term. Add this product to 
" the reserved remainder, and the sum will be the 



*-*. 



* See Dr. Price's 14th question in his Treatise on Reversionary 
Payments, 
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" value of the reversion in years * purchase." 
Thus the value of the life of A. aged 30, for 20 
years at £3 per cent., is 12.436. The value of an 
annuity certain for 20 years, by Tab. 19, is 14.877, 
the remainder to be reserved therefore is 2.441. 
The perpetuity is 33.333, the probability that A. 
dies in 20 years is — ; the value of £1 payable 
at the end of 20 years by Tab. 18, is .5537. These 
three quantities multiplied into each other produce 
6.431, which being added to 2.441, the 'reserved 
remainder, gives 8.87 for the number of years 
purchase required. By proceeding in the same 
manner the value of this contingent reversion after 
the joint lives, or the longest of two or three lives, 
may be obtained. 

Problem XXV. 

To find the value of a given sum payable on 
the contingency of B. surviving A. 

Solution. Let P.. denote a life one year older 
than B., and H. denote a life one year older than 

.* This rule requires no demonstration, as it is self-evident. It 
may not be improper to observe, that the value in this case may 
likewise be derived from the rule in the problem. 

" Add unity to the value of the life for one year less than the 
" given term. Multiply the value of the life for the given term 
" by j£\ increased by its interest for a year. Subtract this pro- 
" duct from the former sum, divide the remainder by the interest; 
" of £l for a year, and the quotient will be the answer." Hence 
the value in the example to this corollary will be 1 + 12.075- 
12.436 x 1.03 (~.266) divided by .03, or 8.87. * 
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A., multiply the value of the joint lives of A. and B. 
into the interest of £\ for a year, deduct the 
product from unity and reserve the remainder. 
Multiply the value of the joint lives of A. and P. 
increased by unity into the probability that B. Uvea 
a yean Multiply also the value of the joint lives 
of B. and H, increased by unity into the probabi- 
lity that A. lives a year. Add the former of these 
values to the reserved remainder, and from this 
sum subtract the latter value. Divide half this 
new remainder* by £1 increased by its interest 
for a year f and the quotient multiplied into the 
given sum will be the value of the reversion, t 

.MELII 111 ' ■ I I I ■ I * r ----- ^ , , , , _, ^_^ 

* If, instead of a sum, the value of an estate is required, this 
/wZ/*-remainder must be divided by the interest of £\ for a year ; 
thus, in the following example .2228 divided by .03 gives 7.427 
for the number of years purchase an estate is worthy depending 
on the contingency of B. aged 56 surviving A. aged 35. 

t Mr. Simpson in his Select Exercises has given the following 
rule .(deduced from M. De Moivres hypothesis) for determining 
the value of this contingent reversion. " Find the, value of aa 
annuity oh two equal joint lives, whereof the common age is 
equal to the age of the older of the two proposed lives A. and 
"B. ; which value subtract from the perpetuity, and take half 
" the remainder; then say, as the expectation of the duration of 
" the younger of the two lives A. and B., is to that of the elder* 
so is the said half-remainder to a fourth proportional, which 
will be the number of years purchase required, when the life B. 
in expectation is the older of the two. But if B. be the 
younger, then add the value so found to that of the joint lives 
" A. and B. % and let the sum be subtracted from the perpetuity* 
" and you will also have the answer in this case." 

This 






* « 
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Examples. Suppose the age of A. to be 35 and 
that of B. 56, the sum ^100, and the rate of interest 
j£8 per cent By Tab. 4. the value of the two 
joint lives of A. and B. is 8.9608, which being mul- 
tiplied into .03, and the product subtracted from 
unity, the remainder to be reserved will be .73118. 
The value of the joint Hves of A. and R by Tab. i. 

is 8*785, the probability that B. lives a year is 
^,and* y85x2284 =9.4459. By Tab. 4. the value of 

S366 7 2366 * 

the joint lives of B. and H. is 8.9167, the probability 

, . A t 1 m v -g • 3935 j 9*9167x393* 

that A. hves a year by Tab. 1. is — » and — ~ — 
is equal to 97315. Hence 9*7315 deducted from 
the sum of.7S118 and 9.4459 (or 10.1771) leaves 
.4456, of which the half is .2228, which being 



This rule is sufficiently correct in the middle stages of life ; but 
like all the other rules deduced from De Moivres hypothesis, 
gives very inaccurate results in the earlier and latter stages of life. 
It should also be observed that the above rule gives the value of 
an estate. If the value of a sum is required, the number of years 
purchase, found , above, must be multiplied into that sum, and 
divided by the perpetuity increased by unity. Thus in the ex- 
ample given above, the value of an estate depending on the con- 
tingency of B. aged 56 surviving A. aged 35, is by Mr. Simpsons 
rule equal to 7.604 years purchase, which being multiplied into 
100, and then divided by 34.333 will give 422.15 for the value 
of jglOO to be "received on this contingency. The value in 
annual payments, according to either rule, will be the quotient 
arising from the division of the value in a single payment by the 
value of the two joint Hves, or by the value of the joint hves in- 
creased by unity, according as those payments are to be made at 
the end or the beginning of each year. See the demonstration in 
Note XVII. 
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divided by 1.03, and the quotient multiplied into 
100, gives .^21.631 for the value required. 

If the age of A x be 56, and that of B. S5 9 
the reserved remainder, as above, will be .73118, 
the sum to be added to this remainder will 
be 9.7315, and the sum to be deducted will be 
9*4459 ; so that the new remainder will be 1.0168. 
Half this sum divided by 1.03, and multiplied into 
^LOO will produce ^49.36 for the value in this case. 
The sum of these two values is jf70.99, which is 
also the value of the reversion after the extinction 
of the two joint lives (by the Corollary to 
Prob. xxiii.), and therefore proves the truth of all 
the operations. 

Problem XXVI. 

To find the value of a given sum payable on 
the decease of B., provided that should happen 
after ,the decease of A. 

Solution. From twice the value of the single 
life B., deduct the value of the joint lives A. B„ 
. multiply the remainder into the interest of £1 for 
a year, subtract the product from unity and reserve 
this remainder. Let P. and H. denote the same 
quantities as in the preceding problem, then mul- 
tiply the value of the joint lives of A. and P. 
increased by unity, into the probability that B. 
lives a year ; multiply also the value of the joint 
lives B. H., increased by unity, into the probability 
that A. lives a year. Subtract this latter product 
from the sum of the former product added to the 
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reserved remainder. Divide half this new re- 
mainder * by £\ increased by its interest for a 
year, and the quotient multiplied into the given 
sum will produce the answer, t 
" Examples. Let the age of A. be 42, that of B. 
63 years, the sum £ 100, and the rate of interest 
d3 per cent. By Tab. 3. the value of the life 
of B. is 8.91. By Tab. 4. the value of the joint 
lives of A. B. is 7*372 ; therefore 17*82 lessened 
by 7*372, and multiplied into .03 is .31344, which 
being subtracted from unity leaves .68656 for the 
reserved remainder. By Tab. 4. the value of the 
joint lives of A. P. is7.1719, the probability that 
B. lives a year is ^, and 8.1719 multiplied into 
this probability is 7*8027. By Tab. 4. the value 
of the joint lives B. H. is 7*3327- The probability 
that A. lives a year by Tab. 1. is 3 ~^ and 8.3327 
multiplied into this fraction is 8.1460. Adding 
7.8027 to .68656, we have 8.48926 ; from which 
deducting 8.146, the new remainder will be .34326. 
Hence .17163 divided by 1.03, and multiplied 
into 100, gives £16.663 for the value of the re- 
version. If the ages be inverted, so that A. may 
be 63 and B. 42 years of age, the value of B/s life 
in this case by Tab. 3, will be 14.3911, and the 

"T ■ 

* The value of an estate, as in the former problem, is found 
by dividing this /la^/*- remainder by the interest, of ^1 for a year. 

f The value in one sum divided by the value of an annuity on 
the longest of the two lives increased by unity, will give the value 
of this reversion in annual payments, to be made at the beginning 
of each year. See the demonstration, Note XVIII. 
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reserved remainder by proceeding as above, wilt 
be found equal to .35769* The sum to be added 
in this case will be 8.146 making 8.50369, and the 
sum to be deducted 7.8027, leaving .70099 ; the 
half of which being divided by 1.03, and then 
multiplied into 100 will give 34.029 for the value 
of the reversion. Adding both the values, or 
16.663 and 34.029 we have 50.692 for the value 
of the reversion after the extinction of both lives 
without any restriction as to survivorship, which 
also is the value by the direct rule, as given in the 
corollary to Prob. xxiii.* 



* Mr. Simpson in bis Select Exercises has given the following 
solution of this problem, derived as in that of the foregoing 
problem, from De Moivren hypothesis. 

" Find the value of an annuity upon the longest of two equal 
" lives, whereof the common age is that of the older of the lives 
" of A. and B., which value subtract from the perpetuity, and 
•* take half the remainder. Then it will be as the expectation of 
" duration of the younger of the lives A. and B. is to that of the 

older, so is the said half-remainder to the number of years 

purchase required, when the life B. is the older of the two. 
" But if B. be the younger, then to the number thus found, add 
" the value of an annuity on the longest of the lives A. and B., 
** and subtract the sum from the perpetuity for the answer in 
" this case." 

In the example given above, the value of an estate on the 
decease of B. aged 63, provided he shall have survived A. aged 
42, is equal to 5.747 years purchase by Mr. Simpsons rule, and 
consequently the value of j£100 will be 574.7 divided by 34.333 
or £16.742. 

G This, 



«c 



4 



82 METHOD 0£ COMPUTING THE VALUES OF 

THE solution of the following problems, from 
the great number of contingencies on which the 
values of the reversions depend, axe necessarily 
very complicated, and render it impossible, if strict 
accuracy is required, to deduce such general rules 
as shall not be attended with considerable labour 
and difficulty. Having no correct tables of the 
probabilities of human life, Mr. Thomas Simpson 
availed himself of De Motive's hypothesis to ap- 
proximate to the values of those reversions in a few 
cases, observing veiy wisely that it would be im- 
proper to aim at absolute exactness, while the 
precise law of the decrements of life was unknown* 
In the former edition of this work the solutions of 
a great number of the problems involving three 
lives, were derived from one of Mr. Simpson's 
approximations, and in those cases, where none of 
the lives are either very young or very old, the rules 
are tolerably correct. But it seldom happens in 
survivorships of this kind that all the lives are 
nearly of equal age : on the contrary, one of them 
is generally either very young pr very old,, apd 
these rules are in consequence rendered so fer 
inaccurate. Being possessed, by means of Dr. 
Price's Treatise on Reversionary Payments, of those 
tables of the real probabilities of life, of ^hi^h 



i 

• * 

This, like the preceding rule* being derived from an hypothesis 
not universally true, is equally incorrect in the earlier and latter 
stages of life. 
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Mr. Simpson fiegreted the want ; I was induced, 
about SO years ago, to attempt the solution of the 
different problems involving two and three lives 
in the survivorship, on principles strictly true ac- 
cording to any table of observations. These were 
communicated to the Royal Society at different 
times, and published in the Philosophical Trans- 
actions.* Since the publication of those papers 
I have revised the whole of them* and with the 
exception of a few typographical errors, have had 
the satisfaction of finding the solutions perfe£fly 
correct. By altering some of the symbols, the 
general rules have been rendered less prolix, but 
when expressed in words at length, they are still 
rather complicated and laborious; rior should I 
have given them in this form, had I not deter- 
mined to avoid all algebraical characters in the 
practical part of the work. The mathematical 
reader however will find less difficulty, by having 
recourse to the. notes, which contain the demon- 
strations of these problems, and give the rules iii 
an algebraical form. 

Problem XXVII. 

To determine the value of a given sum payable 
on the contingency of C. surviving B., providted 
the life of A. shall be then extinct. 



* Sec the Phil. Trans, for the years 1788, 1789. 1791. 1794, 

and 1796. 

G2 
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Solution. Let H. P. and T. represent lives 
one year older than A. B. and C. respectively. 
Multiply the value of the three joint lives A. B. 
C. (found by Prob. rv.) into the interest of j€1 for 
a year ; deduct the product from unity, and di- 
viding the remainder by 3, reserve the quotient 
Multiply the value of the three joint lives H. B. 
C. increased by unity into the probability that A* 
lives a year. Multiply the value of the three joint 
lives A. B. T. increased by unity into the pro- 
bability that C. lives a year ; divide the . sum of 
these two products by 6, and reserve this second 
quotient. Multiply the value of the three joint 
lives H. B. T. increased by unity into the pro- 
bability that A. and C. both live a year ; add one- 
third of the product to the two quotients reserved 
above, and let the sum be reserved. Multiply tjie 
value of the three joint lives H. P. C. increased 
by unity into the probability that A. and B. both 
live a year. Multiply the value of the three joint 
lives A. P. T. increased by unity . into the pro- 
bability that B. and C. both live a year. Divide 
the stun of these two products by 6, and reserve 
the quotient. Multiply the value of the three 
joint lives A. C. P. increased by unity into the 
probability that B. lives a year. Add £ of the 
product to the quotient last reserved. Deduct the 
amount from the sum reserved above. Divide the 
remainder by &1 increased by its interest for a 
year, and let this quotient again be reserved. 
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* 

Find by Prob. xxv* the value of the given sum 
depending on the contingency of C. surviving 
B., from which deducting the quotient just re* 
'served, the remainder will be the value re- 
quired. * 

Example. Let the ages of C. B. and A. respec- 
tively be 69, 44, and 14, the rate of interest £3 
per cent., and the given sum ^100. By Prob* iv. 
the value of the joint lives A. B< C. is 5.6417t, 
which being multiplied into .OS (the interest of 
£\ for a year) is equal to .169251 ; subtracting this 
from unity, and dividing the remainder by 3, we 
have .276916. The value of the. three joint lives 



* See the demonstration, Note XIX. 

f Particular care should be taken to find the value of the three 
joint lives with all possible exactness ; thus the value of the two 
joint lives B. C, being 6.0087 is. equal to the value of a single life 
D. aged 72.£> and the value of the two joint lives A. D; by taking 
a mean between the values of two joint lives aged 14 and 72, and 
of two joint lives aged 14 and 73, is 5.6417. Again, the value of 
the two joint lives H. D. is a mean between the values of two 
joint lives aged 15 and 72, and two joint lives aged 15 and 73. 
In like manner the value of the two joint lives B. T. is 5.7758, 
which is equal to the value of a life D. aged 73 exactly ; there- 
fore the value of the three joint lives A. B. T. is equal to the value 
of two joint lives aged 14 and 73, or 5.4584. By proceeding as 
above the values of the joint lives H. F. C. may be found equal to 
two joint lives aged 15 and 72.4* or 5.5498, the value of the joint 
lives A. P. T. equal to the value of two joint lives aged 14 and 
73.-rV» or 5.4314, and so on* 

G 3 
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H. B. C. increased by unity is 6*6227, the proba- 
bility that A. lives a year is — • which, being mul- 
tiplied by 6.6227, produces 6.5622. The value of 
the three joint lives A. B. T. increased by unity 
is 6.4584, the probability that C. lives a year is 
~|> therefore 6.4584 multiplied into this fraction 
is equal to 6.0646 ; the sum of these two products, 
or 12.6268, divided by 6, quotes 2.104467. The 
value of the three joint lives H. B. T. increased 
by unity is 6.4404, the probability that A. and 
C. both live a year is S4 * B * "** » which multiplied by 
6.4404 produces 5.99244. This divided by 3 quotes 
1. 99781. The sum therefore to be reserved is. com- 
posed of the three quotients .276916, 2.104467* 
and 1.99781, and amounts to 4.379193. Again, 
the value of the three joint lives H. P. C. in- 
creased by unity is 6.5498. The probability that 
A, and B. both live a year is 5423x3248 ; this frac- 

J 5473 x 3326 9 

tion multiplied by 6.5498 produces 6.33776. The 
value of the three joint lives A. P. T. increased by 
unity is €.4314, the probability that B. and C. 
both live a year (or ^xiaia ) multiplied into this 
value produces 5.89761 ; these two products, (or 
12.23537) divided by 6, quote 2.03923 to be Te- 
served. The value of the three joint lives A. P. 
C. increased by unity, is 6.5684. The probability 
that B. lives a year is jj~?, which being multiplied 
into 6.5684, and the product divided by 3, we 
have 2.13812. Adding this to 2.039231 (the quo- 

8 
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tient just reserved) and deducting the amount, or 
4.177351 from 4.379193, the sum reserved above, 
there remains .201842, which being divided by 
1.03 (or £1 increased by its interest for a year) 
quotes .19596 to be reserved, or #19.596, sup- 
posing the given sum to be 36IOO. By Prob. xxv. 
the value of j£100 payable on the contingency of 
C. surviving B. is 21.359, deducting therefore 
19.596 from this sum, the remainder or ^1.763 
will be the value required. 

Scholium. As the solutions of the 24 following 
problems are all derived from the same joint lives 
increased by unity, and multiplied into the same 
probabilities respectively, pterhaps the general rules 
may be more simply expressed by adopting the 
following symbols : 

H. B. C. the value of the three joint lives in- 
creased by unity and multiplied into the probability 
that A. lives a year. 

A. B. T. the value of the three joint lives in- 
creased by unity and multiplied into the probability 
that C. lives a year. 

B. jBT/T. the value of the joint lives increased 
by unity and multiplied into the probability that 
A. and C. live a year. 

JET. P. C. the value of the joint lives increased 
by unity and multiplied into the probability that 
A. and B. live a year. 

A* P. T. the value of the joint lives increased 

g 4 
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by unity and multiplied into the probability that 
B. and C. live a yean 

A. C. P. the value of the joint lives increased 
by unity and multiplied into the probability that 
B. lives a year. 

The preceding general rule in this case will be 
expressed as follows : 

" Multiply the value of the joint lives A. B. C. 
" into the interest of £\ for a year j deduct the 
" product from unity, and dividing the remainder 
" by 3, reserve the quotient. Add -j- of the sum 
" of H. B. C., and A. B. T. to i of B. H. T. and 
" also to the quotient just mentioned, and reserve 
« the sum. Add £ of H. P. C. and A. P. T. to \ 
" of A. C. P., subtract the amount from the re* 

served sum, divide the remainder by dl increased 

by its interest for a year ; let this quotient be 
" deducted from the value of the given sum on 
" the contingency of C. surviving B., and the re- 
" mainder will be the value required." 

As this problem may be applied to the solution 
of several of the succeeding problems, I shall insert 
the following approximation of Mr. Simpson's, 
which was given in the former edition of this work 
as the only solution then published j and had its 
correctness in all cases been equal to its simplicity, 
it would have been better adapted for practice 
than the preceding solution. 

" Case I.— If the life C. be the oldest of the three. 






« 






CONTINGENT AND OTHER REVERSIONS. 89 

<% From the value of an annuity on the life C. take 
the value of the two joint lives B* and C, mul- 
tiply the remainder by the given sum, and divide 
the product by twice A/s expectation, the result 
" will be the value sought." 

" Case II. — If the life B. be the oldest of the three. 
" Then from the value of an annuity for as many 
<€ years of C.'s life as are expressed by the double 
" of B.'s expectation, subtract the value of the 
two joint lives B. and C. j multiply the remainder 
by the given sum, and divide the product by 
*' twice the expectation of A., as in the preceding 
" case." 

" Case III.— If the life A. be the oldest of the 
" three : Then find the value of the life of C, if 
" older than B., otherwise find the value of as 
u many years thereof as are expressed by the 
" double of B.'s expectation : And from the value 
" thus found, let the value of the joint lives A. 
" and C. be subtracted j multiply the remainder 
" by the given sum, then the product divided by 
" twice B.'s expectation will be the answer in this 
" case." 

The following examples, computed at £3 per 
cent from the Northampton Table, will shew" how 
far the above approximation agrees with the cor- 
rect rule. 
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i 


Value of .£100 by the 


Value by the approxi- 




AGES. 




rule, when C is the 


mation, when C. is 


• 






oldest. 


the oldest. 


c. 


B. 


A. 






80 


70 


40 


1.980 


2.04 


75 


65 


24 


2.394 


1.98 


65 


50 


15 


2.980 


2.S2 


78 


78 


20 


2.672 


2.725 


60 


45 


12 


2.733 


2.591 


69 


44 


14 


1.763 


1.40 


75 


24 


65 


5.899 


6.930 



AGES. 


Value of a£loo by the 

rule, when B. is the 

oldest. 


Value of =£100 by the 

approximation, when 

B. is the oldest. 


c. 


B. 


A. 




• 


70 


80 


40 


4.646 


5.870 


50 


65 


15 


5.816 


6.326 


66 


75 


24 


3.057 


5.180 


44 


69 


14 


4.923 


6S55 


14 


69 


44 


16.092 


13.800 



AGES. 


Value of £ 100 by the 

rule, when A. is the 

oldest. 


Value of ^£ 100 by the 

approximation, when 

A. is the oldest. 


C. 


B. 


A. 






24 


65 


75 


36.768 


39.366 


65 


24 


75 


7.878 


6.925 


20 


78 


78 


36.022 


39.636 


14 


44 


69 


24.986 


20.490 


44 


14 


69 


9.542 


10.655 
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< 1 

AGES* 


Value of jgioo by the 

rule, when the three 

lives are equal. 


Value of £l0O by the 

approximation, when 

the three lives are equal. 


70 each 


12.90 


14.41 


75 each 


13.80 


15.98 


80 each 


14.51 


17.47 


85 each 


15.09 


19.45 


7 each 

r 


5.678 


5.445 



In those cases where C. is the youngest, and A, 
the oldest of the three lives (and which are by far 
the most common) the approximation appears to 
differ most from the truth : But when C. is the 
oldest and A, the youngest, a case however which 
seldom occurs, the values are in .reality so small 
and the difference between the rule and approxi- 
mation so inconsiderable, that it is of very little 
consequence which of them is adopted. 

Problem XXVIII. 

To find the value of a given sum payable on the 
decease of A. if his life should be the first that 
fails of the three lives, A. B. and C. 

Solution. Retaining the same symbols as in 
the scholium to the preceding problem, multiply 
the value of the joint lives A. B. C. into the in- 
terest of £\ for a year, deduct the product from 
unity, and dividing the remainder by 3, reserve 
the quotient. Add 4. of the sum of A. C. P. # and 



* See SchoL to Prob. xxvii. 
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A. B. T. to i of A. P. T. and also to the quotient 
just mentioned, and reserve the sum. Add j- of H. 

B, C. to | of B. H. T. and H. P. C., subtract the 
amount from the reserved sum, divide the remainder 
by £1 increased by its interest for a year, multi- 
ply this quotient into the given sum, and the pro- 
duct will be the value required. * 

Example. Let the age of A. be 24, that of B. 
65, and that of C. 75 years. The sum ^1000, 
and the rate of interest three per cent. The value 
of the three joint lives A. B. C by Prob. iv. is 
3*7315, which being multiplied into .03, then the 
product subtracted from unity and the remainder 
divided by 3, the quotient to be reserved will be 
2.9602. The value of A. C. P. is 4.43214, which 
being divided* by 6 gives .73869. The value of 
A. B. T. is 4.11612, which being divided by 
6, quotes .68602. In like manner the value of 
A. P. T. divided by 3 is 1.29455. These four 
quantities added together amount to 3.01528 for 
the sum to be reserved. The value of H. B. C. 
(or 4.65426) divided by 3 is 1.55142. The value 
of ff. B. T* (or 4.049238) divided by 6 is .674873. 
And the value of H. P. C. (or 4.359834) divided 
by 6 is .726639. Adding these three last men- 
tioned quotients we have 2.95293, which being 
subtracted from 3.01528, the reserved sum, leaves 



* See the demonstration in Note XX. 
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%06235 for the remainder. Dividing this re- 
mainder by 1.03, and multiplying .06053, the 
quotient, by 1000, the product, or j§60.53, will 
be the value required. 

The solution of this problem may also be derived 
from the solutions of the preceding and of the 
85th problems. — " Find by the preceding problem 
the value of the given sum on the decease of A. 
provided B. (the younger of the two lives of B. 
and C.) should be then living, and C. dead; 
find next by the 25th problem the value of the 
given sum payable if B. is living at the decease 
of A., whether C. be then living or not, subtract 
the former value from the latter, and the re- 
mainder will be the answer." Thus, in the pre- 
sent case, the value of j€100Q payable on the con- 
tingency of B. surviving A. qfter C. is 78.78 by 
Prob. xxvh. And the value of ^1000 payable 
on the contingency of B. surviving A. without any 
other restriction, is by Prob. xxv. = 139.31. De- 
ducting 78*78 from this sum, we have j£60.53 for 
the answer as before. 

Problem XXIX. 

To find the value of a given sum payable on the 
death of A. if his life should be the second that 
fails of the three lives A. B. and C. 

Solution. Find by Prob. xxv. the value of the 
given sum payable on the contingency of B. sur- 
viving A. Find by the same problem the value of 



d 
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the given sum payable on the contingency of C. 
surviving A. Find by the preceding problem the 
value of the given sum payable on the death of A. 
if his life should be the first that fails of the three 
lives. From the sum of the two former values 
subtract twice the value just found, and the 
remainder will be the answer. * 

Example. Let the ages, as in the preceding 
problem, of A. B. and C. respectively, be 24, 65, 
and 7S 9 the sum ^1000, and the rate of interest 
£3 per cent. By Prob. xxv. the value of jcIOOO 
payable on the contingency of B. surviving A. is 
139*31, and the value of the same sum payable on 
the contingency of C surviving A. is 87-08. By 
Prob. xxvni. the value of j^IOOO payable if A. 
should be the first that fails is 60.53, the double 
of which is 121.06. Deducting this from 226.39, 
the sum of the two former values, we have ^105.33 
for the value required. 

Problem XXX. 

To determine the value of a given sum payable 
on the death of A. if his life should be the last 
that fails of the three lives A. B. and C. 

Solution. Find by Problem xxm. the value of 
the given sum payable on the death of A. Find 
by Problem xxvra. the value of the given sum 
payable on the death of A^ if his life should be the 

* See the demonstration, Note XXI. 
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the Jirst that fails of the three lives A* B. and C. 
Find next by Prob. xxv. the value of the given 
sum payable if B. should survive A., and also the 
value provided C« should survive A* The sura of 
these two last mentioned values being subtracted 
from the sum of the two former ones, the remain- 
'der will be the value required. * 

Example. Let the ages of A. B. and C. respect- 
ively be 14, 44, and 69> the sum <s£10GO, and 
the rate of interest £3 per cent By Prob. xxni. 
the value of £10OO payable on the death' of A. 
is 392.07. By Prob. xxviii. the value of ^lOOft 
payable on the death of A. if his life should be 
the Jirst that fails may be found equal to 77.8% 
the sum of these two values is 469.9- By Prob. xxvw 
the values of rflOOO payable if B. survives A., 
and also if C. survives A. may be found respect- 
ively equal to 173.25 and 107-95. The sum of 
these, or 281. % being subtracted from 469.9 re- 
served above, leaves ^188.7 for the value required. 

Problem XXXI. 

To. find the value of a given sum payable on the 
decease of A. and B., shpuld. they be the first that 
fail of the three lives. A. B. and C. 

Solution. Find by Prob. xxv* the value of the 
given sum payable on the contingency of C. sur- 
viving A., and also the value of the same on the 

■ —■■!.■ I II I I ■ '! ,. ■ ■■.■ " ■ - ' ' ' ' ■ ■■ I I .1 II |l I ■ ■ !■■ ■ I 
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* Seethe demonstration, Note XXII; 
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contingency of C. surviving B. Let the sum of 
these two values be reserved. Multiply the value 
of the three joint lives A. B. C. into the interest 
of £\ for a year, deduct the product from unity, 
and reserve two thirds of the remainder. To one 
sixth of the sum of H. T. B. and A. P. T. * add 
one third of A. B. T., let their amount be added 
to the remainder just mentioned, and then let this 
sim be reserved $ to £ of H. P. C, add £of H. B. 
C. and of A. C. P. From the amount let the re- 
served sum be deducted, and the remainder be 
divided by £\ increased by its interest for a year, 
this quotient multiplied into the given sum, and 
deducted from the sum of the two values first re- 
served will give the value required.! The value of 
this reversion may -be obtained, though not so 
expeditiously, from the solution of the 27th pro- 
blem, by finding the value of the given sum on the 
contingency of C. surviving A. after B., and also 
on the contingency of C. surviving B. after A. 
The sum of these two values will be the value 
required. | 

Example. Let the ages of A. B. and C. re- 
speed vely be 45, 12, and 60 the sum ^ > 1000 > and 
the rate of interest £S per cent. By Problem xxv. 
the value of the given sum depending on the con- 



* See SchoL to Prob, rxm. 

f $ee the demonstration, Note XXII. 

| See the demoottn^ibo. Note XXIII. 
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tingency of C. surviving B, is 249.66, ^nd the 
valu£ Oii the contingency of C. surviving A. is 
113.70, the sum of these two values is 363.86. 
The value of the joint lives A. B. C. or 7*238, 
by Prob. iv. multiplied into .03, and the product 
.21714 deducted from unity leaves .78286, which 
being multiplied into f produces .52190.- The 
quantities H. T. B. and A. P. T.* are respec- 
tively equal to 7.63967 and 7-48062 J their sum 
divided by 6 gives 2.52005 which being added 
to £'<5f :A. B. T., (or 7 -^2?) amounts, including 
the reserved product .52190, to 5.61989. H. P. 
C. may be found =a 7.89452 ... A. C* P. = 7-98649* 
tod H< B. C. = 8.14328 ; adding ^ of the forme* 
to 4. of the sum of the two latter values we have 
5.31979, which being subtracted from 5.61989* 
reserved above* leaves .3001. This remainder being' 
multiplied into 1000 and divided by 1.03 gives 
291.36, which being deducted from 363.36, first 
reserved, we have ^72 for the value required. 

Had the value been computed from the 27th 
Problem* the result would have been exactly the 
same \ for the value of the given sum by that 
Problem, on the contingency of C. surviving B. 
after A. is 27.3, and the value on the contingency 
of C. surviving A. after B. is 44.7, making to- 
gether ^72. Adopting Mr. Simpson's approxi- 
mation, instead of the 27th Problem, the value by 
thai rule will be only j£47.63. 



1 in 



* See SchoL to Prob. xxvu. 
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Problem XXXII. 

To find the value of a given turn on the death of 
A. provided B. should survive him in any given 
number of years. 

Solution. Let the sum of the decrements of life 
from the age of A. during the term, be divided bjr 
the number of years in that term ; let this again be 
divided by twice the number of persons living at the 
age of A., and reserve the quotient, find the value 
of an annuity on the life of B. for one year lev than 
the term. Add unity to such value and divide the 
sum by £\ increased by its interest for a year. 
To this quotient add the value of an annuity on 
the life of B; for the whole term : Multiply the 
sum into the reserved quotient, and this product 
being again multiplied into the given sum will be 
the value required. 

Example. Let the ages of B. and A. respec- 
tively be 65 and 30, the sum ,§£100, the rate of 
interest £4* per cent., and the term 10 years. By 
the Northampton Table the sum of the decrements 
of life for 10 years from the age of A. is 750* 
This being divided by 10, and the quotient (75) 
being again divided by 8770 (twice the number 
of persons living at the age of A.) will give .00855 
for the quotient to be reserved. The value of an 
annuity on the life of B. for 9 years may be found 
by Prob. n. equal to 5.708. Hence 6.708 divided 
by 1.04 will give 6.45. Adding this quotient to 

6.052, the value of an annuity on the life of B. for 

6 
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10 years,, we have 12.502 ; which being multiplied 
into .00855 the reserved quotient, and also into 
100 the product s£l0.69 will be the answer. If 
the respective ages of B. and C. are 30 and 65, 
the value of ^100 may, by pursuing the same 
steps, be found equal to 36.56. The sum of these 
two values is 47-25, which may be found to be the 
value of j£100 payable on the extinction of the 
two joint lives in ten years, and therefore affording 
a proof of the accuracy of the rule.* 

Problem XXXIII. 

To find the value of a given sum payable on thcf 
death of B. after A., should that happen in any 
given number of years. 

Solution. Divide the sum of the decrements of 
life from the age of B, during the given term by the 
number of years in that term, and let this quotient 
again be divided -by twice the number of persons 
living at the age of B, reserving this second quotient* 
From the value of an annuity certain, subtract the 
value of an annuity on the life of A., both for one 
year less than the given term j divide the difference 
by £\ increased by its interest for a year. To this 
quotient add the difference between the value of an 
annuity certain, and the value of an annuity on 
the life of A., both for the given term. Multiply 

* See the demonstration in Note XVIL 
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the sum into the reserved quotient, and also 
into the given sum, and the product will be the 
answer. 

Example. Let the ages of B. and A. respect- 
ively be 60 and 35, the sum ^100, the rate of 
interest £4t per cent., and the term 12 yearsr 
The decrements of life by Tab. 1. from the age 
of B. divided by 12 will be 80.5, and this again 
divided by 4076, or twice the number of persons 
living at the age of B., will give .01975 for the 
quotient to be reserved. The value of an annuity 
on the life of A. for 1 1 years by Prob. n. is 7.493, 
which being subtracted from 8.76O, the value of an 
annuity certain for the same time by Tab. 19, and 
the remainder divided by 1.04, we have 1.218. 
The value of an annuity on the life of A. for 
12 years by Prob. 11. is 7.971, which being de- 
ducted from 9.385, the value of an annuity certain 
for the same time by Tab. 19., the difference will 
be 1.414. Adding this quantity to 1.218, found 
above, and multiplying 2.632, the sum, into .01975 
the reserved quotient, the product will be .05198, 
and consequently the value of *£100, the given 
sum, will be ^5.198. If the ages of B. and A. 
are 35 and 60, the value may be found equal to 
s£4.01 . The sum of these two values is ^9.208, 
which is also very nearly the value of the rever- 
sion after the extinction of both lives, should that 
happen in 12 years. 
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Problem XXXIV. 

To find the value of a given sum payable on 
the decease of A., if his life should be thejirst, or 
second that fails of the three lives A. JB. and C* 

Solution. Find by Prob. xxv. the value of the 
given sum payable on the contingency of C. sur- 
viving A. Find also by the same problem the 
value of the given sum payable on the contingency 
of B. surviving A. Lastly, find by Prob. xxviii. 
the value of the like sum, payable on the death 
of A., if his life should be the Jirst that fails. 
From the sum o^ the two former values deduct 
the latter, and the remainder will be the value 
required. 

Example. Let the ages of A. B. and C. as in 
the Problem xxxi. be respectively 45, 12, and 
60, the sum of £1Q00 9 and the rate of interest 
j£3 per cent. The value by Prob. xxv. on the 
'contingency of C. surviving A. is 249.66. The 
value by the same problem on the contingency of 
B. surviving A. is 463.44 ; the sum of these two 
values is 713.10. By Prob. xxviii. the value of 
the given sum payable on the contingency of A. 
being the Jirst that fails of the three lives is 222.33, 
which being deducted from 713.10 reserved above 
we have *£49Q.8 for the required value of the 
reversion. 

Remark. -The value of this reversion may also 
be obtained from the 28th and 29th Problems j 

»3 
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it being evidently equal to the sum of the values 
of the given sum payable if A, should be the Jirst, 
and also payable if A. should be the second that 
fails of the three lives. Thus, in the present case, 
the value of the given sum payable if A. should 
be the Jirst that fails appears to be 222,33, and by 
Problem xxix. the value payable if A, should be 
the second that fails may be found equal to 268.48 
the sum of these, or ^490.8 is, as before, the 
value required. 

Problem XXXV,, 

To find the value of a given sum payable oh 
the decease of A f if his life stould be the second 
or third that fails of the three lives A, B. and C. 

Solution. From the value of the reversion of 
the given sum after the decease of A., found by 
Prob. xxiii., deduct the value of the same payable 
if A. should be the Jirst that fails, found by 
Prob. xxviii., and the remainder will be the value 
required. * 

Example. Let the ages of A. B. and C. respec- 
tively be 24, 65, and 75, the sum ^1000, and the 
rate of interest £3 per cent. By Prob. xxiii. the 
value of the reversion after the decease of A. is 
447.10. By Prob. xxvm. the value of jglOOO 
payable on the decease of A. if his life should be 



* See the demonstration in Note XXV. 
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the first that fails is 60.53 ; the difference therefore 
or ^386.57 is the value sought. 

Problem XXXVI. 

To find the value of a given sum payable on 
the death of A., if his life should be the first or 
the last that fails of the three lives A. B. and C. 

Solution. Find by Problem xxv. the value of 
the given sum payable on the contingency of B. 
surviving A., and also the value on the contin- 
gency of C. surviving A. Find by Problem xxm. 
the value of the given sum on the decease of A., 
and let it be added to twice the value on the 
decease of A. if his life should be the first that 
fails, found by Problem xxyin. From the sum 
of these latter values, subtract the sum of the two 
former values, and the remainder will be the 
answer. * 

- Or more briefly ; from the value of the abso- 
lute reversion after the decease of A. found by 
Prob. xxm. deduct the value of the reversion 
depending on the contingency of A/s being second 
that fails, found by Prob. xxix., and the remainder 
will be the value required, t 

Example. Let the ages of A. B. and C. respec- 
tively be 24, 65, and 75, the sum ^1000, and the 



* See the demonstration, Note XXVI. 
+ Though the wording of this rule is shorter than that of the 
preceding, the operation in both is the same. 
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rate of interest £3 per cent f By Prob. xxm. the 
value of the given sum after the decease of A. is 
447.10. By Prob. xxix. the value of the same on 
the contingency of A.'s being the second that fails 
is 105.33. Deducting this sum from 447.1 we 
have ^341.77 for the value required. 

N. B. The same results will, follow if the solq- 
tion be derived from the 28th and 30th Problems; 
or in other words, if the value of the reversion on 
the contingency of A.'s being the Jirst that fails* 
be jadded to the value of the reversion on the con^ 
tingency of A/s being the last that fails. 

Problem XXXVII, 

To find the value of a given , sum payable on 
the decease of A. or B., should either of them be, 
the Jirst that fails of the three lives A. B. and C. 

Solution. Multiply the value of the three joint 
lives A. B. C. by the interest of £\ for a year, 
deduct the product from unity and reserve two- 
thirds of the remainder. To one-third of A. B. 
T. * add one-sixth of H. T. B., and one-sixth of 
A. P. T. Let these be added to the reserved 
remainder, and the sum of the whole reserved- 
To one- third of H. P. C f add one-sixth of H. B. 
G„ and one-sixth of A. C. P„ let these be de- 
ducted from the sum reserved above j multiply 



* See Schol. to Prob. xxvn. 
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the remainder into the given sum, and the product 
divided by £\ increased by its interest for a year 
will be the value of the reversion, * 

Example. Let the ages of A. B. and C. respec- 
tively be 45, 12, and 60, the sum ^1000, and the 
rate of interest £3 per cent. The value of the 
joint lives A. B. C. by Tab. 4. is 7-238 which 
Jbeing multiplied by .03, and the product sub- 
tracted from unity, the remainder will be .78286, 
two-thirds of which, or .52191 is the remainder to 
be reserved. A. B. T. may be found = 7-7338 of 
which one-third is 2.57794, H. T. B. and A. P. 
T. may be found respectively equal to 7*48062 
and 7-63967, one-sixth of the sum of these two 
numbers is 2.52005, which being added to .52191 
and 2.57794 gives 5.61990. Again, H. P. C. i$ 
equal to 7-89452, and H. B. C. and A. C. P. are 
respectively equal to 7-98649 and 8.14328, one- 
third of the former is 2.63150, and one-sixth of 
the sum of the two latter is 2.68829, these being 
added together give 5.31979, which being sub- 
tracted from 5.61990 will leave .30011. Multi- 
plying this remainder by 1000, and then dividing 
the product by 1.03 the quotient or ^291.37 will 
be the value required. 

Remark. The solution of this problem may also 
be derived from that of the 28th Problem, and 
from the Corollary to the 23d Problem ; that is, 

* See the demonstration, Note XXVIJ, 
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by subtracting from the value of the reversion 
after the three joint lives the value of the given 
sum payable if C. should be the first that fails ; 
but the operation is not reduced by this means. 

Problem XXXVIII. 

To determine the value of a given sum payable 
on the decease of A. or B. should either of them 
be the second that fails of the three lives A. B. 
and C. 

Solution. Find by the Corollary to Prob. xxni. 
the value of the given sum payable on the extinc- 
tion of the joint lives A. and B. Find by 
Prob. xxv. the value on the contingency of C. 
surviving A. and also on the contingency of C. 
surviving B. Lastly, find by the preceding pro- 
blem the value of the given sum payable on the 
contingency of A. or B. being either of them the 
first that fails of the three lives. From the sum 
of the three former values, deduct twice the value 
last mentioned, and the remainder will be the 
value required. * 

Example. Let the ages of A. B. and C. as in 
the preceding problem, be 45, 12, and 60. The 
sum jflOOO, and the rate of interest £3 per cent 
By Prob. xxni. Cor. the value of the given sum 
after the extinction of- the joint lives A. and B. 



•> ■■ >— 



* Sec the demonstration, Note XXVIII. 
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is 625.39. By Prob. xxv. the value on the con- 
tingency of C. surviving A. is 249.66, and the 
value on the contingency of G. surviving B. is 
1 18.70. By the preceding Problem the value of 
the given sum depending on the contingency of 
either A. or B. being the first that . fails of the 
three lives is 291.37, of which the double is 
582.74. Deducting this from 988.75, (the sum of 
the three former values) the remainder will be 
^£406.01, which is the value of the reversion. 

Problem XXXIX. 

To determine the value of a given sum payable 
on the decease of A. or B«, should either of them 
be the last that fails of the three lives A. B. 
and C. 

Solution. Find by Cor. to Prob. xxiii. the 
value of the given sum payable on the extinction 
of the longest of the two lives A. and B. find 
by Problem xxxvn. the value on the contingency 
of either A. or B. being the first that fails of the 
three lives. Find by Prob. xxv. the value on the 
contingency of C. surviving A., and also the 
value on the contingency of C. surviving B. ; the 
sum of these two latter values subtracted from the 
sum of the two former will give the value sought.* 
Or, find by Corollary to Prob. xxiii. the value of 



* See the demonstration, Note XXIX. 
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the given sum payable on the extinction of the 
longest of the three lives ; from which deduct the 
value of the same payable on the contingency of C. 
being the last that fails of the three lives (found by 
Prob. xxx.) and the remainder will be the answer. 
Example. Let the ages of A. B. and C. be 14, 
44, and 69, the sum <^1000, and the rate of in- 
terest £3 per cent. By the corollary to Prob. xxm. 
the value of the given sum payable on the extinc- 
tion of the two lives A. and B. is 333.5. By 
Prob. xxxvu. the value of the same on the contin- 
gency of either A. or B. being the first that fails 
is 273.48. The sum of these two values is 606*98* 
By Prob. xxv. the value of the given sum on the 
contingency of C. surviving A. is 85.96, and the 
value on the contingency of C. surviving B. is 
213.59. Their sum is 299.55; which being sub- 
tracted from 606.98, the remainder, or .£307.43 
will be the value sought. The same result may 
be obtained from the second rule ; for the value 
of the reversion after the extinction of the three 
lives by Corollary to Prob, xxin. being s£330, and 
the value of the same depending on the contin- 
gency of C. being the last that fails by Prob. xxx,. 
being 22.57, the difference, or ^307.43 will bs 
the value as befojre.. 
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Section II. 
In the preceding section I have given general 
rules for determining the values of reversions de- 
pending upon one, two, and three lives in every 
case, which, as far as I can discover, will admit of 
an exact solution* But there are several other 
reversions depending on three lives which involve 
a contingency that does not appear to admit of 
such a general expression for determining their 
exact values as shall not render the rules much too 
complicated and laborious. The contingency to 
which I refer, is that of one Ijfe's failing after 
another in any given time. The fractions express- 
ing the probability of this event are every yea* 
increasing, so that the value of the reversion must 
be represented by as many series at least as are 
equal to the difference between the age of one of 
the lives, and that of the oldest life in the table of 
observations. The 34th, 35th, and 36th problems 
in Mr. Simpson's Select Exercises, involve this 
contingency, and by the assistance of M. De 
Moivre's hypothesis admit of an easy solution. 
But, exclusive of the fallacy of this hypothesis, 
the supposition that it is an equal chance in all 
cases that one life shall die either before or after 
another, whatever be the disparity of their ages, 
or the number of years in which the event is to 
happen, must often lead to very erroneous con- 
clusions. In the short term of a single year the 
chances are indeed so nearly equal, that it would 
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be wrong to perplex the solution by attempting 
greater accuracy. But when the number of years, 
and the difference between the two ages are con- 
siderable, those chances must vary in proportion ; 
and therefore unless the contingency is blended 
with another which shall very much diminish the 
probability of the event, it will always be best to 
have recourse to a correct, though perhaps more 
laborious method of solution. By supposing these 
chances to be equal, and adopting De Moivre's hy- 
pothesis, the rule in Mr. Simpson 9 % 36th problem 
has been rendered entirely absurd ; for although 
the three lives of A. B. and C. are involved in the 
question, only two of them are comprehended in 
this rule ; that is, the value of the reversion when 
C is the oldest, is made equal to half the differ* 
ence between the life of C. and the joint lives A. 
C, and therefore must always be the same, whether 
B., upon whose life it also depends, be 10 or 30 
years younger than C, or indeed whether he does 
or does not exist at all. In all the different pro- 
blems contained in this section, either the con- 
tingency of one life surviving another, or of one 
life dying after another, is involved in the compu- 
tation. I have therefore in another part of this 
work* given a general method for determining 
each of those contingencies, and also for com* 
puting tables of the values of them at all ages 

* See the two lemmas in Note XXX. ; and also the 9th and' 
10th Tables. 
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without much labour or difficulty. By the assist- 
ance of .these tables, though only partially applied 
to the solution of the following problems, the 
values appear to approximate sufficiently near the 
truth, to answer every useful purpose. 

Problem XL. 

To find the value of an annuity on the life of C. 
after A. on the particular condition that A/s life 
when it fails, shall fail before the life of B. 

Solution. When C. is the oldest of the three 
lives. From the sum of the values of the single 
life C. and the joint lives B. C, subtract the sum of 
the values of the joint lives A. C, and of the three 
joint lives A. B. C, then will half the remainder 
be the value required. When A. is the oldest of 
the three lives. Find the value of an annuity on 
the life of C. and on the joint lives B. C. for as 
many years as are equal to the difference between 
the age of A. and the oldest life in the table (by 
Prob. ii. and Corollary). To half the sum of these 
two valued add the value of an annuity on the life 
of C. after the above term * multiplied into the 
probability that B. survives A. found in Tab. 9-> 
and let the sum be reserved. To the value of an 
annuity on the joint lives A. and C, add the value 
of an annuity on the three joint lives A. B. C, 

* This is equal to the difference between the value of an an- 
nuity on the whole life of C, and of its value during the given 
term. 



ll£ METHOD OF COMPUTING THE VALUES OF 

subtract half the sum of these two values from thef 
reserved sum, and the remainder will be the value 
sought. IfB. is the oldest qfthe three lives : Find 
the value of an annuity on the life of C, and on 
the joint lives A. and C, for as many'years as are 
equal to the difference between the age of B. and 
the oldest life in the table ; deduct the latter 
from the former, and to half the remainder add 
the value of an annuity on the life of C. after the 
above term multiplied into the probability that B. 
dies after A. (by Tab. 10.) and let the sum be re- 
served. From the value of an annuity on the joint 
lives B. C. deduct the value of an annuity on the 
three joint lives A. B. and C, add half the re* 
mainder to the reserved sum, and the amount will 
be the answer. # 

Example I. Let the ages of C. A. and Bl. be 
60, 25, and 45 years, and the rate of interest db 
per cent. By Tab. 3. the value of an annuity on 
the life of C. is 9.039, and by Tab. 4. the value of 
an annuity on the joint lives B. C. is 7«274, the 
sum Of these two values is 16.313. By Tab. 4. 
the value of an annuity on the joint lives A. C. is 
7.906, and by Prob. iv. the value of an annuity on 
the three joint lives is 6.477* The sum of these 
two latter values, or 14.383, being deducted from 
16.313 leaves 1.930, the half of which, or .965, is 
the answer. 



* See the demonstration, Note XXXI. 
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Example II. The rate of interest being the 
same, let the respective ages of C. A. and B* be 
45, 60, and 25 years. The difference between 
the age of A. and 96, (the age of the oldest life 
in the 1st table) is 36. The value of an annuity 
on the life of C. for 36 years by Prob. il, is 12.180, 
and the value of an annuity on the joint lives B* 
C. for the same number of years by Corollary to 
Prob. ii. is 10. 158. The value of an annuity On 
the life of C. after 36 years * is .103. The pro- 
bability that B. survives A. by Tab. 9. is .788. 
These two sums multiplied into each other pro- 
duce .081 j which being added to 11.169 (or half 
the sum of the single and joint lives first found) 
gives 11.250 for the sum to be reserved. By 
-Tab. 4. the value of the joint lives A. C. is 7«27** 
By Prob. iv. the value of the three joint lives is 
6.477- Half their sum, or 6.875, being deducted 
from 11.250 reserved above, leaves 4.375 for the 
value required. 

Example III. Suppose the ages of C. A. and 
B. respectively to be 25, 45, and 65 9 and the rate 
of interest still at £4> per cent. In this case B. is 
the eldest of the three lives, and the difference 
between his age and that of the oldest person in 
Tab. 1. is SI. The values of an annuity on the 
life of C. and on the joint lives A. C. for 31 years 
«re 13.968 and 10.025, and half their difference is 
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* See Note, page 111. 
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1*9715* The value of an annuity on the life of C. 

after 31 years is 1.470. The probability that B. 

dies after A. by Tab. 10- is .2685. These two 

numbers multiplied into each other produce •39#7> 

which being added to 1.9715 gives 2.366 to be re* 

served. By Table 4. the value of an annuity on 

the joint lives B. C. is 6.920. By Prob. iv. the 

value of an annuity on the three joint lives is 5.780. 

Half the difference of these two values is -570> 

which being added to 2.866, the reserved sufift, 

we have 2.936 for the number of years purchase 

required. 

Problem XLL 

To find the value of an annuity on the life rf 
C. after the decease of A., on the particular eru- 
dition that A.'s life when it fails, shall faS qfi&r 
the life of B. 

Solution. When C. is the oldest of the three Rves. 
From half the difference between the value of an 
annuity on the life of C. and of an annuity on the 
joint lives A. C. subtract half the difference be- 
tween the value of an annuity on the joint Eves B. 
C. and on the three joint lives, and the remainder 
will be the answer. When A. is the oldest vf lite 
three lives. Find the value of an annuity ob the 
life of C. and on the joint lives R C. for as matty 
years as are equal to the difference between the age 
of A. and the oldest lift in the table by Pircfcf. ti. and 
its Corollary. To half the difference between these 
two values add the value of an annuity on the life 

8 
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of C. aftdf the above term * multiplied into the 
.probability that A. dies after B. by Tat). 10., arid 
reserve the sum. Find the difference between 
the value of an annuity on the joint lives A. C. 
and the value of an annuity on the three joint lives ; 
subtract half this difference from the reserved sum 
arid the remainder will be the value required. If 
Mk is the oldest of the three lives. Find the value 
of an annuity on the life of C. and on the joint 
lives A. d fbf a nuriiber of years equal to the 
difference between the age of B. and the oldest 
person in the table, and subtract the latter from 
tfae former value. From the Value of an annuity 
on the joint lives B. C. subtract the value of an 
annuity on the three joint lives, add this to the 
preceding remainder, and let half the sum be re- 
served. From the value of an annuity on the life 
of G. subtract the value of an annuity on the joint 
lives A. C** and from the remainder subtract the 
product arising from the multiplication of the 
value of an annuity on the life of C. after the 
at)bVe mentioned term into the probability that A. 
die$ after B. by Tab. 10. Deducting the reserved 
sum from this remainder, we have the value re- 
quired, t 

Example I. Let the ages of C. A. and B. re- 
speclavely be 65, 35, and 15, the annuity as in 



* See Note, page 111. 

f See the demonstration, Note XXXII. 
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the examples to the preceding problem j£1, and 
the rate of interest £4& per cent. By Tab. 3. 
the value of an annuity on the life of C. is 7*76l f 
and by Tab. 4. the value of the joint lives A, G. 
is 6.747. j half their difference is .507. By Tab. 4. 
the value of an annuity on the joint lives Br C. is 
7.127, and by Prob. iv. the value of an annuity 
on the three joint lives may be found equal to 
6.263. Half the difference between these two 
values, or .432, being subtracted from .507 leaves- 
.075 for the value required. 

Example II. Supposing the ages of C. A. and 
B. respectively to be 35, 65 9 and 15, and the rate 
of interest to be £4 per cent. The difference 
between the age of A. and that of the oldest per- 
son in the 1st table being 31 years, the value of 
an annuity on the single life C. for that term by 
Prob. 11. will be 13.180, and the value of an an- 
nuity on the joint lives B. C. for the same term 
by Corollary to Prob. 11. will be 11.369, and half 
their difference will be .906. The value of an an- 
nuity on the life of C. after 31 years is .859. * 
The probability that A. survives B. is .136 (by 
Tab. 9.) Hence 859 multiplied into .136 will pro- 
duce .117> which being added to .906 'will give 
1.023 for the sum to be reserved. The value of 
an annuity on the joint lives A. C. (by Tab. 4.) is 



* See Note, page UK 
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6.747. The value of an annuity on the three joint 
lives by Prob. iv. is 6.263. Half their difference, 
or .242, subtracted from 1.023, the sum reserved, 
will leave .781 for the answer. 

Example III. If the ages of C. A. B. respec- 
tively be 15, 35, and 65 9 and the rate of interest, 
as above, £4f per cent., the value of an annuity 
on the life of C. by Tab. 3. will be 16.791, and 
on the joint lives A. C. by Tab. 4. = 11.787, and 
their difference will be 5.004. The value of an 
annuity on the life of C. for 31 years as in the 
preceding example, will be 14.696, and on the 
joint lives A. C. it will be 11.869. Half the dif- 
ference of these two values is 1.6635. The value 
of an annuity on the joint lives B. C. is 7.137, 
and the value on the three joint lives by Prob. iv. 
is 6,267, Half their difference, or .452, added 
to 1.6635, gives 2.0955 for the sum to be reserved. 
The value of an annuity on the life of C. after 31 
years is 2.095 * which being multiplied into .4037 
(the probability by Tab. 10. that A. dies after B.) 
produces .846. Deducting this from 5.004, found 
above, we have 4.158; and 2.096, the reserved 
sum, being again deducted from 4.158, the re* 
mainder, or 2.062, will be the value required. 

Problem XLII. 
To find the value of an annuity on the lives of 



* See Note, page 111. 
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B. and C. after the death of A. provided both qf 
them should survive A. 

Solution. When A. is the youngest of the three 
lives. From half the sum of the values of the single 
lives B. and C. subtract half the sum of the values 
of the joint lives A. C. and B* C, and the re* 
mainder will be the value required. IfB. and C. 
are both younger than A : To the value found as 
above, add half the sum of the values of the single 
lives of B. and C. after the expiration of as many 
years as are equal to the difference between the 
age of A. and that of the oldest life in the table, 
and from the sum subtract the value of the joipt 
lives B. C. after the expiration of the same term,* 
then will the remainder be the required value, ff 
one life (jB.) be older, and the other (G) be younger 
then A. Find the value of an annuity on the life 
of C. and on the joint lives A. C. for as many 
years as are equal to the difference between the 
age of B. and of the oldest life in the table, sub- 
tract the latter from the forjner value and reserve 
half the remainder. Find the value of the life of 

C. after the above term,* and multiply it into the 
probability (found by Tab. 10.) that B. dies after 
A. To the product add half the difference be- 
tween the value of the life of B. and of the joint 
lives A. B., then will this sum added to the re- 
served remainder be the value sought, t 

* See Note, pag. 111. 

f See the demonstration* Note XXXIII. 
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Example I. Let the ages of A. B. and C. re* 
spectively be 20, 35, and 55, the annuity £\ and 
the rate of interest ^4 per cent. By Tab. 3. the 
value of an annuity on the life of B. is 14.039, and 
the value of an annuity on the life of C. is 10.201. 
By Tab. 4. the value of an annuity on the joint 
lives of A. C. is 8.869, and of A. B. 11.445. Half 
the sum of the two former values is 12.120., half 
the sura of the two latter is 10.157 ; their differ- 
ence, or 1.963, is the value required. 

Example II. Supposing the ages of A. B. and 
C. to be 60, 50, and SO, respectively, the annuity 
j£l 9 and the rate of interest £4s per cent. By 
Tab. 3. the values of the single lives of B. and C. 
being 11.264, and 14-781 > half their sum will be 
13.022 ; and by Tab. 4. the value* of the joint Jives 
A. C. and B. A. being 7.802 and 6.989, half their 
sum will be 7-395, which subtracted from 13.022 
leaves 5.627. The difference between the age of 
A. and that of the oldest life in the first table being 
85 9 the value of an annuity on the life of B. after 
35 years by Corollary 3. Prob. n. is .042, and the 
value of an annuity on the life of C. after the same 
term is .732. Half their sum, or .387, added to 
5.627 gives 6.014, The value of the joint lives B. 
C. after 35 years is .013, which being deducted 
from 6.014, leaves 6.001 for the required value. 

Example IIL Supposing the ages of A. B. and 
C. respectively to be 50, 60, and 30, the annuity 

1 4 
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and the rate of interest to be the same as in the 
preceding examples. The value of an annuity on 
the life of C. for 85 years by Prob. n. is 14.049 ; 
the value of an annuity on the joint lives A.. C. 
for the same term by Corollary 1. Prob. ii. is 7-789 ; 
half their difference therefore is 8.160, which is 
to be reserved. The value of an annuity on the 
life of C. after 35 years by Corollary 3. Prob. ir. 
is .732. The probability that B. dies after A. is 
by Tab. 10 .375. These fractions multiplied into 
each other produce .2745. The value of an an- 
nuity on the life of B. by Tab. 3. is 9.039. The 
value of the joint lives A. and B, by Tab. 4. is 
6.989. Half the difference of these two values, or 
1.025 added to .2745 and also to 3.16, reserved 
above, gives 4.4595 for the answer. 

Problem XLIII. 

To find the value of a given sum S. payable on the 
extinction of the lives of A. and C, provided B. 
should survive one life in particular (A.) 

Solution. Find by Problem xxv. the value of 
the given sum payable on the contingency of B. 
surviving A. Find by Prob. xl., the value of 
an annuity of £\ during the life of C. after A., 
provided A. should die before B. ; multiply this into 
the interest of S. for a year, and divide the product 
by £\ increased by its interest for a year j subtract 
the quotient from the value of S. by the 25th pro- 
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blcm, and the remainder will be the value re- 
quired. * 

Example. Supposing the respective ages of A. 
B. and C. to be 25, 45, and 60, the sum rflOOO, 
and the rate of interest £4* per cent By the 
25th prob. the value of rflOOO payable on the con- 
tingency of B. surviving A. may be found = 204.37* 
By the first example to Prob. xl. the value of 
.an annuity on the life of C. after A., provided A. 
dies before B., is .965, which multiplied into 40, 
(the interest of rflOOO), and divided by 1.04, 
gives S7.12. «£204.37 lessened by this sum leaves 
£l 6J.25 1 for the value of the reversion. 

Problem XLIV. 

To find the value of a given sum payable on the 
extinction of the lives of A. and C. provided B. 
should die before one life in particular (A.) 



* The solutions of this and the two following problems ha? e 
been given in Notes 34, 35, and 36, independent of any other' 
problems ; but those theorems cannot well be expressed in words 
without being rendered too long and complicated. I have therefore 
in this part of the work preferred the rules which maybe derived from 
other problems as being more concisely described, though perhaps 
the operations may not be much shorter than by those which are 
derived from the algebraical symbols in the notes above men* 
tioned. 

t By the algebraical rule the value is 204.37 — 37.89 - 1 66.48, 
which proves the correctness of both rules, as the small difference 
arises solely from being obliged to have recourse to the approxi- 
mated values of three joint lives instead of the real ones. 
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Solution. Find by Prob. xxvj. the value of the 
given sum payable on the decease of A. and B. 
provided B. dies before A. Find by Prob. xli. 
the value of an annuity on the life of C, after A#, 
provided A. should survive B. Multiply this into 
the interest of the given sum for a year, and divide 
the product by £1 increased by its interest for a 
year* Subtract this quotient from the value found 
by Prob. xxvi., and the remainder will be the value 
sought. 

Example* Let the ages of A. B. and C. respec- 
tively be #5, 15, and 65 years, the sum «s£1000, 
and the rate of interest £4* per cent. By the 
26th prob. the value of ^1000 payable on the 
death of A. and B., provided B. dies before A., 
may be found equal to 87.018. By the 1st exam- 
ple to Prob. xli. the value of an annuity on thfe 
life of C. after A., provided B. dies before A. ap- 
pears to be .075, which being multiplied into 40 
and then divided by 1.04 gives 2,884. The dif- 
ference therefore between 87.018, and 2.884, or 
I&84.134, is the value of this contingent reversion, 
which agrees very nearly with the value derived 
from the algebraical theorem. 

Problem XLV. 

To find the value of a given sum payable on the 
extinction of the lives of B. and C. provided both 
of them shall survive A. 
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3olution. Find by Prob. xxviii. the value of 
the given sum payable on the death of A* if his 
life should be the first that fails of the three lives. 
Find by Prob. xm. the value of an annuity on the 
lives of B. and C. after A. provided both of them 
should survive him. Multiply this value into the 
interest of the given sum for a year, divide the 
product by £\ increased by its interest for a year, 
and subtract the quotient from the value found 
above by Prob. xxviii. j then will the remainder be 
the value required. 

Example. Let the respective ages of A. B. and 
C. be 24, 65, and 75 years ; the sum ^1000, and 
the rate of interest £3 per cent. From the exam- 
ple to Prob. xxviii. the value of the given sum 
payable on the death of A. if his life should be the 
first that fails appears to be 60.53. The value of 
a» annuity on the lives of B. and C. after A. if 
both of them should survive him, may be found by 
Prob. xlii. equal to .6191* which being multiplied 
into SO, the interest of ^1000 at £S per cent., and 
then divided by 1,03, gives 18,03. Subtracting this 
sum from 60.53 found above, we have ^42.5 foe 
the value of the reversion, which is rather less than 
the value found by the algebraical theorem. * 

Problem XLVI. 
To find the value of a given sum payable on the 



* See Note to Prob. xliii. page 121. 
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death of C. if A. should be the first, B. the second, 
and C. the third that fails of the three lives. 

Solution. When C. is the oldest of the three lives. 
To one third of A. P. C. * add one-sixth of H. P. 
C, one-sixth of H. T. B., and half the value of 
the joint lives B. C. Multiply half the value of 
the two joint lives A. T. increased by unity into 
the probability that C. lives a year, and also into 
£1 payable at the end of a year. Subtract the 
value of the three joint lives A. B. C. multiplied 
into the interest of £\ for a year, from unity, 
divide £th of the remainder by £1 increased by its 
interest for a year, add the quotient to the five 
preceding values, and let the sum be reserved. 
To *th of A. B. T. add * of A. P. T., 4-th of H. 
B.C. and £ the value of the two joint lives A. C. 
divided by £1 increased by its interest for a year. 
Multiply £ the value of the two joint lives C. P. 
increased by unity into the probability that B. lives 
a year, and also into £1 payable at the end of a 
year. Multiply the value of the single life C. into 
the interest of £l for a year, divide half the re- 
mainder by £1 increased by its interest for a year. 
Add this quotient to the five values just found, 
and let the whole be subtracted from the reserved 
sum, then will the remainder multiplied into the 
given sum be the value required. When B. is the 



* See Schol. to Prob. xxvn. 
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oldest of the three lives. First find the value as in 
the preceding case, taking the values of the life 
of C* and of the joint lives A. C. only for as many 
years as are equal to the difference between the 
age of B. and that of the oldest life in the table, 
and taking the value of the joint lives A. T. for 
one year less than that difference. Find next the 
value of a life as many years older than C. as are 
equal to the said difference, which being subtracted 
from the perpetuity, let the remainder be multi- 
plied into the interest of £\ for a year, also into 
the probability that C. lives to the end of the above 
term, and into the probability that B. dies after 
A, Again, multiply this product into the value 
of £1 payable at the end of a term exceeding the 
above difference by one year, and finally into the 
given sum. This product added to the value found 
above, will be the answer in this case. When A. is 
the oldest of the three lives. Find the value as in the 
first case, only taking the value of the life^of C. 
for as many years as are equal to the difference 
between the age of A. and that of the oldest per- 
son in the table. Multiply the value of a life as 
many years older than C. as are equal to this dif- 
ference into the interest of £ 1 for a year, also into 
the probability that B. and C. both live to the end 
of that term, and lastly into the value of d 1 pay- 
able at the end of one year exceeding that term, 
reserving the product. Subtract the same value 
of the life of C. from the perpetuity, multiply the 
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• 

remainder into the interest of £\ for a year, and 
also into the probability that B. dies after A.y afld 
into the probability that C. lives to the end of tfce 
term above-mentioned. Multiply this product 
again into the value of £1 payable at the end of 
one year exceeding that term. From this subtract 
' the product just reserved, and multiply the re- 
mainder into the given sum. Add this product 
to the value found above, and the sum will be the 
value sought.* 

Example I. Let the ages of A. B. and C. re- 
spectively be 18, 39, and 68 years, the sum jfilOOO, 
and the rate of interest £ 3 per cent. The value 
of | of A. P. C. is Sip = 2.1626 ... the value 
of*of H.P.Q. is ^ = i.o697... of ^ofH.T.B. 
S^=i;oO07, of* of B. C. is ^=3.1883, and 
of the joint lives A. T. increased by unity and 
multiplied into the fractions directed in this rule 
is 3.4035. The value of the three joint lives, A. 
B. C, or 5.8902, multiplied into .03, and deducted 
from unity is .823294, which being divided by 6,- 
and multiplied into £\ payable at the end of 
a year produces .1332. These six quantities 
added together make 10.9580 for the sum to be 
reserved* 



* The latter part of this rule is not exactly the same with the 
algebraical theorem ; but it is sufficiently correct for any useful 
purpose* See the demonstration in Note XXXVII. 
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The value of } of A. B. T. is 2222 = 1.0155 ... 
df t of A. P. T. is 5 ^1 n 1.9819 ... of * of H.B. 
C. is ^! = 1.0960 ... of i the joint lives of A. C. 
divided by £1 increased by its interest for a year 
is ^~. = 3.2255, and of half the joint lives of C. 
P. increased by unity and multiplied into the 
fractions directed in the rule, is 5±Zi? = 3.4874. 
The value of the life of C. (7.3673) multiplied 
into .03 is .221019, and '22212 divided by 1.03 is 
2±.1073 ; which being added to the five quantities 
found above, makes 10.9136. Deducting this 
from 10.9580, and multiplying the remainder 
(.0444) by 1000, we have j£44.4 for the value of 
the reversion. 

Example II. Supposing the ages of A. B. and 
C. respectively to be 18, 68, and 39, the sum 
jflOOO, and the rate of interest, as in the fore- 
going example, £3 per cent. Pursuing the same 
steps as above, the values of -J. of A. P. C, £ of H. 
P. C, and * oiH. T. B., will be ^22 = 2.0310, 
*~2 = 1.0007, and 2*21 = 1.0697- — the value 
of half the joint lives B. C. = 3.1883, and the 
value of the joint lives A. T. for 26 years (being 
one year less than the difference between the age 
of B. and that of the oldest person in the 1st Table) 
may be found = 11.3867. Half of this value mul- 
tiplied into (^5;=) the P robabilit y that fi - live ^ 
a year, and tfien divided by 1.03 gives 5.8775. 

The three joint lives A. B. C. multiplied into .03, 
then deducted from unity, and i of the remainder 
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multiplied into £\ payable at the end of a year 
produces as in the preceding example .iS32j 
which being added to the five preceding values 
gives 13.3004 for the sum to be reserved. 

Again ; £ of A. B. T., \. of A. P. T. f and £ of 
H. B. C, are severally equal to ~^- 9 — 1.0813 .., 
^r 1 = 1-9819 ... and ^ = 1.0960. The value 

O O 

of the joint lives A. C. for 27 years is 11.5929* 
therefore i^ divided by 1.03 is 5.6276. The 
value of the joint lives C. P. (6.1374) increased 
by unity, and half the sum multiplied into the 
probability that B. lives a year, and also into £l 
payable at the end of a year, is 3.2558. The 
value of the life of C. for 27 years (13.5517) mul- 
tiplied into .03, and half the product divided by 
1.03 gives .1973. Adding these six values we 
have 13.2399; which being subtracted from 
13.3004 (the reserved sum), and the remainder 
being multiplied into 1000, we have £60.5 for the 
first part of the answer. The value of a life of 66 . 
(being 27 years older than that of C.) is 7-9937* 
which being deducted from 33.3333 (the perpe- 
tuity), and the remainder multiplied into .03, we 
have .760158. This product multiplied into — £ 
(the probability that C. lives 27 years) also into 
.43708 (the value of £1 at the end of 28 years) 
and into .1311 (the -probability that B. dies after 
A.) and into 1000 (the given sum) produces 18.1, 
which being added to ^60.5 gives £78.6 for the 
value required. 



CONTINGENT AND OTHER REVERSIONS. t9Q 

Example III* If the respective ages of A, B. 
and C. are 68, 39, tod 18, let the sum and rate of 
interest be the same as in the two preceding ex- 
amples. The values of -J- of A* Pi C, .£■ of H* P. 
C, and * of H. T* B. are 2.1626, .9910, and 
1.0007 respectively, and half the value of the joint 
lives B< C. is 6.1825. The value of the joint lives 
A. T. increased by unity is 7-6985. Half this 
sum multiplied into |i~ (the probability that C. 
lives a year) and also into .97087 (the value of £\ 
payable at the end of a year) produces 3.6839. 
The value of the three joint lives A. B* C. multi- 
plied into the interest of £1 for a year, &c. is the 
same as in the two preceding examples, or .1332. 
These six values added together make 14.1539 for 
the sum to be reserved. 

Again, * of A. B< T.> i of A. P. T., and £ of 
H. B« C. are respectively equal to 1.0960* 
2.1394, and 1.0155. Half the value of the joint 
lives A* C, (or 3*36075) divided by 1.03 is equal 
to 3.2629. The value of the joint lives C. P. (or 
12.2224) increased by unity, and multiplied into 
the probability that B. lives a year, and also into 
the value of £l payable at the end of a year, is 
12.5488, of which one half is 6.2744. The value 
Of the life of C. for 27 years is 15.2083, which 
being multiplied into .03, and half the product 
divided by £1 increased by its interest for a year, 
we have .2215. These six quantities, amounting 
to 14.0097, being deducted from 14.1539 (the 

K 
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reserved sum) and the remainder multiplied into 
1000 produces j£144.2 for the first part of the 
valuer 

The value of a life aged 45 years is 18.69% 
which being multiplied into .03 gives .41076* 
This number being again multiplied into ********* 
(the probability that B. and C. both live 27 years) 
and also into .43708 (the value of £1 payable at 
the end of 28 years) we have .04636 the product 
to be reserved. Again, 13.692 subtracted from 
33.333, the perpetuity, and the remainder multi- 
plied into .03, produces .58923, which being again 
multiplied into .3945 (the probability that B. dies 
after A.), also into ^ (the probability that C. 
lives 27 years), and into .43708 (the value of £\ 
at the end of 28 years) it produces .06271. De- 
ducting .04636, the reserved product from this 
sum, and multiplying the remainder into 1000, the 
given sum, and then adding 16.4 the product to 
144.2, found above, we have j£160.6 for the value 
required. 

Problem XLVILr 

To determine the value of a given sum payable 
on the death of A. or B. should either of them be 
the first Or second that fails of the three lives A. 
B. and C. 

, Solution. In this case the payment of Ae 
given sum must certainly take place on the ex- 
tinction of the joint lives of A. and B., hide- 

6 
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pendent of C, and therefore the value of the 
reversion may be obtained from the corollary to 
Prob. xxiti* 

Problem XLVHI. 

To determine the value of a given sum payable 
oh the decease of A. or B., should either of them 
be the second or third that shall fail of the three 
lives A. B. and C. 

Solution* Find by Prob. xli. the value of an 
annuity of £ 1 on the life of A. aifter C. pro- 
Vided C. should die after B. JFind by the sairie 
problem the value of an annuity of £1 on the life 
of B. after C, provided C. should die after A. 
Find by Prob. vi. the value of an annuity on two 
out of the three lives. From the perpetuity sub- 
tract the sum of these three values, and multiply 
the remainder into the interest of the given sum 
for a year, then will the product divided by £1 
increased by its interest for a year be the value 
required. * 

Example I. Let the respective ages of A. B. 
and C. be 60, 25, and 45., the sum «f£100, and the 
fate of interest £8 per cent. By Prob. xli. the 
value of an annuity on the life of A. after C, pro- 
vided C. dies after B.,is .2785. By the same 
Problem the value of an annuity on the life of B. 



r 



* See the demonstration, Note XXXVIII. 
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after C, provided C. dies after A., is 2.4730. By 
Prob. vi. the value of an annuity on two out of the 
three lives is 13.5280. The sum of these three 
values, or 16.2795, being subtracted from 38.339$, 
the perpetuity, leaves 17.0538 ; which being mul- 
tiplied into 3, the interest of ^100 for a year,, and 
then divided by 1.03, gives j£49.675 for the value 
sought. 

Example II. Supposing the ages of A. B. and 
C. to be 25, 45, and 60 respectively, the sum and 
rate of interest, as in the preceding example. By 
Prob. xli. the value of an annuity on the life of 
A. after C, provided C. dies after B., is 2.2029. 
By Prob. xli. the value of an annuity on the 
life of B. after C, provided C. dies after A.* » 
.8626. By Prob. vi. the value of an annuity on 
two out of the three joint lives is 13.5280. The 
sum of these three values is 16.5935, which being 
subtracted from 33.333, and the remainder multi- 
plied into 3, we have 50.2194. This product 
divided by 1.03 gives 48.756 for the answer. 
These values by the algebraical rule are a little 
. greater ; a difference arising, as I have already 
observed, from being obliged to have recourse to 
approximated values of the three joint lives. 

Problem XLIX. 
To determine the value of a given sum payable 
t>n the decease of A. or B. f should either of them 
be the Jirst or last that fails of the three lives A. B. 
and C. 
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Solution. The payment of the sum in this pro- 
blem, like that in the preceding one, must ultimately 
take place j and it is only the single contingency 
of C.'s being the first that fails of the three lives 
which cm postpone it after their joint continuance. 
In order therefore to determine the value of* this 
reversion, find by Problem* xli. the value of an 
annuity on the life of A. after B., provided B. shall 
have died after C, and the value of an annuity on 
the life of B. after A., provided A. shall have died 
qfier C. To these add the value of the two joint 
lives A, B., and let the sum be subtracted from the 
perpetuity. Multiply the remainder into the in- 
terest of the given sum for a year; divide the 
product by £l increased by its interest for a year, 
and the quotient will be the required value. # 

Example I. Let the ages of A. B. and C. as in 
the 1st example of the foregoing problem be 60, 
25, and 45, the sum ^100, and the rate of interest 
£S per cent. By Prob. xli. the value of an an- 
nuity on the life of A. after B., provided B. shall 
have died after C, is .2285, and the value of an 
annuity on the life of B. after A,, provided A. 
shall have died after C, is 2.6347. The sum of 
these (2.5932) added to 8.496 gives 11.0892, 
which subtracted from S3.S33, and the remainder 
multiplied into 3, produces 66.7323, and 66.7323 
divided by 1.03 quotes ^64.79 for the answer. 



* See the demonstration, Note XXXIX. 
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Example II. The ages of A. B. and C. being 
25 , 45, and 60 respectively, and the sum and r$te 
of interest the same as in the preceding example ; 
the value of $n annuity on the life of A, after B., 
provided B. survives C. f by Prob. xli. will be 
2.4846, and the value of an annuity on the life of 
B. after A., provided A. survives C, will be .851, 
the value of an annuity on the joint lives A. ]&, is 
11.164. These three values, or 14.4996, subr 
tracted from 33.833* and the remainder multiplied 
into 3, produces 56.501 ; which being divided by 
1.03, we have ^54.854 for the value of the.rever? 
sion in this case. 

Problem L. 

To determine the value of a given sum payable 
on the death of A., should his life be the first or 
second that fails, and should B/s life, if it fails, 
become extinct before the life of C. 

Solution. The value of the reversion in this 
case depends simply on the contingency of C.*s 
surviving A., and is determined by the solution of 
the 25th problem. * 

Problem LI. 

To find the value of a given sum payable on the 
death of A., should his life be the second or third 

■ ■ ■ I ''III.! II I I ■ ■ ■ 

* See the demonstration, Note XL. 
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tftat fails, and should B.'s life, when it fails, become 
extinct before the life of G. 

Solution. When A* is the oldest of the three 
lives. Multiply the value of the thr£6 joint lives 
A, B. C. by the interest of j?l for a year, add 2 to 
the product, and divide the sum by 6 ; to this 
quotient add one-third of H. P. C. * one-sixth of 
H. B. C, and one-sixth of A. B. T. ; and from 
the sum deduct the Sum of one-sixth of H. T. B., 
one-sixth of A. P. T., and one-third of A. P. C, 
reserving the remainder. Multiply half the value 
of an annuity on the life of A. into the interest of 
4^1 for a year ; and also half the difference of the 
joint lives H. B. and H. C. into the probability 
that A. lives a year. Deduct the former from the 
latter product, if B. is younger than C, otherwise 
add them together. In the one case deduct half 
the difference between the joint lives of A. C< and 
A. B. from the remainder } in the other case deduct 
the sum of the two values from this half-difference. 
Lastly, let the last-mentioned sum or remainder, 
according as it is a positive or negative quantity, 
be added to or subtracted from the remainder 
first reserved, and if the sum or the difference be 
divided by £1 increased by its interest for a year, 
and the quotient multiplied into the given sum, 
the product will be the value required. 



* See Schol. Prob. xxvu, 
K 4 
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When B. is the oldest of the three Jives. Find 
the value as in the preceding case, taking the 
values of A., A. C, and H. C. for as many years 
as are equal to the difference betwefen the age of 
B. and the oldest life in the table, and let this 
value be reserved. From the perpetuity subtract 
the value of a life as many years older than A., as 
rare equal to this difference. Multiply the re- 
mainder into the interest of £\ for a year, also 
into the probability that A. lives to that age, and 
into the value of £\ payable at the end of the 
above mentioned term, and reserve the product. 
To the number expressing the probability that C. 
dies qfter B. byTab. 10. add the fraction expressing 
the probability that C. lives as many years as are 
equal to the difference above mentioned. Mul- 
tiply the sum intp the reserved product : let this 
second product again be added to the value first 
reserved, then will their sum, divided by £\ 
increased by its interest for a year, and multiplied 
into the given sum, be the value in this case. 

When C. is the oldest of the three lives. The 
first part of the value is found in every respect in 
the same manner as in the two preceding cases, 
only taking the lives A., A. B., and H. B., for as 
many years as are equal to the difference between 
the age of C. and of the oldest life in the table. 
By pursuing nearly the same steps, the second part 
also is obtained. From the perpetuity subtract 
the value of a life as many years older than A. as 
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Me equal to the difference between the age of C. 
and that of the oldest person in the table. Let 
the remainder be multiplied into the probability 
that A. lives to that age, and into the interest of 
£1 for a year, and reserve the product. Add the 
fraction expressing the probability that B. lives as 
many years as are equal to the difference above 
mentioned, to the number expressing the proba- 
bility that C. dies after B. by Tab. 10. Multiply 
the sum into the value of £1 payable at the end 
of the above term, and also into the reserved pro- 
duct. Add this to the reserved sum or remainder. 
Divide the whole by £1 increased by its interest 
for a year, and the quotient multiplied into the 
given sum will be the value required. * 

Example I. Suppose the respective ages of A. 

B, and C. to be 65, 40, and 15, The sum ^100, 
and the rate of interest £9 per cent. The value 
of the three joint lives is 6,51, which being multi- : 
plied into .03 produces .1958, and therefore 2.1953 
divided by 6, gives .3659, One-third of H. P. C. 
may be* found equal to 2.263, one-sixth of H. R 

C. equal to 1.1620, and one-sixth of A. B. T. 
equal to 1,2357. These four quantities are 5.0266.. 
One-sixtfi of H. T. B. is 1.1505, one-sixth of A. 
P. T. is 1.206, and one-third of A. P. C. is 2.442. 
The sum of these three quantities, or 4.7985, de- 
ducted from 5.0266, leaves .2281 for the remainder 
to be reserved. Half the value of an annuity on 



* See the demonstration, Note XLI. 
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the life of A. or 4.15035 multiplied into .OS pro- 
duces .12457. The difference between 7.8885, the 
value of the joint lives H. C. and 6.8086, the value 
of the joint lives H. B. is .5299, the half of which 
being multiplied into ^> the probability that A. 
lives a year, produces .2520, which in this case is 
to be added to .12457, and gives .3766 to be de- 
ducted. Half the difference between 7-5970 the 
value of the joint lives A. C, and 7.0299, the 
value of the joint lives A. B., is. 2836, which being 
less than .3766, the difference .093 will be a nega- 
tive quantity. Subtracting this difference from 
.2281, the remainder reserved above, we have .1351, 
which being divided by 1.03, and the quotient mul- 
tiplied into 100, produces ^13. 107 for the required 
value. 

Example II. Let the ages of A. B. and C. be 
15, 65, and 40 respectively, the sum and rate of 
interest the same as in the preceding example. 
The first expression will of course be the same, or 
•3659. One-third of H. P. C. is 2.3010, one-sixth 
of H. B. C. is 1.2357, and one-sixth of A. B. T. 
is 1.2210. The sum of these four quantities is 
5J236. One-sixth of H. T. B. is 1.206. One* 
sixth of A. P, T. is 1.1315, and one-third of A. P. 
C. is 2.324. The sum of these three quantities, 
or 4.6615, deducted from 5.1236, leaves .4621 for 
the remainder to be reserved. Ther value of an 
annuity on the life of A. for 31 years, or a term 
equal to the difference between the age of B. and 
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the oldest life in the table, is 16.513, one half of 
which being multiplied into .03 produqes .24J7» 
The value of an annuity on the joint lives H. C. 
for 31 years is 11.9787* the value of an ajanuity 
on the joint lives H. B. is 7*5613. Half the dif- 
ference betwpen these two values multiplied into 
— > the probability that A. lives a year, produces 
2,1885., which being added to ,2477 the sum will 
he 2,4362. The value of the joint lives A. C far 
31 years is 12.0524. The value of the joint lives 
A. B. is 7»597* Half the difference between these 
two values is 2.2277* Deducting this difference 
from 2.4362 the remainder will be .2085, which 
being deducted feora .4621, the reserved remainder 
leaves .2536 for the first part of the value in this 
case. The value of an annuity on a life of 46, or 
a life 31 years older than A* isr 13.450, which being 
subtracted from 33.333 and the remainder multi* 
plied into .03, gives .50649* This product multip 
plied into .3999, the value of j£1 at tbe end of 31 
years, and into ^-°, the probability that A. lives 
so long, produces .1395. By Tab. 10. .4516 ex- 
presses the probability that C, dies after B., and 
the fraction ^ expresses the probability that G. 
lives 31 years. The sum of these two expressions 
is .7686, and .1395 multiplied into .7686 produces 
.1072. Adding this product to .2536, the first 
part of the value, and dividing the sum by 1.03, 
the quotient will be .3503, and consequently the 
required value £33.03. 
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Example III. Suppose the ages of A. B. and 
C. to be 40, 15, and 65, the sum and rate of in- 
terest as in the two preceding examples. The first 
expression as in those cases will be .3659. One 
third of H. P. C. is 2.41 1. One-sixth of H. B. C. 
is 1.221, and one-sixth of A. B. T. 1.1620. The 
Sum of these four expressions is 5.1599. One-sixth 
of H. T. B. is 1.131. One-sixth of A. P. T. 1.1505, 
and one-third of A. P. C. 2.4714, deducting 4.7529, 
their sum, from 5.1599 we have .407 for the re- 
mainder to be reserved. The value of an annuity 
on the life of A. for 31 years is 14.0344, which 
being multiplied into .03, the moiety of the pro- 
duct will be .2105. The value of an annuity on 
the joint lives H. B. for 31 years is 11.9474, the 
value of the joint lives H. C. is 6.9957 ; half the 
difference of these two values multiplied into 2j2& 
the probability that A. lives a year is 2.419, from 
which subtracting .2105 we have 2.2085. The 
value of the joint lives A. B. for 31 years is 12.0524. 
The value of the joint lives A. C. is 7.0299 ; half 
their difference is 2.5112, which exceeding 2.2085 
by .3027, this difference will be a negative quantity 
to be subtracted from .407, the reserved remainder, 
so that the first part of the value is .1043. The 
value of an annuity on a life of 71, being 31 years 
older than C, is 6.418. Deducting this from 
33.333, and multiplying the remainder into .03, 
we have .80745 ; this being again multiplied into 
jjjj* the probability that A. lives 31 years, pro- 
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duces .2559. By Tab. 10. the probability that C. 
dies after B. is .1359, which added to ^, the pro- 

5423 * 

bability that B. lives 31 years, is .7339. The value 
j£l payable at the end of 31 years is .3999. These 
three quantities multiplied into each other produce 
.0751. Adding this product to .1043, the first part 
of the value, and dividing the sum by 1.03, the 
quotient will be .1742, and the value of the rever- 
sion will in consequence be j£17-420. 

Problem LII. 

To find the value of a given sum payable on the 
death of A. should his life be the first or last that 
fails of the three lives, and should B.'s life, if it 
fail, become extinct before the life of C 

Solution. Multiply the sum of the values of 
the three joint lives, and of the life of A. into the 
interest of £1 for a year, deduct the product from 
unity, and take half the remainder. Multiply half 
the difference between the values of the joint lives 
H. B. and the three joint lives H. B. C. into the 
probability that A. lives a year. To these two 
quantities add one-half of A. P. T. * and reserve 
,the sum. From the value of the joint lives A. T. 
subtract the value of the three joint lives A. B. T., 
multiply half the remainder into the probability 
that C. lives a year, and to the product add, one 
half of B. H. T.y and one-half the value of the 

■ 11 1 . m ■■ 1 ■ ■■■■■■■.■. ■ l| I !.!■■. ■ — i- 
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* See Schol. Prob. xxvii. 
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joint lives A. B. From the sum of these three 
quantities deduct the reserved sum and divide the 
remainder by ^1 increased by its interest for a 
year. Let the quotient be subtracted from half 
the value of the joint lives A. C, then will the 
remainder multiplied into the given sum be the 
value required. The above rule gives the true 
value when A. is the oldest ; but if C. be the oldest 
of the three lives, the annuities on the lives of A., 

A. B., and H. B. must be continued only for as 
many years as are equal to the difference between 
the age of C. and the oldest life in the table; 
this will give the first part of the value. Find next 
the value of a life as much older than A* as is 
equal to the above difference. Deduct this from 
the perpetuity, and multiply the remainder into 
the interest of £1 for a year, and into the value 
of £1 payable at the end of a term one year longer 
than the said difference. This product again being 
multiplied into the probability that A. lives as 
many years as are equal to the said difference, and 
into the probability that C. dies after B. will give 
another product, which is to be added to the firtft 
part of the value ; and their sum being multiplied 
into the given sum will be the value sought^ If 

B. be the oldest of the three lives* the values of the 
livefr of A. and A. T. in the first part of the solu- 
tion must be continued only for as many years te 
are equal to the difference between the age of B. 
and that of Ihe oldest life in the table, and the 
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value of the joint lives A. C. for one year longer. 
From the perpetuity, subtract the value of a life as 
many years older than A. as is equal to the above • 
difference j multiply the remainder into the interest 
of £1 for a year, and also into the value of £l 
payable at the end of a term one year longer than 
the said difference. Again multiply this expression 
into the probability that C. dies after B. and also 
into the probability that A. lives to the end of the 
term above mentioned. Add this second product 
to the Jirst part of the value, and multiply the 
amount into the given sum for the value required.* 
Example I. Let the ages of A. B. and C. re- 
spectively be 70, 50, and 30, the sum ^100, and 
the rate of interest dS per cent. The value of 
the joint lives A. B. C. by Prob. iv. is 5.087, the 
value of the single life A. is 6.734, their sum, o* 
11.821, multiplied into .03, atod the product sub- 
tracted from unity, leaves .6454 ; half of which is 
.3227. The value of the three joint lives H. B. C. 
or 4.888, subtracted from 5.361, the value of the 
two joint lives H. B., leaves .473, which being 
Multiplied into 1 -^' the probability that A. lives a 
year, and the product divided by 2, gives .2212. 
One-half of A. P. T. is 2.891. These three quan- 
tities added together give 5.4349. The difference 
between 6.031, the value of the joint lives A. T., 
* and 5.079, the value of the three joint lives A. B. 

* See the demonstration, Note XLII, 
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T. is .952. Half of this sum multiplied into —f 

* 4385 

the probability that C. lives a year, produces .4679- 
One-half of B. H. T. is 2.6815, and half of 5.582, 
the value of the joint lives A. B. is 2,791- From 
5.9404, the sum of these three values, deducting 
3.4349 reserved above, we have 2.5055, which 
being divided by 1.03 quotes 2.4325. Half the 
sum of 6.043, the value of the joint lives A. C. is 
3.0215. Deducting 2.4325 from 3.0215 and mul- 
tiplying the remainder into the given sum, the 
product, or ^58.90, is the value required. 

Example II. Supposing the ages of A. B. and 
C. respectively to be 30, 50, and 70, the sum and 
rate of interest the same as in the preceding exam- 
ple. The value of the joint lives A. B. C. is 5.087. 
the value of the life of A. for 26 years, being the 
difference between the age of C. and that of the 
oldest life in the table id 14.200 ; the sum of these 
-two values multiplied into .03, and the product 
being subtracted from unity, the remainder will be 
.4214, of which one-half is .2107. The value of 
the joint lives H. B. for 26 years is 9.851, the 
value of the three joint lives H. B. C. is 5.079* 
Half the difference of these two values multiplied 
into jjjj, the probability that A. lives a year, pre*- 
duces 2.345. One-half of A. P. T. is 2.663. The 
sum of these three quantities is 5.2187. The dif- 
ference between 5.785 the value of the joint lives- 
A. T., and 4.888 the value of the three joint lives 
A. B. T., is .397- The probability that C. lives a 
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year is i-5?. Multiplying these expressions into 
each other, and dividing the product by 2, we 
have .4194. One half of B. H. T. is 2.6815. The 
value of the joint lives A. B. for 26 years is 
9*888, of which the half is 4.944. Deducting 
5.2187, the sum reserved above, from 8.0449, the 
sum, of these last three quantities, and dividing 
the remainder by 1.03, the quotient will be 2.744. 
Half the value of the joint lives A. C. is 3.0125, 
and 2.744 subtracted from 3.0125 leaves .277^ for 
the first part of the solution. The value of an an- 
nuity on a life of 56 f being 26 years older than 
the life of A, is 10.883 which being deducted from 
33.333 and the remainder multiplied into .03, we 
have .6735. The value of £1 payable at the end 
of 27 years is .4502, the probability that A. lives 



46 years is — , and the probability that C. dies 



4385 



qfter B. by Tab. 10. is .2455. These four quanti- 
ties being multiplied into each other produce .041. 
Adding this product to .2775, the first part of the 
solution, and multiplying the sum into 100, we have 
rfSl.76 for the value of the reversion in this case. 
ExAft|jpjLE III. If the respective ages of A. B. 
and C. be 50, 70, and 36, the sum and rate of in- 
terest as in the two foregoing examples ; the value * 
of the life of A. and of the joint lives A. T. respec- 
tively for 26 years will be 11.835 and 9.851, the 
value of the joint lives A. C. for 27 years will be 
9*943, and the first part of the solution, by pro- 
ceeding as above, will be found = .2575. The 



i 
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value of a life of 76, or of a life 26 years older 
than A. is 4.925. Deducting this from 33.333 
and multiplying the remainder into .03 we haw 
.8522. The value of £1 payable at the end of 
27 years is .4502. The probability that A. lives 
26 years is ^, and the probability that C. dies 
after B. is .3122. Multiplying these four quanti- 
ties into each other, the product becomes .0315. 
Adding this product to .2575, the first part of the 
solution, the sum becomes equal to .289, and con- 
sequently the value of the reversion of £ 100 will 

be ^28.900. 

Problem LIIL 

To determine the value of a given sum payable 
on the extinction of the three lives A. B. C. pro- 
vided C. shall die after one life in particular (A.) 

Solution. Find by Prob. xli. the value of n 
annuity on the life of B. after C. provided A. shall 
have died before C. Multiply this value into the 
interest of the given sum ; divide the product by 
£1 increased by its interest for a year, and reserve 
the quotient. Find next by Problem xxvi. the 
value of the given sum on the event of C.'s dying 
after A., subtract the reserved quotient from this 
value, and the remainder will be the value re- 
quired* 

Example J. Let the respective ages of A. B. 
and C. be 25, 65, and 35, the sum j£100, and 



See the demonstration Note XLIIL 
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the rate of interest £3 per cent. By Prob. xli. 
the value of an annuity on the life of B. after C. 
provided A. shall have died before C. is = .111, 
which being multiplied by 3, and then divided by 
1.03, quotes .323. By Prob. xxvi. the value of 
JtlOO depending on the contingency of C. dying 
after A. is = 15.903. Deducting .323 from this 
value, the remainder, or ^15.58, will be the value 
sought. 

Example II. Supposing the ages of A. B. and 
C respectively to be 35, 25, and 65, the sum and 
rate of interest the same as in the preceding exam- 
ple. The value , of the annuity on the life of B. 
after C. provided A. shall have died before C. may 
be found by the 2d case Prob. xli. to be equal 
to 1.8273. This being multiplied into 3 and then 
divided by 1.03 gives 5.322 for the quotient to be 
reserved. By Prob. xxvi. the value of ^100 pay- 
able on the death of C. after A. is 13.272. De- 
ducting 5.322 the reserved quotient from this sum 
we have £7.95 for the value required. 

The values deduced from the algebraical rule 
(Note 43.) agree very nearly with the above, and 
would agree exactly if we were possessed of tables 
giving correct values of annuities on three joint 
lives. 
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NOTE I. 

Let r be ^1 increased by its interest for a year, b the 
Mumber of the living in the table opposite to the present 
age of A* the given life, and c, d, e, &c. the numbers of 
the living at the end of 1, 2, 3, &c. years from his present 
age ; then it follows, from what has been said in page 17, 

c d 

that the value of an annuity on this life will be ft - 4- ^ + 

e 

£s -J- &c. = N. Let a denote the member of the living in 

the table opposite to the age of a person one year younger 
than A., and the value of an annuity on the life of this 

younger person will be expressed by — + ^ -f ^ &c. 



But this series is equal to- x 1 +^ + j^ + p + &c. 

= ^xrrN". 

In the same manner may the theorem be obtained for 
computing a table of the^ values of two joint lives. Let n 
be the number of the living in the table opposite to the age 
■ of B. the second life, 0, p, g 9 &c. the numbers living at 
the end of 1, 2, 3, &c. years from his present age, and 
the value of an annuity on the two joint lives of A. and B. 

wUrbe £ + & + £> + &c - = M - Lel m ^present, 
,the number living opposite to the age of a person one year 

younger than B., and the value of au annuity on two 
joint lives, each one year younger than A. and B. will be 

l 3 
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*b oc pd . __ nb oe pd 

amr + amr* + ^3 + «C. — — X 1 + J^ + ^i 



^ + &C - = £r * l + M - 



As the expectations are the same with the values of an- 
nuities on single and joint lives without interest^ tables of 
those expectations may be computed from the preceding 

theorems, by omitting only the fraction'-: that is, the ex- 
pectation of a life one year younger thkn A. will be - x 
1 + E., and the expectation of two joint lives each one 

nb 

younger than A. and B. will be— x 1 + F. ;. £. bemg 

the expectation of the life of A. and F^the expectation of 
the two joint lives A. and B. 

NOTE II. 

In the case of the youngest life, it is evident that there 
is no other difference between the operations in this rule 
and the theorem in Note I., than that those in the former 
are begun at the last year and continued upwards to the 
first year of life, and that those in the latter are begun at 
the first year, and continued downwards to the last year 

of life. Let a, b, c, a\ e y z express the 

numbers of persons living at all ages in the table, * die 
difference between the ages of the youngest and oldest life, 
and r £l increased by its interest for a year. Thai will 

die value of the youngest life by die theorem be V — « 



+ — + — > &c h — ; and by the rule die sum 



of all the values of £\ payable if this life exists to the 
several ages of the oldest, 2d, 3d, 4th, &c lives is ^ + 

■■*■ + =+:db- + z> Thevataectfan 



8 
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annuity found by the theorem is, in the present instance, 
to be multiplied by unity, and will, therefore, remain un- 
altered, and be just the same with the value found by the 
rule. 

Again ; the value of a life one year older by the theorem 

u h + 1 «£. + & — ---- + S==i whidl bein « mul " 

tiplied by the value of £l payable if the youngest life 
should continue jjne year, or by -^ is equal to ^ + ^ 

+ —2 + — • Now the sum of the values of 

Jtl payable if the youngest life should exist to the age of 
the oldest, and all the intermediate ages between k and a 
life one year older than the youngest, is expressed by the 

same fraction ,in a contrary order, or by — -t- -~zr x + 

+ — . The value of a life two years older 



ar*~ 8 ur* 



Apt % 

by the theorem is- + ^ + ^ + ^5, which 

being multiplied by <£l, payable if the youngest life exists 

two years, or by ±* is equal to ^5 + 55 + ^ --- 



+ — ; and this is easily determined to be the sum of all 

the values of £\ payable if the youngest life exists to the 
age of the oldest, and all the intermediate ages between it 
and a life two years older than the youngest. Lastly, the 
value of an annuity on the oldest life but one is equal to 

-j, which being multiplied by the value of £\ payable if 
the youngest life exists to this age, or by — ^bl> is equal to 

— ; and this is evidently the value of £l payable if the 

youngest life exists to the age of the oldest. Hence the 
truth of the rule is manifest. 

L4 
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In the same manner may the proof of the accuracy of 
the operations in computing the tables of the values of two 
joint lives be demonstrated. 



NOTE III. (Prob. v.) 

Let a, b, c, d 9 &c. be the number of persons living in 
the table at the age of A. in the 1st, 2d, 3d, &c. years, 
m, n, o, p 9 &c. the numbers living at the age of B., and 
s 9 t, u, w, &c. the numbers living at the age of C. in the 

same years; then will - , -' -* &c. express the probabili- 
ties that A. lives 1, 2, 3, &c. years, £» £ jjj, &c. the proba- 
bilities that B. lives, and-* 7* 7, &c. the probabilities thai 

v v v 

C. lives to the end of those years. If these fractions be 
severally deducted from unity, we shall have the probabi- 
lities that they will die in 1, 2, S, &q. years, and conse- 

quently 1-. x !-„, x 1-- will be the probability that 



CO l» 

they will all die in the first year, I —- x I —-5 x 1 — - 

that they will all die in two years, 1 — x 1—- x 1— 7 
the probability that they will all die in three years, and so 

on. The first of these expression^ is 1 — + — + 

nt bt bnt , _ c o u oc * a* 

^ + T, "" ^» the second = 1 , [- — + - 

ms as amt' am t l am ^ m 

' cu cou ' . d p w pd pw dw 

us anW a m s ' am ~ ms ' at 
dpw 

— m» &c - Deducting these expressions again from unity, 
we shall have the probabilities that they will not all die, 
that is, that one of them at least will live 1, 2, 3, &c 

years. If -> ^ ^, &c. be the values of £l payable at 
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the end of 1, 2, 3, &c. years, and these fractions be re- 
spectively multiplied into the series expressing the proba- 
bilities in the 1st, 2d, 3d, &c. years, the value of the 

annuity in the 1st year will be — H h 

* * ar * mr sr amr msr 

1 9 the value in the 2d year =: -^ + -^ + ~ — . 

asr atnsr * ar* mr* sr* 

0C ou cu cou ii.li d 

JSi-^-Si + S** 6 value in *«.8d ye" = 5? 
+ ^-+---^--•^-- — 4- iE., &c &c But - 

' mr* sr* amr* msr* asr* ~ amsr* * * ar 

c d 

+ ^5 4- —j &c. is the value of an annuity on the single 
life of A. — + ^ + m -^ 9 &c. the value of an annuity on the 
single life of B.- + ^ + ^ &c, the same value on the 
single life of C. -i + ~, &c, — -»- — - a + — .* 

o amr amr* * amr* 9 msr ~ nw* nur* 

** c ' 9 a$7 "*" asr* "*" aSTS* * c " are res P ect * ve ty th e values of an 
annuity on the joint lives of A and B., of B and C, and of 

A and C, and h ^—^ 4- — •> &c. the value of an 

7 amsr amsr* amsr* 

annuity on the three joint lives. These several values 
being denoted by A, B, C, AB., BC, AC, and ABC, 
the general rule will be = A. + B. -I- C — AB.— BC 
- AC + ABC Q. E. D. 



NOTE IV. (Prob. vi.) 

This annuity will be enjoyed during the three joint 
lives* and also during the joint lives of A and B after C, 
during the joint lives of A and C after B., and during 
the joint lives of B and C after A. To find the value 
of an annuity during the joint lives of A and B after C, 
let the same symbols be retained as in the preceding note. 
In the first year the payment of the annuity will depend 
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on the contingency of A and B both living, and C dying 
in that year, which by reasoning as in that note will be 

, , nb • t l nb nbt T _ , 

expressed by — xl — x-= • In the second 

* J am s r amr amsr 

year the payment will depend on the contingency of A 
and B both living two years, and C dying in that time, 

and therefore the value will be=£ x 1 -J* i=£*-;2i. 

In the third year the value will be = •£-? -' and so 

J x amr* am* 5 



on. Hence the whole value will be equal to AB— ABC. 
In like manner the value during the joint lives of 
AC after B will be AC — ABC, and the value during 
the joint lives of BC after A will be equal to BC— ABC 
Adding these three values to the value of the annuity 
during the three joint lives first mentioned, and the sum 
will be AB. + AC. + BC. — 2 ABC, agreeable to the 
general rule. 

NOTE V. (Prob. vn.) 

The amount of the annuity by any table of observa- 
tions, supposing the number of persons living at the age 
of the given life, and at every subsequent year to be do- 

noted by 6, c, d 9 e, &c. will be^+y + y+-p &c.=Q. 

Let a denote the number of persons living at the age of 
a person one year younger than the given life, then will 
the amount of the annuity during the continuance of such 

younger life be - + - + — + -j> &c. = - x 1 + j -f 



? + A4c.=*. x l+rQ..'-Q. E.D.* 

Do a 

In the former edition of this work, the solution of the 

* See Table 7th. 
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«beve problem was derived from M. De MoivrSs hypo- 
thesis, and the general rule was expressed by n — ^-^ "" 
— , wliere n denotes the complement or tfeice the expect- 
ation of the given life. In the middle stages of life this 
rale is sufficiently correct; but in the earlier and later 
stages it is unfit for use. 

NOTE VI. (Prob. vm.) ^ 

Retaining the same symbols as in the preceding note, 
the value of the annuity on the given life will be expressed 

hy the series £ + ^5 + ~ + ~ + &c. = R., and the 
value of the like annuity on a life one year younger will 

ben---}- — + — + &c. =- xl + 7-+7- ft -fr-, +&c. 

ar ar* or' ar Or ' or* ' br* 



3<* Ze 



+ a 7 x S. + a + ^+ &c -=^ * 1 + R. + N.,» (N. 

being the value of an annuity on the given life.) The so- 
lution of this problem, like that of the preceding, was de- 
duced in the former edition of this work from M. De 
Moivre's hypothesis, and the general rule was expressed by 

n x V — G., n being the complement, V. the value of an 
annuity on the given life, and G, the value of two equal 
joint lives of the same age. This theorem, like all those 
which are founded on an equal decrement of life, is correct 
only in the middle stages of it. 

Were the annuity to increase £\ per annum for n years, 
without being subject to any contingency, the series ex- 
pressing the value of such annuity, [or - ■+• - 2 + -3 + \ 

- h -^1) ma Y he found equal to ==r- — — ^ — 

r«.r"— T|« 



* See Table 8th. 
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* 

. And the series expressing the amount of £\ in one jear, 
jfi2 in two years, £$ in three years, &c. for n years (or 
1 + 2r + 3r* + 4r* - - - - - nt*~ l ) may be found equal to 

ft + l.r*—l r"— i.r # 

Demonstration of Cor. II. The value of this an- 
nuity will be 1 -r- + — r— -I- — -r— , «c. = * x 

* nr or* ar* ar* 






fib c id Qe a fib n 

ar br br* ' 6r' ' ar 

Demonstration of Cor. HI. The probability that the 

life fails in the 1st year is 1 == — the probability 

that it fails in the 2d year, after having survived the 1st, 

is- x 1 — g = — > the probability that it fails in the 3d 



after having survived the first two years is - x 1 — - = 
— * &c., therefore the value of the given sum is-^- + 



2<fc— c 3x— d lb c «' " ft b 4c 

1ST + "o^- + &C - = r + a7» + «* + «7? &C - + a* + 5 

1 ar* ar ar* ar* r ' r 

— Q. E. D. If F. be the value of an annuity 

certain for a number of years equal to the complement of 
the given life, the value of this reversion by De Moivre's 

hypothesis will be = F — A. 



NOTE VII. (Prob. ix.) 

The annuity in the first year depends on the contingency 
of A#'s living and B.'s dying in that year, therefore retaining 
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the same symbols as in the preceding notes, the value will 
be expressed by-x 1 — - x - = . The annuity 

r * a m r ar amr * 

in the second year depends on A.'s living two years and 
B.'s dying in that time; the value therefore for that year 

will be - x 1 — - x -^ = — z «. In the same man- 

a m r* ar 9 amr* 

ner the value for the third year will be — - — — «, and so 

" ar 9 amr** 

on for the succeeding years. Hence the whole value will 

«&,cde bn co dp 

be -+— : + -= + -!+* &C. '—- — , &C. 

ar * ar* ' ar* * ar* ? amr amr* amr* 9 

But the first series expresses the value of an annuity on the 
life of A., and the second series expresses the value of an 
annuity on the joint lives of A. and B., consequently the 
truth of the solution is manifest. 

NOTE VIII. (Prob. x. xii. and xiii.) 

The value of the reversion in this case is the difference 
between the values of an annuity on the longest of the 
thr& lives and of an annuity on the longest of the two 
lives in possession, B and C ; that is, it will be equal to 
A. + B. + C. + ABC. - AB. - AC. - BC. - B - C. 
+ BC. = A. + ABC. - AC. - BA. Q. E. D.— See 
page 51, and Note III. 

Remark. By reasoning as in Nate VII., the value of 

b tit c 

the annuity in the 12th Problem is- x 1 +r^x 

» ar ms ar* 



l-i + ixl-'fcc.-' + -L + * &c. "- 

ms ' ar* ms 7 ar ar* ar* 

!± _ ~ _ 2* _, &c. = A. - ABC; and the 

mmtr amsr* ams 

value of the annuity in the 13th Problem is there proved 

to be — — 4- amri + amfS -r <*c. amr — amr % — ' amr s * 
&c. = AB. — ABC. 
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NOTE IX. (Prob. xiv.) 

Since the whole annuity is to be enjoyed during the 
joint lives, and one half of it either during the life of A. 
after B., or during the life of B. after A.; if the first part 
be denoted by AB., the second part by Note VII. will 

be equal to — ~ — ' + -^ — -'» consequently the required 
value will be AB. + + = . 

' 2 ' 2 2 



NOTE X. (Prob. xv.) 

The values of A. and B.'s interest during the joint lives 
are each equal to — ' • The values of their reversionary 



interest by Prob. ix. are either A.— AB., or B.— AB.; 
adding therefore — ' to each of these, the value of A.'s 

AB ^ 

interest will be A. — — ', and the value of B.'s interest 

. 2 w 

will be B. — — -\ 

2 

NOTE XI. (Prob. xvi.) 
The value of A.'s interest in the annuity during the three 

ABC 

joint lives is — ~ The value of his interest during the 
joint lives of himself and B. after C. is AB -- AB< ~ by 
Prob. xn. The value of his interest during the joint 
lives of himself and C. after B. is AC '~ ABG ', by ; the 

same Problem; and the value of his interest during <ik» 
remainder of his life after the decease of B and C, by 
Prob. x., is A. + ABC. - AC. - AB. Adding all the«e 

together we have A. + ^ - AC - +AR . 
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NOTE XII. (Prob. xvii.) 
Daring the joint lives of BC. after [the decease of A v 

BC —ABC 

the value of B.'s expectation will be = — '— — \ by 

Prob. xn. ; and during the remainder of his life after the 
decease of A. and C, its value by Prob. x. will be B. + 
ABC. — AB. — BC. 5 hence the whole value will be 

A. - AB. - ? C '- ABC -. 



NOTE XIII. (Prob. xviii.) 

By the tenth Problem and Note VIII. it appears that 
the value of the annuity during the life of A. after B. and 
C. is A. -|- ABC. — AB. — AC. ; that the value of the 
same annuity during the life of B. after A. and C. is B. + 
ABC. — BC. — AB. : and that its value during tfe* 
life of C. after A. and B. is C* + ABC. - AC. - BC. 
Adding these three values together, we have A. + B. + C. 
+ 3 ABC. - 2 AB. - 2 AC. - 2 BC. for the value 
required. 

NOTE XIV. (Prob. xix.) 

Let the probabilities that A. lives 1, 2, 3, &c. years be, 
as usual, denoted by-, -, -, &c., then will the probability 
that he dies in the first year be 1 — - =z ^- ; the proba- 



a a 



bility that he dies in the second year after having survived 
the first year will be - x -^ = — ; the probability thai 
in like manner he dies in the third year will be ^, and 
so on for the other years. Let B. be the value of an an- 
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nuity on the life to be nominated, then will the value of 
the reversion for the first year be — x B. ; for the second 

year — x B. ; for the third year — x B., &c. &c. — 

= B. + B. x i + ± + 4 &c. - B. l + L + ±j &c. 

ar ar* ' ar* a ' ar ' ar* 



= B. + A.-rA. x B. (A. being the value of the life of 
A). = B. — r — 1. A. x B. = 1 — 7^1* A. x B. =. 

^Y — A. r— 1 x B. But — is = P. (the perpetuity), 
therefore the general rule will be expressed by *~ '. 



NOTE XV. (Pbob. xxiii.) 
By reasoning as above, the value of the assurance in 
«ne payment will be=S. x^- 6 + ^+ ^ +,&&= 






_ g. — _ s # A. — S. x —-—A. r— 1. hetp denote 

r 

the perpetuity (or -M, then will/? -f- 1 = -4- and the 
above expression become = * *~ A \ 

* • T J • 

The value of the reversion of an estate depending on 
the life's becoming extinct in 1, 2> 3, &c. years, is i - i 

r or 

1 c 1 4 i ■• 

+ ^ ~ S3 + £ _ ^1 "--(»)+ ^+T +. j^+y &C* 

"* ^' But 7 +i + i & c - + ^T + —i, &c. is equal 
to P, therefore the reversion is = P-A.;— which is in- 
deed so evident as hardly to require a demonstratioii. . 
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NOTE XVI. (Prob. xxiv.) 
It appears, from the preceding note, that the value of the 
given sum for n years will be =± S. x;;+^+^+^ 

. ( n - 1 ) - S . x ± + ^ + ^ + (n) . Let 

A" represent the value of the life of A for ^Z\ years, and 
A' the same value for n years, then will the required value 

of the assurance be S. x * * A " — A' Q. E. D. 

If the reversion be an estate instead of a sum,, the value 
derived from the above expression will be = 1 + A "- rA ' ^ 

r— l 

NOTE XVII. (Prob. xiv.) 

The value of S. in die first year will depend on either 
of two events : 1st, On the contingency of both lives foiling 
in the year, B. having died last ; 2dly, On the contingency 
of A. having died and B. having survived him in that year. 
As it is nearly an equal chance that either A. or B. dies 
iirst in any particular year, the first contingency may be 

fairly expressed by — x x -;' the second con- 



m 

a — b 
a m 



tingencv is = - — x -. The value therefore of S. in this 

.^o » am 

year will be S x - — * x ^-. — In the second year, the 

value will depend on both lives failing in that year, B. 
having died last, or on A's life only having failed in that 
year. These probabilities are expressed by the fractions 

. -^- x — - X - and -^ x -• so that the value of S. in 

a ml a mr 

the second year is S x ^ x -jj< In the same manner 

J* 
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the value in the third year will be S x ^— x ^j-, and 
so on for the other years. The whole value, therefore, 
will be S into x — + — x -^ + t 1 x — r + 

3m ar 2m ar» im or* 

p —l x -^ +3 &c. This series may be resolved into the 

r «• ii • rna> nb oc pd 

four following series — + ^ + — s + ^ 

+, &c.; + -^- -i -+-£1- 4. -Z--T + &c. : and 

mb nc od ~ nb oc pd 

""" aamr Oflmr* zanir* """ 5 * ' ™" 2amr "™" aamr* aawr* f 

1 AB 

&c. The first of these series is = — | ; the second 



= — x i+AP (P being a life one year older than B); 
the third = — — x 77*55 (H being a life one year 

A R 

older than A) ; the 4th = — . Hence the general 

11 S. . , / — >T> n. i + AP 6. l +BH\ 

rule becomes — into ( i-r-iAB4 — I- 

Or \ ^ ro a / 

When the lives are equal, the last two fractions destroy 

s — — — — — 
each other, and the rule is reduced to - x !_~~~~~;.ab 

or - x m.v""~"AB. * 



* As a— 6, ft— c, c— d, &c. in the above demonstration are the 
decrements of life in each year at the age of A. ; if these be 
nearly equal during *ny given term (t), their average maybe 
assumed as a constant quantity «, and the first mentioned series 

m + n.a—6 n + o.b—c , »+p.c—d ... m + fT.s . 

-r *—, &c. will become + 

smar smar* Omar* omar 

*±L± + ^f, &a (t ) = f x N + »+ i, N. being the 
■mat* T amars v ' *» ' ^^ 

value of an annuity on the life of A. for t years, and N> the same 
value for *— 1 years. Hence the value of the sum S. will be 

— X N. H ~* ■ "Supposing it to depend on the con- 
tingency of B«- surviving A. in t years. See Prob. xxxn. 
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NOTE XVIII. (Prob. xxvi.) 

Retaining the same symbols as in the preceding riotl, 
the value of S in the 1st year depending on the contin- 
gency of both lives failing in that year, B having died last, 

will be **"*" ' m ~ n . The value of S. in the 2d year will 

depend on either of two events happening. First, that 
A. and B. both die in that year after having survived the 
.first year, restrained to the contingency of B's having died 
last ; 2dly, that B. dies in the second, and A. in the first 
year. The value therefore of S. in this year will be ex- 

P* 6 * 9 ^ ty * ZmX~° + *7ror^~° ' Again, the value of S 
in the 3d year will depend on A. and B.'s both dying in 
that year, B. having died last, or on B.'s dying in that 
year, A. having died in the 1st or 2d year. Hence the 

value of S in the 3d year will be £ " '°r p + *~ Cu0 ~ P m 

* viamr* amr* 

By proceeding in this manner for the other years, the 

s 
whole value of the reversion will be found =r - — x 

2am 



(a— 6.m— n b—CM—o. c—djo—p n \ 8 (a—b.n — o 

— — + — ^— + —*-*' &c -) + =; * \—r- 

+ JBjEE + ,3B + &c) These different series 
being expanded will become— x ^— + ^ + ^ + &cj 

S (an bo cp \ S (bm en do 

\ s fon co . dp c \ S /an ao 

s + Ite.) -. JL x (* + - + §*.) _JL x ((= + s 

rS f amr \r r» r» / amr \* r* 

' + 3+*l+i* (7 + S.+ 3+.*«.) Thelstand 

Hi 
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6th of these series are = - x 1 — AB. The 4th = 
— - — f and consequently these three series are = — x 



1 — r — 1. AB. The 2d and 8th series irc = Sx 



a. AP. a _ - S. x fc 1 ♦ — . _ . 

- — — . The 3d series is = — . The 5th 



s. B 



A^Vfing 



-1.B 



last two series, we have S. x i — » so that the 

whole value of the reversion will be — x (l — r — 1. 



m. l + AP. (.14- BH- 



SBTTaB. + ?ii±^ _ LLL£2:^ When the fives 
are equal, the last two fractions, as in the former case* de- 



stroy each other, and the value becomes x ""*"" * — --. — » 



s 



or - x r - 1. V. — 2 B. — B. B. 



NOTE XIX. (PttOB. xxvii.) 

Retaining the same symbols as in the IUd and following 
notes, the value of the given sum & in the first year 

— ^»^»— ~— »— — ^— — — — — — — — ^ ^— 

* By proceeding as in the foregoing note, and supposing the 
decrements of life at the age of B. for t years to be nearly equal 
(or a constant quantity fi) the value of S. will be d r uca a cd by 

*•— s+s+s « + tf=? ■ ^ 



+ fe (M).JxN-At^JH. denoting 

the value of an annuity certain for t years, N* die same value 



for t — 1 years, and A and A' the value of an annuity on the 
life of A for t and t - 1 years respectively. See Prob. xxxiii. 
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tp. 



- I - < «HlF» 



m the contingency of C. having survived A. 
and B. (A. having died before B.) or on the contingency 
of die three lives having become extinct, A. having died 

tost, B. next, and C. last, will be expressed by — x 



a~bjm~n. t a—b.m—na—t S a—b.ms a—b.ns 

1 •+■ ■ m V — — — . — - — • -4* 

2 6 amsr 6 6 

" a ' — ^— • In & e second year the value of S. will 

de^fid oh either of four events : — 1st, on the contingency 
of all the three lives dying in that year, A. having died 
first, B. next, and C. last, which probability is expressed 

by the fraction "" ' 6 ~J *" i 2dly, On the contingency 
of B/s dying in that year, C. living to the end of it, and 

A.'s dying in the first year = "" "^ """ ; Sdly, on the 
contingency of B.'s dying after A* in the second year, and 

of C/s Kving to the end of that year s: "" ' 2m ^ c ' u i 4thly, 

on the contingency of A.'s dying in the first year, and of 
B. and C.'s both dying in the second year, B. having died 

tost =: * * • Hence the whole value in the 

■m *u i j* i S /6— C. fit 6— c. ot 

second year will be found = -^^ x y — g — — — j — + 



— c. nu 6— c. ou c— 6. nt a—b. ot a—b. nu a— 6. ou \ 

— — ••- . 4- • — ■ + ' — — 1 

0-03 23 * V 

In like manner the value of S. in the third year will 
depend on the sam$ number of events as in the second 
year ; that is, it will depend on the contingency of all the 
three lives dying in that year, A. having died first, B. 
next, and C. laftt; 2dty, on the contingency of B.'s dying 
in that particular year, C.'s living to the end of it, and 
A.'s dying in the first or second year ; Sdly, on the con* 

m 3 
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tingency of B.'s dying after A. in the third year (both of 
them having survived the two preceding years), and of C.'s 
living to the end of that year ; and 4thly, on the contin- 
gency ot A's dying in the first or second year, and of B 
and C's both dying in the third year, C having died last. 
These several contingencies are expressed by the respective 
fractionsE^SEz^ T^cT^.w m _ m ^lo^.w 

bam* ams zanis 



and a ~ c \° p ' u w . Consequently the value for the third 

iams 

year will be -i- x (E*i? - °E±HL + Ej^H - 

▼ /T«HM*3 A ft A 



amtr 3 



c — d.pw a •— c 



, « — v. on __ a — c. /w , a — c. 010 _ a — c.pw\ -p 

o a © / * 



3 2 2 3 2 

reasoning in the same manner, the value of S in the 
fourth and following years may be found, and the whole 

value of the reversion will be — x \ ~~ %m * + "~f ,w< 

tarns \ r r* 

i c — d. ou , ^ 14. ^ v ( a ~~ k "* 4. a ~" c " ou 4. v—^P 1 " 

+ &c.^ - _L x /'{EL^f + JE±* + Elf? + &d 

X 6«ms \ r r* r? / 

-, _£_ x ^EELi' + izlzL" + £Z*«f + &c.^ + _! 

2anur V r r« r^ y 3fl»i 

x (E±_5_ + *Zf^L + EJi? + &c.) + _L x 



y 2onur 



r r» r* / 3ams \ r"^ 

rf E±H + *E±*Z + &C. ^ - -2- X ( ~ b '°* + 
f* r* / 2aiwr V r 

" — J3 — "*" *~ & q * "*" ^ C * ) • These eight series being 
expanded will become (fat)JL x (= + £ + ^+&c); 

(«*»"*> -==xf= + 5 + 5 + &c.)5 (thinD-^x 
XT + * + 7? + &?•); (foMrth) + — x (_ + _ + 
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5+¥+*-.)'^*) + ix(? + 5 + 5+*a), 

? + £ + *.), (thirteenth) + JL x £ + C + 5 + 
ft*), (fourteenth) - JL x (!=• + = + J + ^j 
(fifteenth) - JL x (2 + C + ff + &c.J . (sixteenth) 

. S / bou cpw dqx \ .*— 

+ <£? *.\T + 1* + 7T &*•)• Th e fi" 1 «"* 
tenth series are equal £ — =^. The third and 
^eJfth = - JL + *£*£:. The fifth and fourteenth 

6mr Q.mr 

= ZZ — Tzr 1 ' The seventh and sixteenth = — - — t- 
e^ ' « The second series = - ^ x 1 + IJBC. The 

in ————— 

£ovaih = £^ x ! + Hp C The sixth = - *- 1 + HBT - 

Qatr • 

The eighth series =: — r-- The eleventh = — — — . The 

° 3 2mr 

fifteenth -. The ninth = — • The thir- 

2msr 2 2r ***** •_**» 

teenth = — x BT. (H, P, T, being lives one year 
older than A, B, and C.) Now since it appears from 
Note XVII. that i x (i_7Ti.BG + £;* 1 + BT. 

~ 5£ x ? + PC y is the value of S. depending cm the 

m 4 
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l-r-i. ABC. , b. 1 + HBC. 4. t. l+ABT. + be. l + HBT. _ 
Or 6ar ' 6*r 3«*r 



contingency of C. surviving B. ; let R. express that value, 
then will the value of S. in this Problem be = R. — S. x 

c 

n*. i+hpc. _ nt. i+apt. _ ft. i + acpA when the three 

6amr Qmsr Qtnr / 

S 

lives are of equal age, the value is expressed by - x 
1-r^l.CC. -;x 1- r"^~l. CCC. = J x 

X-7^1.3CC-2CCC., all the fractions after 1 ~' r ~" 1 ' ABC ' 
destroying each other. 

NOTE XX- (Prob. xxviii.) 

The payment of the sum in the first year depends on 
one or other of four eyerits :— 1st. That the three lives fait, 
ipid that A. dies first ; 2dly. That B. dies after A., and 
C. lives 5 3dly. That C. dies after A., and that B. lives ; 
4Wfcly. That A. only difes, and that B. and C. both 
live. These several contingencies are expressed by 

a — b. m— n. *— t , a—b.m—n.t . a— b.s— t.n a—b.tn -r A i_ 

1 . in the 

dams <2ams iams ams 

second and following years one or other of the same events 
igust take place in order to receive the given sum ; that 
i$, the three lives must all fail, A. dying first; or only A. 
and B. must fail, A. dying first, and C. live ; or only A; 
find C. must fail, A. dying first, and B. live; or only A. 
must fail, and B. and G. both live. The fractions ex- 
pressing these contingencies in the second year will be 

b—c.n— o.f— . u 6— c.n— o.u . &i-c.f— u.n b—c.ou • vl- 

.-f : — -f — ••' , ' ,, -■ a.- — -• m the 

uams lams lams ams. 



third year, c ~* ' °- p u ' " + —'•*-*» + «-*«^« + - 

J dams lams lams 

, and so on. These fractions being expanded will 



ams 
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i6g 



become- J=L + i=i- + _fi. + ,&c.( = ixl + ABC.) 

Qamsr Qamrfi , Qamsr* \ 9r ) 

_JS.__2L._SL _,&c .( = - i- xl + HBC.) 

3am«r 3amsr* 3am_r s * \ 3ar / 

+ _sl + J* + _ai- + ,aEc. (=_-x i + apc.) 

^ femur ^ 64flur* ^ femur* * \ 6mr J 

_ __h_ ___-_*, &c . (_^ __L x i + HPC.) 

6amsr 6amsr* 6amsr* ' ' \ 6amr / 



6awi*r 6anur 3 
mfef net* odto 



6anur 6anwr 2 6am*r s 



+ j5+.^(=5Xl + ABT.) 
-,&c.(=-^* 1+HBT ') 



+ J=L + J=_ + _SEL + ,8tc.(=J--x 1 + APT. ) 

Qamsr • 3am#r& aamff* \ 3msr / 



nbt cou dpw Q / ABC. \ 



Qamsr Qamsr* Qamsr* 



/ ABU. \ 

- &c (= —) 



Hence 



the whole value will be — into (— - — - + 

r \ 3 

n. l + APC. t. l + ABT. nf. i + APT. ft. 1 + HBC. 

■ H t — ■ ' ■ ' ■ ' 

6m 6s Qms Qa 

fc.TTHSf. «b. i + hpc. ^ When Ae ^^ jj^ 



9- 



6a* 6m a 

S. l—r— 1. CCC 



are equal, the value becomes 

Qr 

From the demonstration in the preceding Note (XIX.*), 
it appears, that if the value of the reversion, depending 
on the contingency of B. surviving A. after C, be deducted 
from the value, depending on the contingency of B. sur- 
viving A, whether C. be then living or not, we shall have 
the value of the reversion in the present case. 



* It should be observed, that in that Note C is made to survive 
B after A ; but in the present case, B is made to survive A after 
C. The symbols therefore in the one must all be changed to 
produce the proper expressions in the other : that is, B must be 
substituted in the present pase fqi C, A for B, C for A, m for *, 
aftfr m ; ifpr <z f &c. 
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NOTE XXI. (Prob.xxix.) 

In the first year the value depends on the contingency 
of one or other of three events : — 1st That the three lives 
become extinct, A. being the second that fails ; 2dly. That 
A. dies after B., and C. lives ; 3dly. That A. dies after C, 
and B. lives. But in the second and following years, the 
value will depend on the contingency of either of seven 
events: — 1st That the three lives fail in the year, A. being 
the second that fails; 2dly. That A. dies after EL in the 
year, and C. lives to the end of it; Sdly. That A. dies 
after C. in the year, and B. lives to the end of it; 
4thly. That A. only dies in the year, B. having died before 
the beginning, and C. living to the end of it ; 5thly . That 
A* only dies in the year, C. having died before the begin- 
ning, and B. living to the end of it ; 6thly. That A. and 
C. both die in the year (A. dying first), B. having died 
before the beginning of that year ; and, 7thly. That A. 
and B. both die in the year (A. dying first), C having 
died before the beginning of that year. The several ex- 
pressions denoting these contingencies in the first year will 

X ^b. ^T. iZTT + aZJ.m-n.t + TZb. 7^t.n m j n ^ ^ 
Qams sams sams 



condyear .»-*»-»*— + »-«-«—-« + *-o *-«• o + 

3am* Sams sams 



6— c» m—n. u . 6— c» 5— t. o , ft— c« *— u* m—n , 6-gC* n—o» <— t 
ams ams sams sams 



In the third year, —* — *»—» + «-*—*» + «-*'— *y 

Qams Sams scans 

V c ■«■ d* m—o. w , c— d» s—u.p , c—d* u—w m—o , c— »g*. o— -p.s— « , 
ams ams Sams Sams 

and so on. These fractions being expanded will form 
twenty-two series, the sum of which will at last be found 
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= !-»-'» AB - -i x i+ HB. + — x 1 + AP. + 

2r 2ar 2mr ' 

" r ~' ,A - ±- x 1 + HC. +± x 1 + AT. - 

2r — 2ar 2ir 



o.xi-r-l. ABC. ». 1 + APC. U 1 + ABT. fl*. 1 -r HBC. 

""* 3r 3mr 3*r dor 



, &• 1 + HBT. 2n*. 1 + AKT. , nft. 1 + HPC. mu /» * 

4- f . The first 

Oasr Qmsr Qamr 

three fractions express the value of S. oh the contingency 
of B. surviving A, (= D.*) The next three fractions ex- 
press the same value on the contingency of C. surviving A. 
(== E.*) The remaining fractions are equal to twice the 
value of S. by the preceding Problem with a negative sign. 
Let such value be denoted by M, and the required value 
vrjll be equal to D. + E. - 2 M. When the three lives 

are of equal age, the value will be S» i-»— i. ace. - 2CCC . 

3r 



NOTE XXII. (PaoB- xxx.) 

§ 

The value of the given sum in the first year depends 
only on the extinction of the three lives, A. dying last; 
and this contingency is expressed by the single fraction 

a „6. W ~"' '-*'- In the second and following years the 

Bams 

value depends on either of four events. — 1st On the con- 
tingency of the three lives failing in the year, A. dying 
last ; — 2dly. On the contingency of A/s dying after B. in 
die year, C. having died in either of the preceding years ; 
— 3dly. On the contingency of A.'s dying after C. in the 
year, B. having died in either of the preceding years; — 
4thly. On the contingency of A/s dying in the year, B. and 



* See Note XVII. 
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C. having both died in either of the preceding years. In 
the second year therefore the fractions expressing those 

contingencies will be b " c ' n " ' TZi + »-* ^ ^ + 

3onu lams 



+ . In the third year they will 



vans tuns 



l. c— d» o— />• «— to , c— d* o— p. *— u , c—d* it— to. m— o. , 
3am# 2am* aaj/u 



c— d* m—o. *— -it 



, and so on. Multiplying these fractions re- 

spectively into •? ^ £> &c^ and expanding them into 
twenty-two different series, the sum of the whole will at 
last be found equal to IzELi" - ^^'-^ + »- 1+1 ^' 



r or oar 



n. l + AP. 1 — r— l. AC. f. 1+ AT. , * w ~ — ; — Fjp;. 

. — -~ — ' -r — X 1 ■+• no 



1— r— l. ABC. I. l + HBC. n. l + APC. n*. l + HPC. 

t „_ — — r 



3r Qar 6mr 6amr 



+ *■ l * abt- _ * ' + HgT- + »'• » + A1/ T- The first 

for 6<ur Sfujr 

fraction expresses the value of S. after A.'s decease; the 
next six fractions are equal — d.+e. ; and the remaining 
pties art equal to M. # Let the absolute reversion after A. 
be denoted by F., and the value required will be = f.+m. 
.•* ix+Bi What the three lives are of equal age, the value 



will be a.i-r-ii.8C-»cc, + ccc . 6x ne-thirtf df the 

value of the reversion after the longest of the three lives. 

This Problem may be solved without the assistance of 
an algebraical process; the value in this case being evi- 
dently the difference between the value of the absolute 
reversion after death of A** and the values of the two 



* See Note XX, 
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contingent reversions depending on his life having been the 
second or the first that failed ; — that is, it will be = F. — 
d.,+ e. + 2 M. - M. = F. + M. — 5T+W (M. D, E. 
denoting the same quantities as in the foregoing Note.) 



NOTE XXIII. (Pros. xxxi.) 

The payment of the given sum in the first year depends 
upon either of two events : — 1st. On the extinction of the 
three lives, C having died last ; 2dly\ On the extinction 
only of the two lives A and B* C having survived the 
year. In the second and following years the payment will 
depend on either of six events : — 1st. On the extinction of 
the three lives in the year, C having died last; 2dly. On 
the extinction only of the two lives A and B, C having 
survived that year; 3dly. On the decease of B in the 
year, A having died 'before the beginning, and C living 
to the end of it ; 4thly. On the decease of A in the year, 
B having died before the beginning, and C living tathe 
end of it; 5thly. On the extinction of the life pf^C after 
A in the year, B having died before the beginning of it> 
6thly. Oil the extinctipn of the life of C qfter B ill the 
year, A having died before the beginning of it By 
reasoning as in Note XIX, the different fractions express- 
ing the value of the reversion in the respective year* wilt 

be, for the first year, ^*-«-*-^ + <EKE±f; for the 

3am* iam$ 



second year »-'• «■— jg. + *-*• »— • » + »-»• ,"-*• » + 

Qams 2ams ams 



, „-». u + b - c . t -u. m -n + t-u.n-o.*^, for ^ ^.^ 



ams ' Mams <mms 

year 



c— d* o— jj. u— w 1 c— d* 0— p» to , °—p» a«— c. w ^ c—d» m—o. w 



Sams Hams ams ams 



17* NOTES. 



+ c-«. «-.. ..... + o-p. ,-.,. «- c> aad ^ Qn (ot ^ ^ 

8am* 2am* 

years, s *=bl + *EL? + E*£, &c. + E*^ + EL? 

Zasr *asr* 2o*r3 20*r 2«r* 



. c— d. x g,_ a—b.m$ b—c.nt c—d.ou c . a— 6.nf 



, a— com , a—d*pw , o __ a— o-n* ^_ 6— c» of c—d*pu 
Vasmr 9 vamsr 4 Qamsr 3«*w< Oaw*r s 



« a—b.ot ^ a—c» jm __ a—d*qw ^^ <> , a — $• mt • 

2am5r* 2am*r3 2<imJ 4 femur 

6— c« n« . c— a*» ow . o_^ . a— 6» ntf . a— c» otu . a—dtpx , «_,. 

_ + -+> &C + - + + ZT + > <* c ' 

6amir 8 6am«r3 2am«r* 20JIMT 5 2am«r 4 



2.a— »6-nt. __ 2. o—cou __ l.c—(Lptd _ <^ __ a« 



6.ov 



8am<r 3am*r* 3am jr^ 2am*r* 

'- c ' pw - a " A?g -, &c From the demonstration in Note 

lemur* 2amsr* 

XVII. it appears that the first two series are equal to D» 
or the value of the given sum on the contingency of C 
surviving A. Pursuing the same steps as in Note XIX. 

the other series may be found equal to R - - x 
1-r^T. ABC. + £. x 1 + ACP. + ^ 1 + HBC. + 



nb.l + HPC* __ nt . 1 + At*T. _ 6f.l + HBT. _ I. l + ABT. 
Somr 6m$r ■ 6a*r Qsr 



The 



whole value therefore will be D + R — • S. x f *-i~r—i*ABC. 
+ *-'^* s *' t &C, &C.\ 

Gmr / 

. The solution of this Problem may be derived from that 
of the twenty-seventh Problem ; the value in this case 
being the value of the given sum payable if C lives to the 
decease of B. in case A is then extinct ; and payable also if 
C lives to the decease of A, in case B. is then extinct— 

On the first contingency the value is R - S M-*— iabc. 
+ — x 1 + APC. + **• 1 *™ c ' + * * * APT - - L x 

T 6amr 6nwr bar 
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jTHBC" - JLlggl-'; T ^ r ). By substituting 

a, b 9 A, H, respectively for m, n, B, *P, in the above 
formula, the value on the second contingency will be 

D - S.x( 1 ' r ~' AB 2:+^ x 1 + HBCT+ "»~ HPC - 

, v 3r 3ar 6amr 

, fr. 1 + HBT. _ n A pC _ nl. l+APT* ^ !. 1 -fATB. V 

6asr 6mr Qmsr 6tr X " 

Adding these two values we have D + R - S, x 

(•J^ZE + ^ x r+AfE + ^ x f+WE 

, nb.i + HPC. — nt. 1 + APT. _ &. 1 + HBT. _ *. I + ABT.\ 
Qamr. 6msr 6asr Qsr / 

for the value required. When the three lives are of equal 
age the value becomes = -x 1— r— 1. SBB— 2BBB. 



NOTE XXIV. (Prob. xxxiv.) 

In the first year the payment of the given sum depends 
upon either of four events : — 1 st. That the three lives be* 
come extinct, A having been the first or second that failed ; 
— 2dly. That A and B both die, and that C lives to the 
end of the year ;— Sdly . That A and C both die, and that 
B lives to the end of the year ; — 4thly. That only A dies, 
and that B and C both live to the end of the year ; which 
wntingencies are *-^Z^-*^- + Z = i*Z=Z:t + H=h.lZ7.n 

6ams ants abc 

+ — 1_. In the second and following years the payment 

will depend upon either of eight events : — 1st. That all the 
three lives fail in the year, A having been the first or 
second that failed ; 2dly . That C survives, and that A 
and B both die in the year; 3dly. That B survives, and 



176 NOTES. 

that A and C both die in the year ; 4thly . That both B and 
C survive, and A only dies ia the year ; 5thly. That A dies 
in the year, B having died before the beginning, and C lived 
to the end of it; 6thly. That A dies in the year, C having 
died before the beginning, and B lived to the end of it ; 
7thly. That C dies after A in the year, B having died in 
either of the preceding years ; 8thly . That B dies after A in 
the year, C having died in either of the preceding years. 
The fractions denoting these contingencies for the second 

«.w._ ~-.~ 2. b—c*n—o»t—u • b—c-n—o.u , b—c*t—u,o . 6— c.ou 

year are + , + + 

3am* ams ams ams 



, b — c.m—n.u , 6— c. *— t. o , 6 — c. *— u. m — n , b — c.n—o.t—t 
•+■ _ -f- H- ■+■ 

ams ams Sams lams 

and so on for the other years. These fractions being ex- 
panded into twenty different series, their sum at last may 

be found = £ x (j _ r — . AB. + ^^ - 

tin*) + 1 x (rr^TAc.+ <.^-li±h£.\ 

a / ar \ * m / 

_ S x A^l. ABC 4. n. 1+APC .4. *. i + ABT. ,|_w*. i TaFT. 
r V a 6m 6s 3ms 

, >.T^iBC. _ j^TThbt. _ ni. TTmc.\ Retajningtbe 

3« Gas 6tna / ° 

same symbol^ as in Note XXI. the above expressions 
become D + E— M., which might also have been obtained 
from the solutions of the twenty-seventh and twenty-eighth 
Problems, by adding the sum of the values of the reversion 
depending on the contingency of A. being the first, and 
also on the contingency of A. being the second that fails ; 
that is by adding M to D + E - 2M = D + E - M. 

When the lives are all equal the value is = - x 

* 8r 

■ » 

2~r- 1. 3CC-GCG. 



NOTES. 177 

NOTfc&XV. (ProB. XXXV.) 

The payment of the given sum in the first year will de- 
pend an either 6f three events: — 1st. That all the three 
lives became extinct, A having been the second or third 
that has failed ; 2dly. That A dies after B and C lives to 
the end of the year ; — 3dly. That A dies after C and B 
lives to the end of the year. Thesfe three contingencies 

_ 1, a~b. m— n. s— •£ , a— b. m — n. t , a— b. s—t. n i * 

are = -+• + . in 

3ams lams lams 

the second and following years the payment "will depend 
011 either of eight events: — 1st. That all the three livesr 
fail in the year, A having been the second or third that 
has foiled; 2dly. That A dies after B in the year and O 
lives to the end of it; 3dly. That A dies after C in the 
year and B lives to the end of it; 4>thly. That A and C 
both die in the year, B naving died before the beginning 
of it ; 5thly. That A and B both die in the year, C 
having died before the beginning of it ; 6thly. That A 
only dies in the year, B and C having both died 
before the beginning of it; 7thly. That A dies in tne 
year, B having died before the beginning and C lived 
to the end of it; 8thly, That A dies ~ in the year, 6 
having died before the beginning and B lived to the 
end of it. The fractions denoting these contingencies for 

the second year are *• *~- ^ ^ + b=i.Z=ro.u + 

2ams lams 



h-—c*t—u.o , b— c. t— u.m—n , &— c. n— o. »— t , 6— c. m—n. *— t 

» » . T - ■ "r T ' 

<iafri$ ams ams ams 



+ »>^m-n.tt + b-c.,-t.o . for th g third ^ = 
Gms ams 

l.C—d.e—p. tt—w_ 1 _c— d, o— p. w ^c—d. u—w.p < c—<t.u—v).m*~& 

Sams 2ams vans ams 

+ c—(Lo—p.s~-u , c— d. m— o.»— tt_i_c—d.»i— o. w j^c— rf. *— u. p 

ams ams ams ams 

N 
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These fractions being expanded will at last be founds 



s 

r 


X 1 - 


r — 

+ 


1. 

ni. 
1 


A- 


S 

r 


t. 


l+ABT. 
6* 


1+Al ] 
3w»* 

'he fii 


T. 


nb 


. l + HPC. 


pat 



(■ 



— r— l. ABC. , n. 1 + APC. , 

— ■ — — - -r t 

3 6m 



b. l + HBC. _ ft. 1 + HBT. 
3a 6as 



- V The first of these expressions is equal to 

the reversion of S after A, and the second is equal to — 
M. (see the preceding Note.) Hence the truth of the 
general rule is manifest. 

The solution of this Problem may also be obtained from 
the twenty-third and twenty-eighth Problems, and is indeed 
almost self-evident ; but for greater accuracy I have chosen 
to give the solutions of this and of all the other Problems 
independent of each other* When the three lives are of 

equal age' the value will be = - x 2— r— 1. 3 C— CCC. 

NOTE XXVI. (Peob. xxxvi.) 

In the first year the payment of the given sum depends 
upon either of four events: — 1st. That the three lives fail, 
A being the first or last that dies ; 2dly. That B dies 
after A, and C lives; Scfly. That C dies after A, and B 
lives ; 4thly. That A only dies, and B and C both five. 
In the second and following years, the payment will de- 
pend on either of seven events: — 1st. That the three lives 
fail in the year, A having been the first or last that died; 
2dly. That B dies after A in the year, and C lives to the 
end of it; 3dly. That C dies after A in the year, and B 
lives to the end of it; 4thly. That A only dies, B and C 
having both lived to the end of the year ; 5thly. That A's 
life fails after B in the year, C having died before the be- 
ginning of it ; 6thly. That A*s life fails after C in the year, 
B having died before the beginning of it; 7thly. That A 
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drily dies in the year, B and C having both died in either 
of the preceding years. The fractions expressing the pro- * 

bability of these events in the first year are ?JL~ 6- w "" n - *-' 



dam* 



. m— n. a— b. t . *— t. a— b. n , a—b.tn t .1 • •«* 

+ + 4- , In the second year, 



lams vams ams 



they are * b - c > *-<>'*-* + n^o.b-c.u + <-«.^c,o + 

aom* <xun$ %am 



k-*c.ou , £— c* n— o« *— *. j. b*-c.t--u» m—n. , 6— c. m—n. «•— f 

— -f- : -T : 4- J 

ams Sams lamt ams 



In the third year they are *• «-* —P- — + «-f • c-rf. « 

30">* 207JW. 

^ tf-te. c~rf. ;> c—d.p.iv j 9 —d. o—p. s^u , c— d. u-10. m-o 
2aiu* aww 2ami 2am* 

+ — — ^7— — ^ an ^ 8° on f° r the other years. These 
fractions being expanded will form twenty-two different 
series, which may be fourid i-xi — <r— I. A — — x 

(l-^T.AB- + "'^ _ * x 1 + HB.> -, £ x 

* m a / ar • 

(l-r^T. AC. + 7 x T+"AT< - J x FTHC.) +• * 
^1.1-^TAbc. + JL x PTABt. + 5 x 1 + APC. 

-2 x FTHBC. - ^x TTHBT. + £ xl+IPT- 

— — x 1 + HPC.J. The first of these expressions de- 
notes the value of S. after the ^ecease of A (= F) ; the 
second denotes the Value on-the contingency of B surviving 
A (= D*); the third denotes the value of S on the con- 
tingency of C surviving A (= E*); the fourth denotes 
twice the value of S on the contingency of A's being the 
last that fails of the three lives, by Note XX. ( = 2 M). 



* JSce Note XXI. 

N 2 
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HtiBoe the whole vafoe of the reversion will be F + L 

-DTTsT <** 

The solution of this, like some of the precedingj*W 
blems, may be obtained more easily from other Prof »4i , 
supposing those Problems to have been previously soWW \ 
the value in the present case being evidently the differed \ 
between the absolute value after the decease of A, found by 
Prob. xxiii, and the value on the contingency of Kt 
life having been the second that failed, found by Prob. xxix; 

that is, it will be = F + 2 M - D + E. * 

If the three lives are of equal age the value will be = 



— X 3-r-i. 3C-3CC. + 2 CCC. 



NOTE XXVII- (P*ob. xxxvn.) 

In each year the reversion will depend upon either of 
six events : — 1st. If the three lives should fail in the year, 
A or B having died first; 2dly. If A and B should die in 
the year, and C live ; Sdly. If C should die after A in the 
year, and B live ; 4thly. If C should die after B in the 
^rear, and A live ; 5thly. If A only should die in the year, 
and B and C both live ; Gthly. If B only should die in the 
year, and A and C should both live. The fractions de- 
noting these several contingencies, in the first year are 



9.«— £• w— *. *— t . «— A. «— *. t , «— b* s—t. n +. *■— «. *—**.* 



+ »-*ju + m~ 1 M i in the gd year they are »•»-«—"«-» 



+6— c. K~-o.at . b—c.t—w.o , *— o. t—w.c . 6— cm . 
r- -f- , -f- , , -f- ^_, + 



and so on in the other years. These fractions may bfc 



* St^Nete XXI. 
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***&, their sir ^^ ^***% .^ + 

**"* —~^ COW fir*. — . ^* 

4 rr^ — + - * &*>• = = x tEir-* 



9 



Mi - bou . c?w o__ «_ 5 v nM'+AKj. 



^ + ™ + ^, &c. = h 

fa* f cou t dpw fly ^ __ 2S. 



Of 



■'* 



bnt cou dpw « so. ._ a iw. 



ans bnt cou n 2S 



**,* • 



— + * +v^ &c. = - x 1 + ABC; (axt^ ^ 

ton* c~ni dou a S J. i + HBC. , 

— + 7« + 7T> &c « = - ij: * ; J ("ertwiv, 

x T + - + ^»&c-= - =. X — r ; («** 



6om< r r 9 r 8 ' 6r m 



S bns cot dpu - S »6. l + HPC. 

- ^ x 7" + ^ + ^ &c - = - £ x — ™ 



sequently the whole value will be ? x (*' 1 " r -" 1 ' ABC - + 

t. l+ABT. b. i+HBC. n. l+APC. bt. l + HBT. «/. 1 + A FT. 

_ * ' 1+ : ) . And when the lives are equal. - x 

2 x 1— r— lCCC. 



NOTE XXVIII. (Prob. xxxviii.) 

In the first year the payment of the given sum will 
depend on either of four events: — 1st. That the three 
lives fail, A or B having been the second that failed ; 2dly. 
that A dies after C, and B lives; 3dly. That B dies 
after C, and A lives; 4?thly. That A and B both die, 
and C lives. In the second and following years the given 
sum will become payable, provided either of eleven events 
should take place. 1st, if the three lives should fail in 

n 3 
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the year, A or B having been the second that failed 
2dly. If A should die after C in the year and B live 
Sdly. If B should die after C in the year and. A live 
4thly. If A and B both die in the year, and C live 
5thly. If B only should die in the year, A having died 
before the beginning, and C lived to the end of it ; 6(Mj. 
If A only should die in the year, B having died before the 
beginning and C lived to the end of it ; 7thly. If C 
should die after A in the year, B having died in either 
of the foregoing years ; 8thly» If C should die after JJ 
in the year, A having died in either of the foregoing 
years; 9thly. If A and B should both die in the year, 
C having died in either of the preceding years ; lOthly, 
If B only should die in the year, C having died before 
the beginning and A lived to the end of it ; and lastly, If 
A only should die in the year, C having died before the be- 
ginning and B lived to the end of it. The several fractions 
expressing those contingencies in the first year will be 

3. a— b, m— n. *— * a— 6. *— t, n m—n.s—t.b . a— b. m— n. t • 

1 . In 

Sams Torn* <lams aiw, 

_ <2. b—c.n—o. t—u b— c. t— a. o n—o.t—u.c 

the second year = -— 1 — 1 — - — 

* Qams vams yarns 

b—c.n—o.u n—o a—b.u 6— c. ra— n.u b—c,t—u.m—n 

j JL - _L. ■ _l_ j_ 

ams ams ams lams ~ 

n—o, t—u. a— b . b—c.n—o,s—t n—o.t—t.c b—c.s—t.o • , 

— + + h — : — ^— . In the 

lams ams ams ams 



.. , a.c— d. o— p. u— to c—d.u—vx.p o—p.u—w.d 

third vear = - — : : — -f- -*—> 4- — =- 

* J Qams ^ lams ^ 20119 



e—d. o—p. vf 0rrP. a*—c. w c—d, m r o. w c-*d, u—w. ni—o 

£ + — £ f — + + — -. L 4. 

ams ' ams \ ams 2ams 



o—v.u —w.a—c c—d.o—p.s—u o—p.s—u.d c—d.s—u.p 

lams ams ams ams 

and so on. These fractions being expanded will form 

twenty-five different series, the first, second, third, &c 

* 1. 

fernis of which being respectively multiplied into i J,i 
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&c, their sum will at last be found = — !LT_Il£2+ 



l-r-i.BC , *. l+BT n. l + PC l-r-i.AC M+AT 

' ■ ■ ■ ' -f — -4- ■ h 

2r 2sr amr ■ ar 2sr 



*. l + HC 4.1-r-i.ABC 2*.1+ABT 6.1 + HBC n. l + APC 

■«. . —» .- .. ■ i , , mamt ■ _L. ■ ii Am — — — — . 

2ar 3r 3ir 3or * 3mr 



fc. l+HBT w*. l+APT 2n6. l + HPC mi £ . fA i 

H . The first of these 

Qasr Qmsr * oamr 

expressions is the value of the given sum after the ex- 
tinction of the two joint lives A and B. The three follow- 
ing fractions denote the value on the contingency of C 
surviving B. The next three fractions express the value 
of the given sum on the contingency of C surviving A. 
The seven remaining fractions are equal to twice the value 
of the reversion on the contingency of A or B being the 
Jlrst that fail with a negative sign*. Let these several 
values be respectively represented by K, R> E, and N ; 
then will the required value be K -f R + E — 2N - - - which 
is the general rule. 

When the three lives are of equal age the above frac- 
tions may be reduced to -j— 1 xl-r-1. 3CC— 2CCC. 

NOTE XXIX. (Prob. xxxix.) 

The given sum can be received in the first year only on 
the extinction of the three lives, restrained to the contin- 
gency of C's life having been the first or second that 
failed. In the second and folldwing years it may be re- 
ceived, provided either of six events shall have happened :— 
1st If the three lives shall have failed, C having been the 
first or second that died ; 2dly. If A and B sh^ll have 
both died in the year, C having died before the beginning 
of it; Sdly. If A only should die in the year, B and C 
having died in either of the preceding years ; 4thly. If B 



*T" 



* See the preceding Note. 
N 4 
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only should die in the year, A and C having died in either 
bf the preceding years; 5thly. If A should die after C in 
the year, B haying died before the beginning of it ; 6raly. 
Jf B should die after C in the year, A having died before 
the beginning of it. The fractions expressing these con- 

tingepcies in the first year will be == * ■ "" * . In 

.m , V'b—c.n—o.t—u 6— c. n — o. s — t 

the second year zz + + 

* Qams ams 

m 

b—c.m—'n+g—t n—o.a—b.s'—t n—o.t—u.a—b b—c.t — u. m— *' 

— = _j 1 J 

ams ams oomj ' lams 



In the third year = 4- — — + 

* darns * tons 

c— d.m — o. *— u o— j>. a— c. *— -u o— p. u— w. a— c c—d.u — tv.m—o 

1 ■ ■ ■ ' '■ ' ■ — r» ■ ■ » ' ■ » **- ■ 1 1 n i ■ ip • >4» »■ » ■ i ' " > 

ams am* ' 2 am* anu 

and so on in the other, years. These fractions being ex* 
panded will form 28 different series, the first, second, 
third, &c. terms of which being multiplied respectively into 
-> -» &c. as in the preceding Note, their sum will at 



i 

r 



_ l-r-i.A + B-AB l-r— l.BC M+BT 



last be found t= i-r-i.^ + .p-A^-r-i.^ _ *.*+**. 

r ir $sr * 



n. l + PC i— r— l.AC t. l+AT b. i + HC , 2. 1— r— l.ABC 

— - — + - H ■ ■ 

2wr 2f 2sr w «3r 



b. i + HBC n.l+APC __ nb. l + HPC t. l + ABT fo. l + HBT 

Gar 6m? " zamr ' * ' 3«r 6<zsr 



H — l t — — . The first of these fractions is the value of 

6msr 

the reversion after the longest of the two lives A and B. 
The second, third, and fourth express the value dependipg 
on the contingency of C surviving A, with negative signs. 
The fifth, sixth, and seventh express the value depending 
on the contingency of C surviving B, with negative signs, 
The remaining fractions are the same witfc those in 
Note XXVI., expressing the value of the reversion de- 
pending on the contingency of A or B being the first that 
fail. Assuming V, £, R, and N to denote these values re* 
ppectiyely, the general njle will be expressed by V + N - 
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ITS; which becomes » »-'-r »•«;-«» + QUO wken 

the lives are of equal age, or " two-thirds the value of the 
absolute reversion after the extinction of the three lives." 

The solution of this problem may also be derived from 
that of the 30th Problem ; the value of the given sum 
being equal to fc the difference between the value of the 
" pbsplute reversion after the extinction of the three lives, 
" and the value of the same depending on the contingency 
" of C being the last that dies." Changing the symbols 
A, H, a, b y c, d 9 &c. in Note XXIL for C, T, s y 
t, Uj &c. and vice versd, the general rule given 
$bove may be obtained, by subtracting the whole from 

3 - 1 _ rri. atb + c x ab - bc --awa'bc 5 

that is calling the longest of the three lives L, and the 
value by Prob. xxx. O, it will be (Lizl^ii; - O; but 

T 

the operation is not shortened by this rule. 

NOTE XXX. 

Lemma I. Supposing the ages of A and B to be given, 
to determine, from any table of observations, the probabili- 
ties of survivorship between them. 

Solution. Retaining the same symbols as in the pre-? 
ceding notes, let it be required to determine the probability 
of B surviving A. In the first year this event may take 
place either by the extinction of both lives, A living diefl 
first ; or by the death of A only, B having survived to 
the end of the year. These probabilities are expressed by 



a— b. in— n a—b.n a — b. 



m + n 



the fractions ~ 1 tt- zz »—. In the second 

2am ab lam 

and following years the event depends on tfce spme ccm* 
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tinge&cies; that is, on both lives failing in the year, A 
having died first, or on A's dying in the year, B having 
lived to the end of it. The fractions therefore denoting 

these probabilities in the second year will be ""f"*~° + 



b — c.o b — c.n + o 



— , ui the third year - h - — 



c—d. • +p 



\y and so on. Hence the whole probability of B's 



surviving A will be — x 0» -f w. a — i + n + o. i — c + 



f 2am 



o + />. c — d + &c.). Having found by this series the 
probability of B the elder surviving A the younger, the 
other expression denoting the probability of A's surviving 
B is well known to be the difference between the foregoing 
series and unity. Were we possessed of a table of the 
expectations of two joint lives the chance of survivorship 
might easily be obtained from the above series * ; nor will 
it be found a laborious undertaking to compute from it a 
table of the probabilities of survivorship between two per- 
sons of all ages without having recourse to such expecta- 
tions. For the probability of survivorship between any 
two persons being found, the probability between two per- 
sons one year younger is obtained with little difficulty, and 
a table for all the older lives, whose difference of age is 
the same, may be formed in rather less time than would 
be necessary for computing the expectations of the same 
number of joint lives. This will be best exemplified by 
the following operations, founded on the Northampton 
Table of Observations. 



* Supposing the expectation of the joint lives AP to be A'F, 
and the expectation of the joint lives HB to be H'B', the sum of 

the series in this Lemma will be r- — — ■ . . 

2fli 2o 
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It will readily be seen from these specimens in what 
ijianner the probabilities of survivorship b^tweeh two 
younger lives are deduced from the probabilities between 
two older lives whose difference of age is the safne ; For the 

numbers 17, - - 119.5 431.5, &c in {he second, 

third, fourth, &c. lines, are tie sums of the series next pre- 
ceding; that is, 17 = ^ x 3f - - -r 119.5 = | x 41 + 17. 

-> 431.5 = V x 48 + 119.5, &c. If the lives be of 

equal age the above series becomes = \> which is known 
to express die probability in that case, and therefore proves 
the troth of this solution. 

Mr. Simpson in his Treatise on Annuities and Rever- 
sions * has given a curve, whose area determines the pro* 
bability of survivorship between two persons according to 
any table of observations. If one of the lives be not very 
young, so that the equidistant ordinates may not be too 
% few, this area is sufficiently correct. But if the eldest of 
the two lives is under twenty years of age, it becomes ne- 
cessary to assume so many equidistant ordinates, to render 
the solution accurate when the decrements of life are un? 
equal, that the operation is rendered too laborious for 
practice ; nor do I know that it can be necessary to have 
recourse to this area in any case, especially as the two 
probabilities of survivorship are so easily computed from 
the preceding series. As no table of these probabilities ac- 
cording to the real decrements of life has ever beep 
attempted, I have been induced to compute the 9th Table, 
in the manner described above, which gives the real pix>r 
babilities of survivorship between two persons of all ages, 
whose common difference of age is not less than tea years. 



V 



* Le«jma 2. page 100. 
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Lfeto ma II. To determine from any tabte tif observations 
ffie probability that B the Oder of two lfteii dfes #fc* A 
the i/dunget, eitbert ift any number of yeatfs, or dtirtag th* 
continuance of l!he life of B. 

Solution; This event can take place in the first ye$r 
only by the extinction of both lives, A having died first; 
the probability of which event is expressed by the fraction 



—*' m ~- -s ? + w ' a " 6 - n. a-b. In the sefcond year the 

2a»n lam * 

probability will be increased ; for the event may have takeft 
plate as above mentioned in the preceding year* or the 
lives may have failed in the second year, A having died 
first, or B may have died in this year and A in the first 
year. The fractions therefore expressing the probability 

of the event's happening in two years will be a ~" 6,w ~ n ^ 

2am 
. a— b l /m + n.a—b n + o. 6— c — : "V 

m -™ x \ q — + — 1 *• a -cy 



—c.n—6.. n— tf. a— 

+ 



ion am 



In the third year the probability will be still further in- 
creased; for in addition to the foregoing contingencies* 
the event may have taken place by the extinction of the 
two lives in the third year, A having died first, or by the 
extinction of the life of A in die first or second yearj and 
of the life of B in the third year. Henc<± the probability 

of the events happening in thrge years will be a ~ b ' m ~ n 



2am 



b—c.n—o n—o. a—b o — p.c — d o—p.a—c i 

. ■ -i- -L, jl. — li, . — , i ^ m , v 

adm urn qom ^ am ~~ am * 

— ^ + ' ^ ' + -"- — -*-p. a—dj" By pro- 
ceeding in ihe same manner for the fourth year the pro- 

■ ■ ■ > * * ■ 

babilUy will be found =z 

sTp.iZS ; fj^.dZZ - — \ . 

5 — "1 o — ?• a—ej% &c. Supposing p to be 

the number of persons Hying, at the age of A when the 
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life of B becomes extinct by the table, and « the number 
living in the preceding year; supposing also p and v to be 
the number of persons living at the last two ages in the 
table, then will the whole probability of B.'s dying after 

A tjp _ . _L x / *» + *» «— f> n + o.b—c o+p.c—d p + f. d— e 
"" am \ a + 2 H £ I ^ 

/* + ».«—£ \ ^ T . ... 

.--•---. -|* *-— _„ t 0-/3 J • Now, since it is 

well known that the probability of both lives failing, with- 
out any regard to the order of their extinction, during the 

continuance of the life of B, is °~* m ", it follows, that 

am 

the probability of A.'s dying after B will be the difference 
between this fraction and the foregoing series. 

As this contingency is of considerable importance* and 
the solutions of a great number of Problems require that 
it should be previously ascertained, I have, as in the case 
of the former Lemma, computed a Table for all ages whose 
common difference is not less than ten years*, which 
however has been accomplished with much less difficulty 
in consequence of having already computed the Table in 
that Lemma. 

This will readily appear by comparing the two series 
expressing the different contingencies in these Lemmas ; 
the terms in the first, as far as they are continued, being 
uniformly the same with those in the second Lemma ; so 

that if the fraction '-"-& m m th e latter be subtracted from 

am 

the sum of that series, the remainder will always express 
the probability of survivorship in the present case. Thus, 
the probability of a life of 92 surviving another life of 82 
by the 1st Lemma is .2720 ; the probability therefore that 
a life of 92 dies after another life of 82 will be .2720 — 

* T*b. 10. 
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24X346 = •^*' 78# ^ tne ^^ were 80 an< * 60 the proba- 
bility of the former life becoming extinct after the latter 

would be .1890 — 2038 * 469 = .1876, and if the ages were 

85 and 55 the probability would be .1130 — — 

* 186X2448 

= .11 10. The probability that two lives aged 92 and 82 
fail in four years is 2 = .5569. that two lives aged 

* 24 X 346 ' ^ 

80 and 60 fail in sixteen years is 468x1286 = .6296, and 

* 469 X 2038 7 

that two lives aged 85 and 55 fail in eleven years is 

IOC y fiQfi ___ 

iaJ . „ AAO = .3640. The probability therefore that a life 

186X2448 * J 

of 82 fails after a life of 92 is -.5569 — .2480 = .3089, 
that a life of 60 fails after a life of 80 is .6296 — .1876 
= .4420, and the probability that a life of 55 fails after 
another life of 85 is .3640 — .1110 = .2530. 

In this manner the 10th Table has been computed. 
But if the probability of survivorship, either in this or the 
preceding Lemma, b^ confined to any given number of 
years, I know of no other method of ascertaining it than 
by a direct summation of the series; which will be com- 
posed of an equal number of terms with the years in which 
the survivorship is to happen. This would be a work of 
so much labour as to render the solution of any Problem, 
involving such a contingency, impracticable. The usual 
method in this case has hitherto been, to take half the 
probability of the two lives becoming extinct in the given 
time, without having any regard to the order of survivor- 
ship. But when the ages of the two lives are very different, 
this method must be incorrect; and in order to ascertain 
the extent of the inaccuracy, I have computed the following 
Table : 
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*" See Tab. 9. 
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From this table it appears that the approximated and 
exact values do not materially differ from each other, till 
the last years of B's life ; and that the principal inaccuracy 
in adopting the approximation will arise after the ex- 
tinction of the life of B, when it becomes necessary to 
multiply the fraction expressing the probability of B's dying 
after A into the remaining series of the solution. But this 
is obviated by having recourse to the 9th Table, which 
gives the correct probability of survivorship during the 
whole continuance of B's life, and which may be as easily 
applied to the solution of the Problem after his decease as 
the approximation. 

NOTE XXXI. (Prob. xl,) 

As the approximation appears from the, preceding table 
to be always sufficiently correct till the latter part of B's 
life, it is evident that no great inaccuracy will arise from 
having recourse to it, unless the ages of A and B are 
materially different, — more especially when C is the oldest 
of the three lives. But when B or A is the oldest, and 
their ages are very unequal, the fractions expressing the 
probability of the one surviving the other, or of the one 
dying after the other, are combined with a series which is 
often of considerable importance, and consequently the 
common method of solution fails in these instances. 
Being however possessed of the tables deduced from the 
foregoing Lemmas, even this circumstance is attended 
with little or no difficulty, and a general rule is obtained 
as short and accurate as in any other case. But this will be 
more satisfactorily proved by the following operations : — 

1st. Let C be the oldest of the three lives* The payment 
of the annuity in the first year depends on one or other of 

o 
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two events; either on the event of B's having died after 
A and of C's living to the end of the year, or on the event 
of A's dying, and of B and C both living to the end of 
the year. The Value therefore of the annuity for the first 

year will be JE?* a " b ' t + a ' bnt . In the second year the 

Zamsr amsr 

payment of the annuity depends nearly on the same 
events: — 1st. On B's having died after A in the first or 
second year, and C's living to the end of that term; 
2dly. On A's dying before the end of the second year, 
and B and C's both living to the end of it. Hence the 

value of the annuity for the second year will be -^ — ^~ 
+ °"~ c,<m . In the third year, by following the same steps, 

amsr* 

the value of the annuity will be found = ?z d * m -*' w + 

2anw s 

a-d.?nv. an( j j n jjk e manner ma y be found the value of tHe 

amsr* 

annuity in each of the remaining years of C's life. The 
whole value of the annuity therefore will be expressed by 

the four following series: — A — ^- + — + « & c . — 

° 2*r ' 2*1* 2S»* ** 

bt cu dw nt ou pw Q 

lasr "" 2<wr* "" 2o«r' ' flCC * "■ ' 2m*r "** zmsr* "*" imsr* "*"* 

but cou dpw Q C— AC. BC— ABC. 

— , &C. = 1 



2anwr 2am*r 8 2am«r s ' 2 ' 2 

It A be the oldest of the three lives, let z denote the number 
of years between the age of A and that of the last person 
in the table, C the value of an annuity on the life of C, 
and B'C the value of an annuity on the joint lives of B 
and C for z years ; then will the value of the annuity for 

4!U * * u C'-AC. ; B'C- ABC . - 

the first z years be — - — + - . At the expira- 
tion of this term the life of A becomes extinct, and the 
value of the a nuity for the remaining years of C's life 
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(supposing (r, r, u, &c. to denote the number of persons* 

living in the table at the age of a person z+1, z + 2 9 z + 3 9 
&c. years older than C, and <p to denote the proba- 
bility by Table 9 of B's surviving A), will be =; <p x 



i^TT +- ^T* + 5^+i +> &c - = <P- C— C. The whole 
value therefore of the annuity in this case will be " 

If B be the oldest of the three lives, let x denote the 
number of years between the ages of B and of the last 
person in the table, C the value of an annuity on the life 
of C, and A'C the value of an annuity on the joint lives 
of A and C for x years, and v the probability (found by 
Table 10) that B dies after A. Then, by proceeding as 

C— C'A' 

above, the value of the annuity in this case will be - 



2 

+ v. C — C + — ~ 1 . When the three lives are of 

C— ccc. 
equal age the value will be — - — • 

As this method of solution is applicable to a great num- 
ber of problems, I have thought it necessary to make the 
following computations with the view of determining how 
far it may be depended upon. It is to be observed, that 

the fractions ^'"^"^ + ^ "^ u + ^^P-* +, 

lamsr 2amsr* zamsr 9 

&c., should have been, according to Lemma II., in order 



a — b* m — n. t , a — b.m—o. + a — c*n — 



o 



to express the exact value, - — + 

lamsr zamsr* 

x u -f* , &c. ; and that it is impossible to find such a 
general expression for this series as shall render it fit for 
practice. It has therefore become necessary to have re- 
course to the preceding method of approximation, and by 

o2 
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comparing the values in the following examples, a correct 
idea may be formed of its accuracy. 



c. 


Ages. 
A. 


B. 




* True Value in 
Years purchase. 




Approximated Value 
in Years purchase. 


78. 


15. 


75 




- - .138 


- 


- 


- . 146 


70. 


20. 


65 


- 


- - .406 


- 


- 


- . 408 


81. 


70. 


80 


- 


- - .530 


- 


- 


- . 550 


15. 


85. 


10 


— 


- - 13.833 


- 


- 


- 13.782 


15. 


75. 


15 


- 


- - 11.385 


- 


- 


-11.230 


35. 


75. 


15 


- 


- - 8.968 


- 


- 


- 8.834 

* 


15. 


65. 


20 


- 


- - 8.485 


■» 


- 


- 8.379 


15. 


80. 


70 


- 


- - 9.893 


- 


■» 


- 9.529 


15. 


10. 


85 


— 


- - .647 


- - 


- 


- .698 


15. 


15. 


75 


- 


- - 1.038 


- 


- 


- 1.193 


35. 


15. 


75 


- 


- - .786 


i« 


- 


- .920 


15. 


20. 


65 


- 


- - 1.769 


- 


am 


- 1.876 


15. 


70. 


80 


- 


- - 4.307 


- 


m 


- 4.671 



From these examples it appears that when C or A is 
the oldest of the three lives, the approximated and the 
true values agree sufficiently near for any useful purpose . 
and even when B is the oldest, that the difference is by 
no means considerable. It should likewise be observed, 
that these examples are cases in which the difference is 
likely to be greatest, and therefore a nearer approxima- 



* In these values each term of the series has been separately 
computed at 4 per cent, from the Northampton Table of Obser- 
vations. 
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tion need not be required. Both Mr. Simpson, in his 
Select Exercises, and myself (in a former edition of this 
work), have given solutions of this Problem ; but these 
being founded on a wrong hypothesis are not so correct 
as the present, except when C is the oldest of the three 
lives, nor are they even more simple ; so that it can seldom 
be necessary to have recourse to them. Without the 
assistance of the preceding Lemmas, and the computations 
which have been just made, it would not have been possi- 
ble to have ascertained the degree of accuracy of any 
approximation ; and therefore were no other end answered 
by them, this of itself would have been of sufficient con- 
sequence to deserve the time and labour which I have 
bestowed upon them. But it \^ill appear in the succeeding 
Notes that the use and application of these Lemmas, and 
especially of the tables deduced from them, are much more 
extensive and important. 



NOTE XXXII. (Prob. xli.) 

The payment of this annuity depends only on one con- 
tingency ; and that is, the extinction of the two lives of A 
and B before the end of each year (B having died first), 
and the continuance of the life of C to. the end of those 
respective years. The value therefore for the first year 

will be ^EE^EL-1; for the second year !™E±* ; for 

Zamsr 2amsr% 



the third year — p ' a d ' w , and so on for the remaining 

2twwr 3 ° 

years, Consequently, when C is the oldest of the three 
lives, the whole value of the annuity will be — -f- .— 3 4- 

w _ bt cu dw ft bnt cou 

'■+■ &C» — — — - — &C + ■+■ 



Otr* ' 9 lasr vasr* 2a«r' ' . 2anwr 2onwr 9 

o 3 
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+ Mm** + > &C# "" anwr am** am*rS j «C. _ 2 
BC-ABC. 

2 

If -4 ft* Me oldest of the three lives, let z 9 C' 9 and 
B'C, denote the same quantities as in the second part of 
the preceding Note ; and let p denote, by Table 8, the 
probability of A's surviving B ; then will the value in this 



C'-B'C. AC- ABC. 



case be — - — r p. C— C. 

2 2 r 

If B be the oldest of the three lives, let x, *, C, A'C, 
<r, t, v 9 &c. denote the same quantities as in the third part 
of the preceding Note ; and let a, j3, y, &c. be the number 

of persons living in the table at the end of x+ 1 , x.+ 2,x+3, 

&c. years at the age of A. The value of the annuity for 

. . A ... . c'-A'C. bc-abc. _ , 
the first # years will be = — — . In the 

#+l. 8t year, the payment of it will depend on the con- 

« ■ 

tingency of A's having died after B in x + 1 . years* and 

C's having lived to the end of this term. As the life 

necessarily becomes extinct in x years, it is plain that the 

probability of A's dying after him in x+ 1 years must be 

= -jj- - tt ; and therefore that the value of the annuity 

in this year will be j^rn — ~rn« I n ^ e same manner 
the value of the annuity in the x + 2% x + 3 d , &c. years, 
wUl be Sj - -= E^ - ^L. . . ■ . o™ 



a — «. •• a— /3. r a^-ir. t; 



But the series —rr. + — -£r + — rj .i +* &c. = C— C + 

asr* + * aw* + * asr" + * ' ' 



AC-A' C, and the series - ^j - j^I. _ _5!L _, ^ 
— — w. C— C; the whole value of the annuity therefore, 
when B is the oldest, will be = C-AC. - *^- _ 
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If the solution either of this, or of the preceding Problem, 
be given = Q. the solution of the other Problem will be 
immediately obtained, being always = C— AC— Q. 

When the three lives are of equal age the value will be 
= c + ccc. _ cc 

NOTE XXXIII. (Prob. xlii.) 

The payment of the annuity in the first year will depend 
on either of three events: — 1st On the contingency of B 
and C both surviving A ; 2dly. On the contingency of B/s 
dying after A and C living ; 3dly. On the contingency of 
C.'s dying after A and B living. Hence the value of the 

annuity in the first year will be j 4- 

T * samr lamsr * 

a - . s- . n ^ j n ^ second, third, fourth, &c. years the 

zamsr J 

payment of the annuity will depend on the same number 
of events : — 1st. On A.'s having died, and B and C.'s 
having both lived to the end of the year ; 2dly. On B.'s 
having died after A, and C.'s having lived ; 3dly. On C.'s 
having died after A and B.'s having lived to the end of 
the respective years. The fractions therefore expressing 
the value of the annuity in the second year will be 
ZZl. ou Z=T e . T^o. u ^ 7=i. i^o . in the thir(] ar 



amsr* 2amsr 2 2am$r 2 



a—d.jrw a—d.m—p.w a—d.s—w.p , ,-p, 

amsr* lamsr* 2amsr3 * 

fractions may be reduced to the four following series 

t u w q no p 

air + ~<M* + 2*r3 "*"> + wr + «mr« + 2^r3 + > & C ' — 

bt cu dw n bn co dp 

; __ __ — &C. — — — — &C 

Ufltr vast* 2asrS ' " 2amr 2amr 2 2amr 3 * 

= -i i — , which is the true value when A is the 

2 2 

youngest of the three lives, and B and C are nearly of the 

o 4 
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same age. If C is much younger the values of C and AC 
must be continued only for as many years as are equal to 
the difference between the age of B and the oldest life in 
the Table. 

If B and C be both younger than A, let z denote the 
same quantity as in Note XXXI, and the value in that 

case will be BC* : C*. B*, and 

2 2 2 > J J 

BO, denoting the values of the lives after z years. 

If one of the lives (B) be older than A and the other 
younger^ let x denote the number of years between the 
ages of B and of the last person in the Table, C* the value 
of an annuity on the life of C after x years, C and A'C 
the value of the single and two joint lives for x years, t the 
probability found by Tab. x. that B dies after A, and the 

value will then be — t2 _ AB + 4' C ' + ^ q X; q x denoting 

the value of the life after x years. When the three lives 
are of equal age the value will be C— CC. 

NOTE XXXIV. (Prob. xliii.) 

In the first year the payment of the given sum will 
depend on either of two events : — 1st, That all the three 
lives shall become extinct (B having survived A) which is 

a—b.m — n.s—t 

expressed by ^ ; 2dly. That B shall live, and 

only A and C die, which is expressed by - : "" ' "" . The 



value therefore of the given sum in the first year will be 

S ams bms ans bns amt bmt ant bnt 

X — — 1 — 1 1 . T n 



amsr 2 22 2 22 22 

the second and following years the payment of S will 
depend upon either of seven events : — 1st. That all the 
three lives' become extinct in the year, B having survived A; 
2dly. That B lives, and A and C die in the year ; 3dly. 



NOTES. 201 

That A dies in the year, that C dies in any of the pre- 
ceding years, and B lives ; 4?thly. That B dies after A in 
the year, C having died in any of the preceding years ; 
5thly. That C dies in the year, B having died after A in 
any of the preceding years ; 6thly. That B and C both die 
in the year, A having died in any of the preceding years ; 
and 7thly, That C dies in the year, A haying died in any 
of the preceding years, and that B lives. 

These contingencies in the second year are expressed by 

, r , b — c.n — o.t — u 0.6 — c.t — u b — c.s — t.o 

the fractions h + + 

<2ams ams ams ■ 



n—o.b—c.s—t /— u. m — n. a— b t— u. n— o. a— b t—u.a—b.o 

J- -1- Urn — »- 

lams ' lams ' ams ams 



in the third year by the fractions - — p ' u + - — w '*' 

* * nn.ms mm* 



lams ams 



c— d. s—u.p o—p.c—d.s—u u — iv.m—o.a—c w— to. o— p. a— c 

_j . _ _j _ 

ams lams a ams ams 



_l : L- ? anc j so on in the succeeding years ; which 

fractions may be reduced into the following series : (first) 

S lams amt amu \ S tbms 

„ — x I — + ~t H t> &c. J ; (second) x ( — 4- 

%avis \ r ' r2 ' r3 7 / * lams \r 

ens dos \ , . , N S /ans bos cps a \ 

*■+*> &C -Jj ( third ) + ^ x (t + 75+^ *«•) 5 ( four th) 
_L X (»=f + « + *! >&c \. (fifth) __i_ x p + ^ 

2ams \ r * r* r* 9 J • 2&msr \ r r* 

. dpw a \ . . . x S /amu amw amx \ 

+ -r, &c.) ; (sixth) - — x (— + -jr + -7, &c); 
(seventh) + JL x (y + ?£ + 2?, & c .) ; (eighth) 



2am si 



(anu aow apx \ . , S ibmt emu 

---*■-*> &c -) ; ^^ ~ *^ x It + 7t + 

dmw \ - S ibmu cmw dmx . v 

-7T> &c.) ; (tenth) + — X (— + Tt - + — +, & c .) ; 
(eleventh) + JL- X (^ + ~ + d £+,8tc) ; (twelfth) 

* s=? * (t + 5 + % **■)'> (**«*> - £ >< 
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(amt bnu , cow \ /V , llv , S fbmt , 

T + H + * + > &<=•) ; (fourteenth) + — x ( T + 

^+ ^ +, &c); (fifteenth) - — x [ T + ^ + li + 

&c); (sixteenth) - ~ x (-7 + ^ + ^ +> &c -) 

s 
The first four and the twelfth series are = — x 

(l -— 1. AB + "-^ -*-^- B - C.) Thefifth 

c r^ 1 ARC 

and sixteenth series are= -- '■ . The sixth, eleventh, 

1 

S x C 

and thirteenth, are = . The seventh and ninth 



are = — . The eighth and tenth = -^ x 

3r ^ 2sr 



bt. 1 + HBT 



AT - BT. The fourteenth is = — x \ s ; and 

the fifteenth = — rf- x — . Let D denote the 

value of S on the contingency of B surviving A> and 
the whole value of the reversion, when C is the oldest of 
the three lives, will be D + J- into (r— 1. ABC — C + 

b. i+HBT m. 1 + APT\ 



BC - AC + - x AT - BT + r^i^m _ — l 

If Abe the oldest of the three lives, let z, C, B'C, and 
<p, denote the same quantities as in the second part of 
Note XXXI, let <r be the number of persons living in 
the Table at the ages of a person z years older than C, 
and let B'T' be the value of the joint lives of B and T for 
z years, theji will the value of the reversion in this case 

be = D + |r x (^T. ABC-C + B'C-AC + £ x 

A T-irp + tg-!£g) + s -^t x fr x 

' a m / r* + i s 

V — O ; C z being the value of a life z years older than C. 

IfB is the oldest of the three lives, let a; and ir denote 
the same quantities as in the third part of Note XXXI, 
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and let t be the number of persons living in the table at 
the age of a person x years older than C, the value of 

the reversion will then be D + ^ x (r— 1. ABC— C' + 



__ t __ __ b. l+HBT n.i+APTx 

BC-A'C'+- x'A'T-BT + — J + 

s a m j 

* ^ +1 x — + V — C x ; C* being the value of a life # years 

older than C. 

When the three lives are of equal age the value becomes 



S.r— i 



x v - cc - c + ccc. 



2r 

The solution of this Problem may be derived from the 
25th and 40th Problems ; the value of S being equal to 
the difference between its value on the contingency of B 
surviving A, and the value of an annuity of £l during 
the life of C after A, provided A should die before B, 
multiplied into the interest of S, and divided by £\ in- 
creased by its interest for a year : that is, let D be the 
former and A the latter value, the reversion will be = 



S. r — l.A 



NOTE XXXV. (Prob. xliv.) 

The payment in the first year depends on the contin- 
gency of the three lives having become extinct (A having 

survived B), which is expressed by ' ' In the 

2d and following years the given sum will become payable 
if either of five events should take place : — 1st. If the three 
lives should fail in the year (B having died before A) ; 
2dly. If C should die in any of the preceding years, and 
A die after B in that particular year ; 3dly . If B and C 
should die in any of the preceding years, and only A die 
in that year $ 4thly. If B should die in any of the pre- 
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ceding years, and A and C both die in that year; and 
5thly. If A should die after B in any of the preceding 
years, and C die in that year. The different fractions ex- 
pressing those probabilities in the second year are 

n— o* 6— c» t— u s — t»n—o»b—c s — t*m—n»b c 

— — — — — — -4- ___________ i __________________ -4- 

2am* lams ' ams 



m — *• b — c* t — u a—b»m — n» t — u . ,i __ • i 

4- , in the third year 



ams lams 



o—p»c—d»u—w i s — u» o—p» c—d , »— «• m— o. c— d 
lams lams ams 



m - . c -d.u-w + _-«.,—.__, and so on in the other 

aiTU lams 

years. Hence the value of the given sum will be =_ S into 

/ft* C" <* W . o \ /* C d O \ 

<_: + 5* + 5* + &c ) + (_=- + 53 + 53 + &c -) - 

S /am* amt amu \ S / ftww en* doj 

X ( h — £ + -— ■ + &c.)+ — - X ( h — ■ + -5 

2-fm* \ r r 2 r3 / 2anis \ r r* r» 

_ \ S fans bos cps , \ S 

+ &c -) " __T. x (T + 7? + 5" + &c ') + 3=5 x 
(!_ + £ + & +v&c .) + -i- x (- . + ™+ d % &c.) 

\ r 1- f* v / lamsr \r r 2 r 3 / 

S /amu amtt> amx \ S /an/ aou 

+ ^amTr X \T" + "f®"" + ~** ) ~~ 2~i r X \T + 7» 

aow o \ S /arm aou> apx Q \ , S 

+ ^ &c -) + ^. x (- + TT+ £ &c -) + ^ x 

/**< _l c ^ . ____ & r \ _____ v P Wtt 4- — 4- — &r \ 

S /6nu cow apr \ S fbns cos 

"" -^rnlT X VT + T 2 " + "7s &C 7 "" i_m*r X \7" + -7a + 
dps a \ S /ami bnu . cow \ S 

£ &c -) + ^*b-+^+-*-+ & c -) - 55. x 

(bmt cnu . aoto _ \ S /an* 601* cmw _ \ 

S /but cou dpw a \ __. n 

— X (— + -^- + -— . -f &c. ) The first six series are 
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= - x (1 — r — 1. A + C — AC). The remaining six- 
teen series denote the value of S by the preceding Problem 
with contrary signs. Let this value be called Y, and the 
value of an annuity of £\ on the longest of the two lives 
of A and C be called E, then will the value required be 



S. l— r— l.E 



__ Y. When the three lives are equal, the 



value will become = - 1 ~ r ~ ' . L denoting the value of 

an annuity on the longest of the three lives. The solution 
of this problem may also be deduced from the 26th and 
41st problems, " the value of S being equal in this case 
" to the difference between its value after the death of A 
" and B, provided B should die before A, and the value 
" of an annuity of stl during the life of C after A, pro- 
" vided A should survive B, multiplied into the interest 
" of S," that is, let F be the former and X the latter 

value, the reversion will be = F ,r ~ * — . 



NOTE XXXVI. (Prob. xlv.) 

In the first year the given sum can be received only 
provided the three lives shall have failed and the life of 
A have been the first that became extinct, which contin- 

gency is expressed by the traction . In the 

second, third, and following years it may be received pro- 
vided either of four events shall have happened : — 1st. If 
all the three lives shall have failed in the year, A dying 
first ; 2dly. If A shall have died in either of the foregoing 
years, and B and C both died in that year ; 3dly. If A 
and B shall have both died in the foregoing years (B dying 
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last) and C died in that year ; 4thly. If C and A shrill 
have both died in the foregoing years (C dying last) and 
B died in that year. The fractions expressing these con- 

,i j b—c. n—o. t — u 

tingencies in the second year are j^ + 

a—b.ri'-o.t — u , a — b.m—n.t — u , o— 6. *— t. n — o .* ^ -. 

« : > u* the 3d year 

ams 2ams 2ams J J 

c—d. o—p, u—w , a—c. o—p. u — w o— c.m-o.u— «» a—c. s—u. o—p 
£ £ + _+ , 

dams ams zams lams 

and so on in the following years. These fractions being ex- 
panded will be formed into the twenty-two following series : 

,o *\ S ams but cou . « / i\ S 

= (first) - — x h -7 + -=■ 4- &c. (second) — - — x 

v ' dams r r a ' r 3 v ' Sams 



ans bot , cup _ ..-%• iv S curat bnu cow 

T + Ti +-^&c. ( third)-— x - +-7T+ 7T** 
(fourth) + JL.x ^ + ^ + ^&c. (fifth)- -±- x 

v ' dams r r* rS v ' dams 

bnu , cnt dou Q ; . . . S bns cot dup « 
h -x- + -=■ &c. (sixth) H 1 f- — + -J- &C 

(seventh) + - — x — + -^ + — r &c. (eighth) — — 

x ' Qams r r* rS \ o / 2ams 



bnt cou dpw Q . . ., x S amu amw 

x T + -=- + ^r + &c. (ninth) — - — x h -r- + 

^Tc. (tenth) + JL x = + = + =to. (eleventh) 



S fcoM . «ny . dgx t . 1/V i \ S bmt 

x — + 4r + -v & c - (twelfth) x — + 



^ + — + &c. (thirteenth) + — - x — + — + 



^&c. (fou; teenth)+- a -L ; x^ + ; + a £+&c. (fifteenth) 



T + 75 + 17 + &c - (seventeenth) + ^^ x T + 
= + £ + ftc (eighteenth) - JL x = + - + ? 
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+ &c. (nineteenth) ___><- + _ + _ &c. 



(twentieth) + — x - + ^ + ^+&c. (twenty-first) 



+ _!_ x ^ + f^ + ^f +&c. (twenty-second) 



S amt amw 

+ -* _ 

l_ r _i.ABC AB + AC r-iC+B 



ana amw am* & ^ rj^^ severa } series 



be found equal to S into 



3r 2r 2r 



4. BC 4- *' 1 + APC 1 *' 1 + ABT _ b ' i + HBC __ 2n<. l + APT 

6ror 6$r 3ar .3nwr 



nb. l + HPC bt. l+HBT , *. AT-BT. n. CP — AP ,. , 

+ f- — p which 

3amr Qasr 2sr 2mr 

is the value required when B and C are nearly of the same 
age, and both older than A. But when C is much 
younger than B or A (B being older than A) the an- 
nuities on the single life of C, and on the joint lives 
of AC and AT must be continued only for as many 
years as are equal to the difference between the age of 
B and that of the oldest life in the Table. Let these 
values be denoted by C, A'C and A'! 7 . Let tt denote the 
probability that B has died after A by Tab. 10th, z the 
difference between the age of B and, that of the oldest per- 
son in the Table, x the number of persons living at the age 
of C after z years, and O the value of C.'s life after z years, 

then will the value in this case be S into — 

Qr 



AB + A'C r-i. U + B n. l + APC t . 1 + ABT 

2r 2r "■" "*" 6mr "•" 6sr 



*. 1 + HBC 2nM+APT nb. l + HPC fcM + HBT 

________ — _ __ — __ __ -J. _1_ ________ ' _L. 

Qar Qmsr Qamr Qasr 



f.A'T'-BT n. CP-AP . «r. % 



+ -_txt.x r-1. V-O. 



2sr 2mr sr*+ 1 '' 

If both the lives of B and C are younger, let k express 
as above, let \l and x express the number of persons 
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living at the age of B and C respectively at the end of 
y years (or the difference between the age of A and that 
of the oldest life in the Table), " and let <p express the 
probability that C dies after A by Tab. 10, then will the 

value required in this case be S into — ^Zh — 

AB + AC _ ~i. C' + B' £,£, n. l+APC t. ffABT 

2r 2r 6mr 6sr 



b. l + HBC 2nt. l + APT , n&.i + HPC , &.1 + HBT *.AT-BT/ 
. j \- | 

Oar Qmsr Qamr Mtsr 2$r 



n. C'P'-AP xit.r-i.V-L^ *«•. r-i. V-Cv di*.r-i 

2mr ~ msry +l ' sn/ +l ' mr»+i ~ 

V— B^ ; L y being the value of an annuity on the longest 
of two lives and B y and C y the value of an annuity on 
single lives, y years older than B and C. 

If the three lives are of equal age the value becomes zz 

S.r— l V — L 

— '- ; L representing the value of an annuity on the 

longest of the three lives. 

The solution of this Problem like that of the two pre- 
ceding ones may be derived from the twenty-eighth and the 
forty-second Problems. Let G be the value of S on the 
contingency of A's life being the first that fails, T the value 
of an annuity of £\ on the lives of B and C after A, 
provided both of them survive A, then will the value of 

the reversion be == G ' r "" 1, r . 

r 

NOTE XXXVII. (Pbob. xlvi.) 

The payment of the given sum in the first year depends 
only on the contingency of the three lives becoming ex- 
tinct in the order specified in this Problem, which is ex- 
pressed by the fraction a ~~ • m ~ n -*~' > j n t jj e secon( j vear 

6ams * 

the payment of the given sum depends on either of three 
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events : — 1st. That the three lives fail in the order required 
by the Problem ; 2dly. That B dies after A in the first 
year, and C dies in the second year; Sdly. That A only 
dies in the first year, and C dies after B in the second 
year. These contingencies are expressed by the fractions 

. — 4 -f- . X he pay- 

6ams lams lams * * 

ment of the given sum in the third year depends on the 
same number of events : — 1st. The three lives must become 
extinct in the year, in the order stated above ; or, 2dly. 
B must die after A in the first or second year, and C die 
in the third year ; or, Sdly. A must die in the first or second 
year, and C die after B in the third year, which are de- 
noted by the fractions ~ d ' ^ ^ + fl ~ ™~ "^ + 

* 6ams <2ams 

a-c.o-p.u-w ^ gy pursuing the same steps in th§ follow- 
ing years and expanding the different fractions, the whole 
value, when C is the oldest of the three lives, will become 

1 a CI • x * am * bnt cou . 

equal to Sinto — . x — + - + - + &c. - 



6am* 



an* bot , cup <» 1 ami bnu m cow Q 



1 ant bou cwp Q 1 bnu cnt dou 

e^Z x 7" + IS + 7T &c - "" i^i x 7" + IS + 75" + &c - 



1 bns cot dim . _ i bmt cnu 

X — + rs + -% + &C. - r— 'X- — + -r + 



6amsr r ' r* r s 6amsr r r* 



dow Q i bnt cou dwp Q . 1 

— + &C. x H-X+7T-+ &C. + X 

r» ^ 6amtr * r ^ r* ^ *r* ^ zamtr 



amt amu amw 1 amu amw amx 

~ + US' + 7T &c# "" zalkTr x ™ + 7T "*" "i5" &c - 



6mf emu rfmw i 1 6wm 

X — + -?- + ~T" + &c, + — - X — + 



<2am«r r j-e ■ r s 2amsr 



25 + *= + &c. - — x - + — + 2? &c. + 



1 aou a/no . aqx Q \ bot , c/m 
X h-V + -T+ &C. + X ~ + -T + 



*** 
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*" *:r * v 6 " 1 


+ 5 + ^ &c. = Sink 


^ ^ C# _ 20HMT * r 


l— r— l. ABC+3C t BC 
6r + a 


AC ». l + APC *. l+ABT 


b. l + HBC fU. l + APT 

6ar Qmsr 


M&..1 + HPC fif. l+HBT 
6amr 6as- 


*. l+AT n. l + CP 





When B is the oldest of the three lives, the series ex- 
pressing the value of an annuity on the single life C, and 
on the joint lives AC. and AT., are to be continued only 
for as many years as ate equal to the difference between 
the age of B and that of the oldest life in the table. Let 
this difference be denoted by z; the annuities for z years 

by C and A'C, and the annuity for «— 1* years by A*!*; 
the number of persons living at the end of z years at the 
age of C by <r; and let m denote the probability that B 
dies after A ; then will the value in this case be S into 

l«-r-i. ABC +3 a. BC. A'C'. n. l + APC. M+ABT. 
6r 'a or . dmr 6w 



b.i + HBC nt.i + APT. nb. 1 + HPC. bt. 1 + HBT. *. l + AT. 

■ •*- h 1 4 

6ar Qrnsr 6amr 6asr asr 



n. l + CP. . *\*.r— l. V— C* *& j .. .* ^_ c ~ 

— -H -=-— ; 9 CT denoting the varae or an 

annuity on a life 2? years older than C. 

When A is the oldest of the three lives, let x denote the 
difference between the age of A and that of the oldest 
person in the table. Let ft, v, £ 0, &c. represent the num- 
ber 'of the living at the age of B at the end of x 3 a+l $ 

o?+ 2, &c. years, and er, t, v, p, &d the number of the living 
at the age of C ; let *■ represent the probability that B dies 
after A, and G r the value of an annuity on a life x years 

older than C ; then will the value of S in the x + l 8t year, 
depending on the contingency of C's dying after B in that 
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year, or of C's dying in that year, B having died after 
A in either of the foregoing years, be expressed by 



S. •'—*'• ft— » S. «•. r— r 



2msr* 



T~"^ ' *#*+* * I n the x+&% #+8 d , &c. years, 
the payment of S wilt depend on either pf three events : — 
1st. Of Cs dying after B in that particular year; 2dly. Of 
C*s only dying in that year, B having died In either of 

the preceding x+l 9 «-+2» &c. years; or, ScQy. Of C's 
only dying in the year, B having died after A in the first 

X years. Hence the value in the #+2 d year will be S 

into a^=+"» + "SS73 + l^+r» and so on. The fractions 

-5TJT + 1?+? + l^TT +. &c. «e sr ^ . The 

other fractions expanded become 3^+7+ 55^5 + ^^i 



2WWT* 



1— —^—— ^ , ■ in in -l—ii ■ 

r - + 3 + i3+,&c + 1^ xjr + ^ + J+.&c. + — 
x ?+ g +'5 +,&c + = i 7l x= + * + *+»<«. 

01* ■ Ml ■■ 

The first of these series is = £* ,1+ ; the second. = 

— • nT'it 

■"* ***cL ' -^ ' : the third is a continuation of the series — 



MkMHBM^ 



1 aot apu agw rt , ~ , . ,• ' .. 

— X 7" + **" + "»*» ^° # » ^ e f 011 *" 1 1S a continuation 



or 



»». *t- Ml 1.-^1^. 



of the expression — - ; the fifth is — ^-n ?- the six* 

- *=? + ^tt •« ^ seventh = - £?n * and th « 

P2 
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eighth = * ' . Hence the value required in this esse 



•11 i_ o • ^ I— r— l. ABC. + 3C BC. AC. , *. l + APC. 

will be S into — + T -T + amr ' 



M + ABT. ft. l + HBC. n/. l+APT. nft. 1 + HPC. 

— * — « -f. •+■ 

6ar oar Qmsr 6omr 



bt. 1 + HBT. *. l + AT. n. l + CP. u<r 1— BC , ^ 

1 — 1_ — — ^ — f— 1. vr 

6«r 2*r 2mr ^m*r*+l 2 



+ =S^? + '-^^-i BCT and BT being the 
values of an annuity on the joint continuance of two 
lives x years older than BC. and BT. 

When the three lives are all equal the value becomes. 

r= - • — ^-^ ; L, as in the foregoing Notes, represent- 
ing the value of an annuity on the longest of the three 
lives, and V the perpetuity. 

It is to be observed, that the fractions — ' 



2ams 



a—c. m—o.u—w 



■, &c. do not accurately express the second 
contingency in this Problem ; but that, according to the 



_ % . . , , . a—b.m—n. ft— en— o 

Lemma, they should have been — r— = h — - h 



2am 2am 



n—o,a—b — a—b.m—n, b—c.n—o n—o.a—b. o—p.c—d> 

- x /— 11* ■ -I 1 1 

am 2am 2am am 2am 



o—p.a—c 



am 



x u—w, &c. In order to determine how near 

the former approach to the true values, I have, in the fol- 
lowing examples, separately computed each of those latter 
fractions ; and the results appear to differ so little from 
the approximated values, that I think a greater degree 
of accuracy need not be required. 
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Value of d 100 payable on the contingency in this Problem, 
eomputedfrom the Northampton Table, at £± per cent. 



A. 


Ages of 
B. 


C. 


Value by the 
rule. 


Correct value. 


Difference 


10. 


85. 


80 


- 1.467 


- 1.438 - 


0.029 


15. 


75. 


73 


- 2.233 


- 2.150 - 


0.083 


15. 


75. 


35 


- 2.761 


- 2.589 - 


0.172 


15. 


75. 


78 


- 1.698 


- 1.513 - 


0.185 


20. 


65. 


64 


- 3.031 


- 2.912 - 


0.119 


20. 


65. 


70 


- 2.588 


- 2.580 - 


0.008 


70. 


80. 


78 


- 9.457 


- 9.068 - 


0.389 


70. 


80. 


35 


- 10.109 


- 9.618 - 


0.491 



I have chosen those ages in Which the approximation 
was likely to have been most inaccurate ; for if A and B 
are both younger, or differ less from each other than they 
do in these examples, the foregoing rules will be still nearer 
the truth. I have also uniformly supposed the life of B to 
be older than that of A, so that the approximated value 
always errs in excess. If the life of A had been the older 
of the two, it would have been found to have erred nearly 
to the same amount in defect. But as in this latter case 
the value of the reversion is greater than when B is the 
older life, the error must necessarily bear a less proportion 
to the whole value than it does in the preceding examples. 

With regard to the forty-fifth Problem, the error in 
some cases is greater, in others less, than in the present 
Problem. If B and C are both older than A it will be 
nearly twice as great. If one is older and the other 
younger, it will be altogether inconsiderable; for the 
fractions which express the probability of the older of B 

p3 
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and C dying after A will be as much above the truth, as 
the other fractions expressing the probability that the 
younger of these two lives die after A will be below it ; 
and thus the errors of one by correcting those of the other 
will render the computation very nearly accurate. 

Mr. Simpson, in his Select Exercises *, has given the 



TT^>^"^ 



fluent ^~- x xx — - + 4i (when properly corrected), 

as the true value of the reversion in the forty-sixth Pro- 
blem; q denoting unity divided by the rate of interest; 
m the hyperbolic logarithm of q ; a> b 9 c 9 the complements 
of A, B, C ; and x the interval of time during which the 
value is required. But this fluent by no means expressing 
the whole value, . except in the single case where C is the 
oldest of the three lives, I was induced in the former 
edition of this work to complete the solution in all cases ; 
and as the theorems may serve to show the difference 
between the values derived from M. De Moivre's hypo* 
thesis and those derived from the real probabilities of life, 
it may not be improper to insert them in the present Note. 
When C is the oldest qfthe three lives, let A be the value 
of an annuity for the time c \ p the value of j£l at the 

end of c years, and P the perpetuity ; then will die value 

s . 

of the sum S be = — - x X^pc x 2 p*-Ppc«. 

When B is the oldest of the three lives, let the same 
symbols, a y b 9 c, and P, be retained. Let B denote the 
value of an annuity for b years, N the value of an annuity 

for c— b. years, and *• the value of £\ payable at the end 
of b years, the required value will then be expressed by 



lobe " **—*!' * .* jr — *™ - -i — * ^y 



Page 328. 
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When A is the oldest and B the youngest of the three lives, 

o " ' ■ ■ ' ■ ' ' ' ■ a 

the value will be — x C— *a x 2 P«— Pxa* + £ x 



a + 775*1* C being the value of an annuity for a 



ra+l 2r«' 



years, A the value of an annuity for c — a. years, a the 

value of an annuity on a life whose complement is c— a, 
And x the value of ^1 payable at the end da years; the 
other symbols denoting the same quantities as above* 

When A is the oldest and C the youngest qf the three lives, 
the symbols, a, b 9 c, r, P, A, and x, remaining the same as 
in the preceding theorem, let B denote the value of an 

annuity for b—a years, and /3 the value of an annuity on 

a life whose complement is i— a, then will the value be 

S _ ~"~"T" IT S. A S.6— a. B— 2B 

£** C-*« x JP-Pw + ^ + ^j-r?. 

It would be tedious to go through the investigation of 
each of those theorems, and therefore I shall confine 
myself to that of the last, which, comprehending in it all 
the reasoning that has been applied to the solution of the 
ipther three, renders a separate investigation unnecessary* 

The value, according to Mr. Simpson, during the time 

x being --f- x awe— — + 4 * let the fluent be corrected 
by first supposing x to vanish and then to become equal to 
a, and the value during the time a will become -^ — 
t-~ + -r^-z x 0° — 1. Let P be now substituted for its 

went* aocm 9 * 

equal — i, C for 1 — q a x , and x for g*», and the 

s ■ . — 

above expression will be reduced to ^ x C-xa x 

2 P*-~Pxa*. The value of the expectation after the time 
a depends on the contingency of C's dying after the greatest; 

p 4 
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limit of A's life, having previously survived B. Now as 
B may have died within the limit of A's life, though after 
the decease of A, this probability must be taken into con- 
sideration, which) by reasoning as Mr* Simpson has done 
in page 316 of his Select Exercises, will be expressed by 

^. The probability of B's dying in x time after this period 
is -. The sum of these two fractions, or — r — , give the 



whole probability of B's dying in a +x time* according to 
the order in the Problem. The value therefore of the re- 

version during the moment x will be °* ** x - x Sj* =: 
££ x q x x + ^ x q*xx. The fluent of the first expres- 
sion generated while x is increasing from a to b will be 
jjj x B*. The second expression may be changed into 

~ a * x |^~ , whose fluent generated as above is equal to 

6— a. s 



bcr 



x B— /3 f. As this reversion, expressed by both the 
preceding quantities, is not to take place till after the ex- 
piration of a years, its value will be reduced to 2bcfM+ ' m l H- 
~ a< x -zt?. The third and last part of the reversion 

be !""+ * * • 

depends on the event of C's not dying till after the ex- 
tinction of the lives of A and B, A having died before B. 

• So* • 

This expectation during the moment x will be ,— x x 9 

whose fluent, generated while x is increasing from b to c 9 

s 
will be the value of the reversion, and is equal to — mul- 

tiplied into M, the value of an annuity certain for c— b 



* See Simpson's Select Exercises, pag. 324. f Ibid. pag. 327. 
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y&urs # . This being discounted for, 4+1 years will become 
~ "#t+\ * Hence the whole value of all the expectations 



S. a B 6— a. S 



5S + -^^5 or ' b y substituting^ for its equal ^-, 

M S == ~ ~ S. A b^a. S. B-a/l 

Q. E. D. 

When the fives of B and C are very old, the rules cfe- 
rived from these theorems are altogether wrong, and in 
some cases they entirely fail. They have been given here 
merely as a proof (if any proof were necessary) of the ex- 
treme incorrectness of M. De Moivre's hypothesis, when 
applied to complicated cases of this kind. 



NOTE XXXVIII. (Prob. xlviii.) 

In the first year the payment of the given sum will de- 
pend on either of four events : — 1st. That the three lives 
die; 2dly. That A and B die, and C lives ; 3dly. That A 
dies after C, and B lives ; 4thly. That B dies after C, and 
A lives. The fractions expressing these several con- 

* , . ^ J / bms ant 

tingencies may be reduced to — x yams — — 

^- + bnt — —j. In the second and following years the 

payment will depend on either of thirteen events : — 1st. 
That the three lives die in the year ; 2dly. That A and 
B die in the year, and C lives ; 3dly. That A dies after 
C in the year, and B lives ; 4thly. That B dies after C 
in the year, and A lives ; 5thly. That B and C both die 



* Simpson s Select Exercises, pag. 324. 
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ill the year, and A in either of the preceding, years § 
6thly. That A and C both die in the year, and B in either 
of the preceding years ; 7thly . That A and B both die in 
the year, and C in either of the preceding years ; 8thlj. 
That B dies in the year, A in either of the preceding 
years, and C lives ; 9thly. That A dies in the year, B in 
either of the preceding years, and C lives ; lOthly. That 
B dies in the year, C in either of the preceding years,, 
and A lives ; 1 lthly. That A dies in the year, C in either 
of the preceding years, and B lives ; 12thly. That B dies 
in the year, A having died before C in either of the pre- 
ceding years; and, lSthly. That A dies in the year, B. 
having died before" Q in either of the preceding years*, 

From the several fractions expressing these contingencies. 

s 
may be obtained the seventeen following series : — x, 

(ams bra (iou « \ S bms + ans S /ant bou 

"7 7* ■" 7* ' 6CC 7 ^ ^s x r * *aHU x \~ + 7? 

. c P Vf o_ \ . s /*** . cou dpw . Q \ S 
+ ^-, &c) + X (— + -sr + -^r +5 &c.) — X 

r* 7 I ams \ r 1 r* % r* ' / lams 

(bmi cmc dow \ S fobs . pes ads a \ 

+ i x (T + ^+^+» &c -) --xp+$+. 

amsr \r r* r 3 / amsr \ r r* 

e< P o \ . ^ /mi , aos aps \ S taos 

aps t ags - \ S /bms cms dms rt \ S 



(enw tfm» em* \ S /en* do* . eps a \ 

. S lent aou dpto ■« \ S / atrf <^n< 

V«of» M r x vT" + ir > t75"' &c 7~sss; x It + "7T"* 



aow 



°* / t : 2awMr x ^^r + -^- + r3 > «c;- 2anMr x ^— + 

-~- + -^-, &c J These series may at last be reduced to 
S into 1+ ~? A i£: - ^"-aTb - + ££±!£- - AB. + 
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*. HB-CH. 



1ft-. 1 + HPC. **. l + APT. to. l + HBT. , ii. AP-tCP* ,_ 

Sfsar 2twr 2mr 

Bat unless A and B are nearly of the same 

Star " 

age* and both older than C, this rule will not be sufficiently 

correct. 

If B be the oldest of the three lives, the annuities A* 
AC, and HC, should be continued only for as many 
years (z) as are equal to the difference between the age 
of B and that of the oldest life in the Table of Observa- 
tions. Let those annuities respectively be denoted by 
A', A'C, and H'C ; also let <p denote the probability that 
C survives B, A: the number of persons living opposite the 
age of A at the end of z years, then will the value of S 



S. <pk 



after * years be ^r; x r— l.V— A*, V representing the 

perpetuity, and A* the value of an annuity on a life z 
years older than A, and the whole value of the reversion 

in this case will be S into ilEEiE: - ^*+}- + 

r 2r 



A'C + BC . __ * j* . nft.i +HPC _ nt. l + AKT. _ to. l + HBT. 
Qr amr zmsr aoir 



2wir * star c* "*" l * 

JfCbe the oldest of the three lives, the given sum, after 
the necessary extinction of his life, may be received upon 
either of five events : — 1st. If A should have died before 
C, and B died in the *z+l* z+2 d &c. year; 2dly. If B 
should have died before C and A died in those years 
respectively; Sdly, If A and B should both die; 4thly. 
If A should die and B live •, 5thly. If B should die and 
A live in either of those years. Let t denote the proba- 



. j 



* z 9 being the difference between the age of C and that of the 
oldest person in the table. 
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bility that C dies after A, m the probability that C dies 
after B, ft the number of persons living in the table oppo- 
site the age of B at the end of z years, and |3 the same 
number opposite the age of A* then will these contingen- 



x r^.r— i.V-B»» 0*. r— 1. V-A« fr* 



cies be equal ttf ^^i + S»+» + 



amr* 



X 



li — — AB* and the whole value' of the reversion will 



m „. i+r-i.ABC r-i.A' + B' , AC + BC _ 

be S into ; + — AB + 



nb. l + HPC nt. l + APT bt. l + HBT , n. A'P'-CP 

■ "• '■ ■ "■■ ■ ' I —————— mL. 

amr. imsr lasr 2mr 



- x H'tf- HC + ^r x x 1 + AB« + -*-=£+-,— 



«•£. r— l. V— A* 

+ — ; • 

ar*+ l 

If the three lives are of equal age the value becomes 

^P 1 x V-C-CC + ccc. 

The solution of this problem may be obtained by the 
assistance of the 6th and 41st problems. Let Z be the 
value of an annuity by the 6th -problem, X the value of 
anx annuity on the life of A after C, provided C should 
survive B, and Y the value of an annuity on the life 
of B after C, provided C should survive A, both found 
by the forty-first problem, then will the value of the 



r— l 



given sum be S into — x V-Z-X + Y, which 



S. r—l 



becomes — — - xV-C-CC+ CCC as in the pre- 
ceding case when the lives are equal. 



*-B*,A*, &c. being the values of annuities on lives z years 
older than A, B, &c. 
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NOTE XXXIX. (Prob. xlix.) 

In the first year the payment of the given sum depends 
upon either of six events : — 1st That the three lives die ; 
2dly. That A. and B die and C lives ; Sdly. That A dies 
before C, and B lives ; 4thly. That B dies before C, and 
A lives; 5thly. That A dies, and B and C both live; 
6thly. That B dies, and A and C both live ; in the second 
and following years, in addition to the above events, it will 
depend, 7thly. On A and B both dying in the year, C 
having died in one or other of the preceding years; 8thly. 
On B's dying in the year, A having died after C in either 
of the preceding years ; and 9thly. On A's dying in the 
year, B having died after C in either of the preceding 
years. The fractions expressing these several contingen- 
cies being expanded, will form the twenty following series : 

S jams but cou n \ S (bmt cnt dou Q \ 

5S * IT + H + * &c -) -55 x (- + ? + ;r&c.) 

S (ant bot cpu n \ S (but cou dpu 
X (— + -=■ + "T &C.) X (- + T + "V 

« \ . S (ant . bou cpw a \ , S (bmt 

^ + ^ + &c.) -r*-x (t+^ + ^&c.)+£t 

f* r* / lamsr \ r r* r* / vamtr 

(bot t cpu dqw \ S (cnt dot t ept \ 

S (net odu pew a ' \ S (cos dps 

+ ^ir X \T +++■+**) +^ X [ T + £ + 

eqs a \ S (cot dpu egw Q \ S (ant 

004 op* « \ S (ant . aott ajpur \ S 



(aos apt aqt a \ S (aot aim aqw rt \ 

T+ IT + 3-&C.) + 55;x ( 7+ - + ^&c.) 

(6m* cms dms A \ S /bmt emu 

T+ ^ + Tf + &c -)-I^x (- + 1S- 



lamsr 
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dmm . o \ S /mtc . mad mte n \ S 

+ _ + &c.) - __x ( T + - + - +&C.) + 

x (~ + tt +^+&c.) The 1st and 4th series are = 
i_t-j 1 abc : >tne2 d,ioth,andl9th=. - -, the 3d, 8th, and 
I5tn= --' the 5th = '±1*1*1, the 6th = !LE2*fT, 

2 2mar lasr 



*. PC-AP 



die 7th and 16th = *^- , the 9th and 20th = 

2mr 



t. CH-BH ^ nth ^ 12 th = AB - ±J±5L C , the 
I3th = ^, the 17th = ^, the I4th and 18th = - 



BC+ AC « Hence the whole value of the reversion 



2T 



TrA^tt ^ and B are both older than C will be S into 



*™ A + B 

l—r — 1.ABC + 



. at* BC + AC n. PC-AP 

+ AB — - + — -- — + 



r sr 2mr 



b. CH— BH ■ n*. l+APT &M + BHT n*. l + HPC 



i » 



tar imsr voir amr 

If B be the oldest of the three lives, let the same symbols 
be used as in the preceding Note, and the value will be 



A' + B 

l-r-i. ABC + 



2 u at* BC + A'C . n. PC — AP 



S mto i + AU — + 



r 2r 2m* 



t *• CH'-BH . nt. l+APT fo. l + BHT «6. l + HPC 

«tar imsr vasr amr 



+ **•* i'V-A^ ^ - n ^^ case denoting ^ probability 

that B has died after C. 

IfCbe the oldest of the three lives, the given sum may 
be received after the necessary extinction of his life, pro- 
vided either of three events shall happen :— 1st If A shall 
have died after C in the first two years, and B dies in the 

«+! lt *+2 d , &c. year ; 2dly. If B having died after 
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C in the first z years, A dies in the z + 1* z + 2*, 
Sic. year ; 3dly. If both A and B haying survived the first 
x years, the survivor of them dies in any of the following 
years. Let * denote the probability that A dies after C, 
and <p, as above, the probability that B dies after C, then 

A>+B> 

1— r— 1.ABC+ 

will the value of the reversion be S into — 



V AU BC + AC n.PC-A'P' , fc.HC-B'H' n*. i + APT 

2r 2mr 2ar 2nur 



. 6*. l + BHT _ n6. l + HBC , f.&.r-i V~l« 4 «-.#^r~i 
2o*r amr ar** 1 mr z + l 



x V-B* + £^xl-r-l.A* + B*-AB*. ^ ind 

j3 denoting the number of persons living at the end of z.£l* 
jrgars opposite to the ages of B and A. 

This problem may also be solved by the assistance of 
the 41st Problem. Let W be the value of an annuity on 
the life of A after B, provided B survives C, and Z the 
value of an annuity on the life of B after A, provided A 

survives C, then will the value of the given sum be ,r ~ 1 



T 



x V — AB — W + Z» If the three lives are of equal age 
the value may be found either from this or the preceding 

theorems = ^Ti xV+CC-C +CCC. 



NOTE XL. (Prob. l.) 

The value of the given sum in the 1st year depends on 
either of four events: — 1st. That the three lives fail, A 
having died first, or B having died first, A next, and C last ; 
2dly . That A and B die, and C lives ; Sdly. That A dies, 
and B and C both live ; 4thly. That A dies after C and 
B lives. In the second and following years it depends 
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upon either of six events: — 1st. That the three lives fail 
in the year in the order above mentioned ; 2dly. That A 
and B die in the year, and C lives ; 3dly. That A dies in 
the year, and B and C both live ; 4thly. That A- dies after 
C in the year, and B lives ; 5thly. That A dies before C 
in the year, and that B dies in any of the preceding years ; 
6thly. That A dies in the year, B having died in one or 

other of the preceding years, and that C lives. These 

s 
several contingencies in the first year are — x 



+a— o. m—n. t + a—b. nt H J 

In the second year — - x / - cn ~°-'~" tt -}.fl_ c> n—o. u+ 

x ■ 6— c« <— u.o . m—n»b—c»t—u . » „\* 

4— c. ou + + + *»— w.0— c. u 1 

2 2 / 

In the third year-!- x ( c - d -°- p ' u - w +^d. o"Z£. w + 

* amsr* \ 2 

2 2 / 

and so on. These fractions being expanded, &c. will at 

. . i r j S jams bmt . emu a \ S 

last be found = — - x (— -f -r- + -r-&c.) — - — x 

'lams \ r r* r* I lams 

(bmt cmt dmu \ S /ami bmu cmw rt \ 

T + ^+U M +^ x ("7 + •*-+•-*- &c.) 

S /ton* , mcu , mdw _ \ S / m „ 

•f -^ : — ^ J which by Note XVII is the value 

of S depending on the contingency of C surviving A, 
which may be proved from other principles. 

The value of the given sum in this case depends either on 
the contingency of A's life being thejirst that fails of the 
three lives, or on the contingency of C's living to the 
decease of A after the extinction of the life of B. irthe 
algebraical fractions in Notes XIX and XX be added 
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together^ changing m 9 n 9 B, P in the former Note for a, 6> 
A, H, and vice versa, the sum of the terms will be reduced 
to R, or to the value of the given sum depending on the 
contingency of C surviving A. 



<••« 



" '' NOTEXLL (Paoii.iL) 

^ In the first year the* value of the- given sum depends on 
either of three events.:— 1st* > On the extinction of the three 
lives, B having died first, A next, and C last, or B having 
died fir$t, ( C next, and : A last y Sdly* On the extinction of 
the life of A after B, C having lived to the end of the year* 
In the secondhand following years' the value will depend on 
either of five events: — 1st. On the extinction of the three 
lives in the year in the order mentioned above ; 2dly. On 
tfce extinction of the life of* A after B in the year, C sur- 
viving that year ; 3dly. On the extinction of the lives of A 
and C in the year, B having died in either of the preceding 
years; 4thly. On the death of A-in the year, B having 
died .in one or other of the preceding years, and C lived 
tothe^end of the year; Sthly; On the death of A in the 
year, B having died before C in^either, of the preceding 
years. The value therefore of the given sum in the first 

year will be = — X { i + ; ); in 

* t ««■■■• ••*"■• mmt^mWm* m^^^mmm mmmm^^ 

, , S (b—c.n—o.t—u ft— c. n— o. u 

the second year — K x ( . 3 — + ; + 

b^c. T^u. m^n + b^c.m—n. u + b ~'' "*""' *"') ; in the 

' 2 ' 

third year — x C^" - p ' — » + c ~* — »' » + 

* amsr* \ 3 3 

c— d. u— «?. i»— o + c— d. m—o. no •+• ■"" m ~*°* s ~ u ), and 

so on. Having expanded these several fractions, &c w* 

8 
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i«»-£x(= + S + s + to.) s ixf+-nc 



b. l+HBC 



S /6mt SMI orf« , - \ S 6.1+1 

Sams \ r ^ r* ^ r» / 3r a 

S /ant . 6ot . epu - \ S n. l+ACP 

- sz x It + 75 + "* + &e.) = -» x — — 

+ 5SSi x IT + * + TT+ sc -; - £ x 



**. 1 + HPC . S (amt bnu eow . «_ \ ' S 

- + *£i x (t + "* + 7T + *«•) = 5 x 



M+ABT 3 

s 6ams 



ftf.i + HBT S /ant . fcm ctno 

* a* 6atw A 



(6mt am dow M \ S> 

— + -*+-* + & w = - ? 

nf.l+APT S /bnt . c*u d/w . «^ \ 

SxABC . S iH cu . dw . - \ S+AC S 

— T~ + ££ x (7 + * + 7* + te -J = ~ S=r 

v fl4.2±**fcrl - - SABC _ S * /£ +* 
X VT + 7t + 7T &C -/ - —5 2n*r X [r + r« 

«t> , \ Sx6. HC . S /net od* m pew 

+ -+&€.) = --^ +5a^ X (7 f +7iT+^ 

. - \ S. 6. HBC S /b e , <2 . « \ 

+ &C.) = + — x (- + 3 + 3 + S^l 

/ 2ar Star \r ' r" f* A 

(*» co dp „ \ S. AB 

7 + .H + 5+ M = - — - 



S.A 



or 3amr 



S /c d e c \ S A 6 S 

» X (7 + * + * + **) = V X A ~ I + 57 

x (~ + ^ + C + &c \ = !±ii?. The whole value 
therefore will be, when -4 is #* o&fcrt of the three lives = 

S . s + rT].ABC ~i.A , AC-AB , 6. HB-HC , 

- into h — - — + — — + 

r 6 2 2 2a 



no. l+HPC bt. l + HBT iiM + APT 6. l + HBC M+ABT 

•■ — - -■■ — — — — — — 4- ————— +> ■ 

dam 6a« 6m* 6a 6* 

n. l + APC . 

""" am 

When B is the oldest of the three lives, let x be the 
number of years between the age of B and of the oldest 
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person in the table ; r the number of persons living op- 
posite the age of C and a the same number opposite the 
age of A at the end of x years; A', A'C, and H'C the 
values of annuities on those single and joint lives for x 
years, and A* the value of a life x years older than A. 
The given sum may be received after the .first x years on 
the death of A, provided C shall have survived that term, 
or that he shall have died after B in the mean time. Let 
v denote the last-mentioned probability, then will the 

value of this part of the reversion be S into * + 1 x 
** r "~ 1 ' ""^ and the whole value of the reversion = - into 



ft + r-i.ABC r-i.A' A'C-AB m ft. HB-H'C' 



2a 



nb. l+HPC to. l+HBT nt . l f»APT b. l + HBC 

3am *"" . 6« 6m* ' 6a 



*. l+ABT n. l + APC , , r «. r-1. V— A* 

__ : 4- w 4- - x — — 

6* Qm s arx 

When C is the oldest of the three lives, let z be the 
difference between the age of C and of the oldest person 
in the table, A', A'B', and H'B' the values of annuities on 
those single and joint lives for z years, A* the value of a 
life z years older than A, ft the number of persons living 
opposite the age of A at the end of z years, and <p the pro- 
bability that C dies after B, then will the value of the 

. , S . A 2 + rTi.ABC r^T. A' AC-A'B' ' 

reversion be - into ~ — + — — - + 

T O 2 ■* 



ft.H'£*-HC , nb. l + HPC _ bt. l + HBT _ nt. 1 + APT ^_ 
r> ' Qa Stan 6a 6ms 



ft. l + HBC , t. l + ABT _ ».i+APC , - ^ £ x r-i. V-A* 
,"~ 5 6* 3m m 



or 



When the three lives are of equal age, the value will be 



hl^ll x 2V-3C-CCC 

• 6r . 



It 2 
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the? reversion in .this Problem consists of two. parte: 
*-^isfc Of the contingency of receiving the given sum on 
the death of A, provided B should be then dead and G 
living; and 2dly. Of the contingency of receiving it on the 
death of A, provided B should be the first, C the second^ 
and A the third that fails ; — it follows that the present 
solution may be obtained from those of the twenty-seventh 
and forty-sixth Problems. But the computations derived 
from the addition of those of two Problems would be more 
tedious and complicated, and therefore the preceding rules 
are to be preferred. 

t NOTE XLII. (Prob. lii.) 

In die first year the value of the given sum depends upon 
either of four events:- — 1st. On the extinction of the three 
lives, A having been the first or last that failed ; 2dly. Ori 
A/s {laving, be^n the only life that failed; Sdly. On A's 
Allying Atytad before B, and C's having lived ; - 4thly. On 
A's baying failed before C and B's having lived; which 
several contingencies are expressed by the fractions 

a — b* m — n. $—t , «— b. nt . , a— 6. w— n. t \ a— b* t— t. m, 
<Xams ams , lam* nam* 

In the second and following years the value will depend 
on either of six events: — 1st On trie extinction of'thfe 
three lives in the year, A having been the first to last 
that failed ; 2dry. On A's having been the only life that 
failed in the year ; Sdly. On A's having failed before B 
in the year, and C's having lived ; 4thly. On A's having 
failed before C in the year, and B's having liyed ; 5thly. 
On B's having failed in either of the preceding years* and 
A's having died after C in the year ; 6thly. On B's having 
failed before C in either of the preceding years, and A's 
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bmng-died in the year. The contingencies therefore in 
the second- year will be expressed by die fractions 

*— c.n*—o»t— u . 6— c.pu. , 6— c, n— n.u 11 _ b—c.t—u.o . 

_, + ' T T ■ + 

' Sonet anu ams want 

i=-e.Z=k.Zr* + ^.«~.^ b ^ tWrd ■ - by ^ 



fractions c ~ < **°""i ? * «— w i c— d. /m» , c— d. o— /». ur , c—d^tt—tt^p 

2am# ams 2am* <2anu 



+ » ana soon. These frac? 

2am som# 

tions may be reduced into the twelve following series: 

9omj 






* (-T + U +■*• +-^"&c) + — x ( ( T + T? 

*.(? + £ + £ + £^)+±'* £ ■'5t?.+ 

, • . o \ . 1 /en ■ do < ep .\ v i /fa 

+^ + &CJ+ — X ( ? + ^ +-JJ+ &C.) - - X ( r , + 

cw dx \ l (bnu , cow , dpx \ . 

W + TT + *c.) + 55 * fc'+ TT + "^ + &c) + 

jpt .* V75 + 75 + r* &C ^ ~" SST X VTT + r* + 7? 

+ &c.j. From these series the value of the given sum* 
when A is the oldest of the three lives, may be found equal 

— ^ . i-r^.ABC + A , AC AB 6. HB-HB^ 

toSmto - + T -..-5:.+ — ^ 



' •■•». 



*.AT*-AfrT n*. i + APT _ 6*. l+HBT 

TFAnt C ts *A* o&fetf gf *Ae *Ar*e lives, let * denote the 
probability that C dies after B, let z be the difference 
between the age of C and that of the oldest life in the 
table, A', A'B' and H'BV the value of these single and 
joint lives for z years, and A* the value of a life z 
years older than A, then will the value be / S into 

S3 
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^<M»M*a 



i JTZi. ABC + A' AC A'B' 6. H'B>-HBfc U AT -ABO* 

. «i. — I -f- «M *■ ' * 

or ' a ar aor a*r ' 



+ + — = — — ; . a denoting 

the number of persons living in the table opposite to the 
age of A at the end of z years. 

If B be the oldest of the three lives, the value of the 
reversion after the necessary extinction of the life of B 
will depend on either of three events: — 1st On the con- 
tingency of C's having died after him in the first x years, 

and A's having died in the x+ l -t . # + 2*. &c. years ; 2dly. 
On A's having died after C in either of those years ; 
Sdly. On C's having lived and A only having died m 
either of those years, x representing the difference 
between the age of B and the oldest life in the 
table. Let a, /3, y, d, &c. represent the number of 

persons living opposite the age of A at the end of x, x+ 1 } 

x+2, &c. years, and <r, t, v 9 &c. the same numbers oppo- 
site the age of C : Let <p denote the probability that C dies 
after B in x years, and A* be the value of a life x years 
older than A ; then will the value on the first of the above 



mentioned contingencies be ' ' ^+ - x , and the value on 

the 2d and Sd contingencies will be expressed by the firac- 

taong m^ -hi + l^TT + &c - md SHT + £FiT + 

+ ^ x \7 + * + ^ + &c«) - 5^ x (r '+ £ ■ + 

;* + &c.) The 2d and third of these series are = ga<yX+l 

The 1st and 4th are nearly of equal value, and therefore 
may be considered as destroying each other \ hence the 
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whole 'value of the given, sum, supposing A' and A'T.to 
be the values of the single and joint lives for a? years, A! f C 
the value of the joint lives, AC for x + 1 years, and AC* to be 
the value of two joint lives x years older than AC, will be 

« ." 1 - 7^1. ABC + A' A"C AB b. HB-HBC 
S UltO • + + — 



U AT - ABT nt. l + APT fr. l + HBT ' (p.m. r-i.V^A* 
2*r ' 2m*r 2«r ' "*" or* + * 

ijf the three lives be of equal age the value becomes 

— — X V-C + CC- CCC. 

The solution of this Problem may also be derived from 
the twenty-eighth and forty-sixth Problems, by " finding 
"the value on the death of A, should his life be the first 
" that failed; and also the value should B be the first, C 
«' the second, and A the third, that failed ;" hut the fore- 
going rules, in being more simple, are preferable. 

In the particular case of the equality of the three lives. 



the value by these Problems/will be 



S.r-i. V-CCC 



S.r-i. V-3C+3CC-rCCCv_ S.r— l.V— C + CC — CCC 

5- Tr * agreeing 

with the value given above, and therefore proving the truth 
of the solution. 

NOTE XLIII. (Prob. uir.) 

The value of the given sum in the first yeas will depend 
on the event of the three lives, failing, C having died after 

A, and will be expressed by the fraction s,fl " u " B ' '-* 

lamsr 

In the second and following years it will depend on either 
of five events : — 1st. On the failure of the three lives in 
the year, C having died after A ; 2dly. On the failure 

* 

of the life of A in the preceding years, and of both the 
lives of B and Cin the year; Sdly. On the failure of the 
life of C after A in the preceding years, and of the life of 

8 4 
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B only in die year; 4thly . On the failure of thelife of B in the 
preceding years, and of the life of € afiet A in< the -year \ 
5thly. On the failure of the lives of A and. B in the pre* 
ceding years, nhd ctf f the life of O only in die year.' The 
value of the reversion therefore for the second year will be 

8. b — c.n—o. t—u . S. o— b. n— o. t— u . S.a—b. s—t. n — o . 
—_— — . -j- _____ -J- ' -f- 

Qanwr* • - amsr* 2atitsr* 



S.t-c. <-«. m-n. + S.m-n. a-b.t-u. fpr ^ e ^ 

««MBMi8 iiwi«4' ;.'.:•'■ 



2am«r3 amsr* 



S.c— d. o— p. w— w , S.a— c. o— 7>.ir— wr , S. a— c.i— u. o— ;r , 

5£* + S£S ' + 555£ + 

8.^5. ^.^ ^ 8.^>^g« ^a ^ on & the oth)?r 

years. These, fraction^ being expanded will form twenty- 
six different sefiep, the sum of which, by proceeding as 
in the foregoing notes, may at last be found sr S into 

nb. l+HPC. _ nt. 1+ APT. , BC. _ AB. , h. AP— CP. __ 
Mwr 2nwr ,- 2i.. . . 2r / . 2mr 

r— l. ABC — BC + B. , l— 7— 7. 2C— AC. . t. i + AT. , *. l + HC, 
3r - - ■ ■ 2r 2*r 2ar • 

The last three fractions express the value of S by Prob. 
xxvi* on the contingency of C dying after A ; which being 
denoted by R; anftthg firit two fractions being ttenoted bj 
E, the value, when B is the oldest of the three Woets, will' be 

E 4- R4- BC ' 4- *' AP ~ CP * _ r^I.ABC + B— BC« __ AB 
2 2ffcr * 2r 2r 

ffftia C is the oldest of the three lives, the general rule 



*11 b E 4- ft 4- »- A ^ ,w ' cp » 4l^ BC - — A^_ r-i.ABC + B^-BC* 

2mr 2 2r 2r 

+ ^ <r * r - 1 - V ~ B * . x denoting the difference between the 

age of C and of the oldest person in the table; ft the 
number of persons living at the age of B after x years ; 
B', A'Py and A'B' the values of annuities on those single 
and joint lives for x years ; and * the probability that C 
dies after A. 
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f Wke^Akike obtest ef the three lives, let » be the dif- 
fereuce between the age of A and of the 'oldest person in 
the table, and CP' and B'C be the values of those 
joint lives for ^years:* H Afti# thW eXtiiic^nbf A^s Hfe 
the given siha 'nfty be 'rebeiv&i'tih efth&r 6f tbree'events: 

— 1st. On the death of B in the z+l 9 s+6, **-F3, &c, 
year, & having dfed 1 after A itt' thfe Hrst k yekrs ; My. X)n 
tile death of C in the's^- T, z'± % &c." year, B having d$d 
in the first z years ; Sdly. On the extinction of both the 
lives of B and C after the first z years. Let <p denote the 
probability that -C dies ^er A in * years, jt and <r rer 
spectively the number of persons living opposite the ages 
of B and C at the end of z years, and the value on the 
fiijst apd second of the above contingencies will be =; S. 

into #*' ^\=» + ^'* ^, Eg. Letv,£,o,&c.be 

the number of persons living at the age of B» and t, u, 
X, &c. the number of persons living at the age of Cat the 
dnd of s+1, z+2,z+8> &c. years, and the value on the 

third conti%hcy till fe ^'int8 ^ '+ ^» l + g, *cc. 
+ A +, &c. - I --^ -, be. - - --j^- ^,&c. 

_ S^ x i-^T.^ + C-BC^ ^ ^ wh()le value ^ n tjjjg 

nwr 2 r 



case will be E + R + S into ^£z££' _ r-i.ABC + B>-B>c> 

2mr 2r 



AB. , B'C . <pu. r-1. V— B* , m-u.fl-.r-i.V-0 , 

+ + ZL. - -|- L „ -f- 

2r 2 inr*+ l nwr*+l 



^* r ""^ + j" ' ; L* being the value of the longest of two 
lives z years older than B and C. 



234 NOTES. 

When Hie three lives are of equal age, the value of the given 



S.r-i. 



sum will be °^lZii x V-SC+ SCC-CCC, or "half 

the value of the reversion after the extinction of the three 
lives/' which from self-evident principles is known to be 
the true value. 

The solution of this Problem being also derived from 
the solutions of the 41st and 26th Problems, the accuracy 
of the foregoing theorems may be satisfactorily proved in 
the particular case of the equality of the three lives : thus, 

the value by Prob.xu. will be s.^I.c- a cc+ccc. >and 

2r 



the value by Prob. xxvi. will be Sr ~ l - v -, aC + cc . The 

former ofthes e values being subtracted from the latter will 

leave ?ilzi x V-SC + SCC-CCC, as given abdve. 

The rules derived from the foregoing solution are nearly 
as simple as those derived from the above-mentioned Pro- 
blems, though not capable of being so concisely expressed 
in words, and therefore not so well adapted for general 
use. 



Shewing the Probabilities of the Duration of Human Life 
at all Ages, formed from the Register of Mortality at 

, Northampton, for 46 Years, from 1735 to 1780. 



Are. 


UA* 


Deer. 


Ap. 


Living. 


Deer. 


Age. 


Living. 


Deer. 





11650 


13-10 


31 


4310 


73 


65 


1632 


80 


3 months 


10310 


554 


32 


4235 


75 


66 


1552 


80 


6 months 


9756 


693 


33 


4160 


76 


67 


1472 


80 


9 months 


9203 


553 


34 


4085 


75 


6S 


1392 


80 


1 year 


8650 


1367 


35 


4010 


75 


m 


1312 


80 


2 years 


7283 


502 


36 


3935 


75 


70 


1232 


60 


3 


6781 


335 


37 


3860 


75 


71 


1152 


80 


4 


6446 


VJ7 


38 


3785 


75 


72 


1072 


80 


5 


6249 


184 


39 


3710 


ft 


73 


992 


SO 


6 


6065 


110 


40 


3635 


ft 


74 


912 


80 


7 


5925 


110 


41 


3559 


n 


75 


832 


80 


8 


5815 


80 


■12 


3482 


78 


76 


752 


77 


9 


5735 


60 


-13 


3404 


ft 


77 


675 


73 


10 


5675 


52 


■U 


3326 


78 


78 


602 


68 


11 


5623 


50 


-15 


3248 


78 


79 


534 


65 


12 


5573 


50 


■16 


3170 


78 


80 


469 


63 


13 


5523 


50 


47 


3092 


78 


81 


406 


60 


14 


5473 


50 


48 


3014 


78 


82 


346 


57 


15 


5423 


50 


49 


2936 


79 


83 


289 


55 


16 


5373 


53 


50 


2857 


81 


84 


234 


48 


17 


5320 


58 


51 


2776 


82 


86 


186 


41 


18 


5262 


63 


52 


2694 


82 


86 


145 


34 


19 


5199 


67 


53 


2612 


82 


87 


III 


28 


20 


5132 


72 


54 


2530 


82 


88 


83 


21 


21 


5060 


75 


35 


2448 


82 


81) 


62 


16 


22 


4985 


75 


66 


2366 


82 


90 


46 


12 


23 


4910 


75 


5; 


2284 


82 


91 


34 


10 


24 


4835 


75 


58 


2202 


82 


112 


24 


8 


25 


4760 


75 


59 


2120 


82 


93 


16 


7 


26 


4685 


75 


CO 


2038 


82 


M 


9 


5 


27 


4610 


75 


61 


1956 


82 


95 


4 


3 


28 


4535 


ft 


62 


1874 


81 


96 


1 


1 


29 
30 


4460 

4385 


"5 
75 


63 
64 


1793 
1712 


81 
80 


Total 


299,198 




11650 



* ThU and the fire following Tables hare been taken from 
Dr. Price's Treatise on Reversionary Payments, &c. 
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TABJJ5S, 



TABLE H. 

Shewing the Expectations of Human Life at every 
Age, deduced from the Northampton Table of Ob- 
servations. 



Ages. 



Expectat. 


Ages. 

25 


Expectat. 


Age». 


Expectat. 


Ages. 


Expectat. 


i 

25-18 


30.85 


50 


17.99 


75 


6.54 


1 


32.74 


26 


30.33 


51 


17.50 


'76 


6.18 


2 


37.79 


27 


29.82 


52 


17.02 


77 


5.83 


3 


39.55 


28 


29.30 


53 


16.54 


78 


5.48 


4 


40.58 


29 


28.79 


54. 


16.06 


79 


5.11 


5 


40.84 


30 


2.8.27 


55 


15.58 


8Q 


4.75 


6 


41.07 


31 


27.76 


56 


15.10 


81 


4.41 


7 


41.03 


32 


27.24 


57 


14.63 


82 


4.09 


8 


40.79 


33 


26.72 


58 


14,15 


83 


3.80 


9 


40.36 


34 


26.20 


59 


13.68 


84 


3.58 


10 


39.78 


35 


25.68 


60 


13.21 


85 


3.37 


11 


39.14 


36 


25,16 


61 


12.75 


86 


3.19 


12 


38.49 


37 


24.64 


62 


12.28 


87 


3.01 


13 


37.83 


38 


24.12 


63 


11.81 


88 


2.86 


14 


37.17 


39 


23.60 


64 


11.35 


89 


2.66 


15 


36.51 


40 


23.08 


65 


10.88 


90 


2.41 


16 


35.85 


41 


22.56 


66 


10.42 


91 


2.09 


17 


35.20 


42 


22.04 


67 


9.96 


92 


1.75 


18 


34.58 


43 


21.54 


68 


9.50 


93 


1.37 


19 


33.99 


44 


31.03 


69 


9.05 


94 


1.05 


20 


33.43 


45 


20.52 


70 


8.60 


95 


0.75 


21 


32.90 ' 


46 


20.02 


71 


8*17 


9 g 


0.50 


22 


32.39 


47 


19,51 


72 


7.74 






23 


31.88 


48 


19.00 


73 


7.33 


\ 




24 


31.36 

r 


: 


18;49 


.« 


6.92 
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«S7 



TABLE III. 



i • 



Shewing the Value of an Annuity on a Single Life at 
every Age according to the Probabilities of the Duration 
of Human Life at Northampton. 



Ages. 



Birth 
iyear 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 
12 

id 

14 
15 
16 
17 
18 

19 
JJO 
21 
22 
83 
24 
25 
26 
27 
28 
29 
30 
31 
32 



Value at 
Z per Cent. 



16.021 
18.599 
19.575 
20.210 
20.473 

20.727 
20.853 

20.885 

20.812 

20.663 

20.480 

20.283 

20.081 

19.872 

19.657 

19.435 

19.218 

19.013 

18.820 

18.638 

18.470 

18.311 

18.148 

17.983 

17.814 

17.642 

17.467 

17.289 

17.107 

16.922 

16.732 

16.540 



Value at 
4 per Cent. 

10.327 

13.008 

13.465 

15.633 

16.462 

17.010 

17.248 

17.482 

17.611 

17.662 

17.625 

17.523 

17.393 

17.251 

17.103 

16.950 

16.791 

16.625 

1 6.462. 

1 6.309 

16.167 

16.033 

15.912 

15.797 
15.680 
15.560 
15.438 
16.312 
15.184 
15.053 
14.918 
14.781 
14.639 
14.495 



Value at 
5 per Cent. 



8.863 
11.274 
11.563 
13.420 
14.135 
14.613 

14.827 
15.041 
1*5,1 66 
15.226 
15.210 
15.139 
15.043 
14.937 
14.826 
14.710 
14.588 
14.460 
14.334 
14.217 
14.108 
14.007 
13.917 
13.833 
13.746 
13.658 

13.567 
13.473 
13.377 
13.278 
13.177 
13.072 
12.965 
12.854 



Value at 
6 per Cent. 



10.107 
11.724 
12.348 
12.769 
12.962 
13.150 
13.275 

13.337 
13.335 

13.285 
13.212 
13.130 
13.044 
11953 
12.857 
12.755 
12.655 
12.562 
12.477 
12.398 
12.329 
12.265 
12.200 
12.132 
12.063 
11.992 
11.917 
11.841 
11.763 
11.682 
11.598 
11.512 



Value at 
7 per Cent. 



8.963 
10.391 
10.941 
11.315 
11.489 
11.666 
11.777 
11.840 
11.846 
11.809 
11.752 

11.687 
11.618 
11.545 
11.467 
11.384 
11.302 
11.226 
11.157 
11.094 
11.042 
10.993 
10.942 
10.890 
10.836 
10.780 
10.723 
10.663 
10.602 
10.539 
10.473 
10.404 



Value at 
8 per Cent. 



8.046 
9.321 
9.812 

10.147 

10.304 

10.466 

1 0.570 

10.631 

10.641 

10.614 

10.569 

10.517 

10.461 

10.401 

10.337 

10.268 

10.200 

10.137 

10.081 

10.030 

9.986 

9.947 

9.907 

9.865 

9.823 

9.778 

9.732 

9.685 

9.635 

9.584 

9.531 

9.47tf 
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Table III. — continued. 



1 Ages. 


1 Value at 


Value at 


Value at 


I Value at 


J Value at 


Value at 


J per Cent. 


, 4 per Cent. 


5 per Cent 


. 6 per Cent 


• 7 per Cent 


. 8 per Cent 


33 


1 6.343 


14.347 


12.740 


11.423 


10.333 


9.418 


34 


16.142 


14.195 


12.623 


11.331 


10.260 


9.359 


35 


15.938 


14.039 


12.502 


11.236 


10.183 


9.296 


36 


15.729 


13.880 


12.377 


11.137 


10.104 


9.231 


37 


15.515 


13.716 


12.249 


11.035 


10.021 


9.164 


38 


15.298 


13.548 


12.116 


10.929 


9.935 


9.093 


39 


15.075 


13.375 


11.979 


10.819 


9.845 


9.019 


40 


14.848 


13.197 


11.837 


10.705 


9.752 


8.941 


41 


14.620 


13.018 


11.695 


10.589 


9.657 


8.863 


42 


14.391 


12.838 


11.551 


10.473 


9.562 


8.783 


43 


14.162 


12.657 


11.407 


10.356 


9.466 


8.703 


44 


13.929 


12.472 


11.258 


10.235 


9.366 


8.620 


45 


13.692 


12.283 


11.105 


10.110 


9.262 


8.533 


46 


13.450 


12.089 


10.947 


9.980 


9.154 


8.443 


47 


13.203 


11.890 


10.784 


9.846 


9.042 


1 8.348 


48 


12.951 


11.685 


10.616 


9.707 


8.925 


8.249 


49 


12.693 


11.475 


10.443 


9.563 


8.804 


8.146 


50 


12.436 


11.264 


10.269 


9.417 


8.681 


8.041 


51 


12.183 


11.057 


10.097 


9.273 


8.559 


7.937 


52 


11.930 


10.849 


9.925 


9.129 


8.437 


7.833 


53 


11.674 


10.637 


9.748 


8.980 


8.311 


7.725 


54 


11.414 


10.421 


9.567 


8.827 


8.181 


7.614 


55 


11.150 


10.201 


9.382 


8.670 


8.047 


7.499 


56 


10.882 


9.977 


9.193 


8.509 


7.909 


7.379 


57 


10.611 


9.749 


8.999 


8.343 


7.766 


7.256 


58 


10.337 


9.516 


8.801 


8.173 


7.619 


7.128 


59 


10.058 


9.280 


8.599 


7.999 


7.468 


6.996 


60 


9.777 


9.039 


8.392 


7.820 


7.312 


6.860 


61 


9.493 


8.795 


8.181 


7.637 


7.152 


6.719 


62 


9.205 


8.547 


7.966 


7.449 


6.988 


6.574 


63 


8.910 


8.291 


7.742 


7.253 


6.815 


5.421 


64 


8.611 


8.030 


7.514 


7.052 


6.637 


6.262 


65 


8.304 


7.761 


7.276 


6.841 


> 6.449 


6.095 


66 


7.994 


7.488 


7.034 


6.625 


6.256 


5.922 


67 


7.682 


7.211 


6.787 


6.405 


6.058 


5.743 


68 


7.367 


6.930 


6.536 


6.179 


5.855 


5.559 


69 


7.051 


6.647 


6.281 


5.949 


5.646 


5.370 


70 


6.734 


6.361 


6.023 


5.716 


5.434 


5.176 


71 


6.418 


6.075 


5.764 


5.479 


5.218 


4.978 


72 


6.103 


5.790 


5.504 


5.241 


5.000 


4.778 
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TABLE IV.— continued. 



Ages. 


Value at 8 per 


Value at 4 per 


Value, at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


34-34 


11.902 


10.759 


9.801 


8.984 


35-35 


11.722 


10.612 


9.680 


8,883 


- 36-36 


11.539 


10.462 


9,555 


8.778 


37-37 


11.351 


10.307 


9.427 


8.670 


38-38 


11.160 


10.149 


9.294 


8.558 


39-39 


10.964 


9.986 


" 9.158 


8.442 


40-40 


10.764 


9.820 


9.016 


8.322 


41-41 


10.565 


9.654 


8.876 


8.202 


42-42 


10.369 


9.491 


8.737 


8.083 


43-43 


10.175 


9.326 


8.599 


7.965 


44-44 


9.978 


9.160 


8.457 


7.843 


45-45 . 


9.776 


8.990 


8.312 


7.718 


46-46 


9.571 


8.815 


8.162 


7.589 


47-47 


9.362 


8.637 , 


8.008 


7.455 


48-48 


9.149 


8.453 


7.849 


7.316 


49-49 


8.931 


8.266 


7.686 


7.173 


50-50 


8.714 


8.081 


7.522 


7.030 


51-51 


.8.507 


7.900 


7.366 


6.893 


52-52 


8.304 


7.723 


7.213 


6.758 


53-53 


8.099 


7.544 


7.056 


6.620 


54-54 


7.891 


7.362 


6.897 


6.480 


55-55 


7.681 


7.179 


6.735 


6.336 


56-56 


7.470 


6.993 


6.571 


6.190 


57-57 


7.256 


6.805 


6.404 


6.041 


58-58 


7.041 


6.614 


6.234 


5.890 


59-59 


6.824 


,6.421 


6.062 


5.735 


60-60 


6.606 


6.226 


5.888 


5.579 


61-61 


6.387 


6.030 


5.712 


5.420 


62-62 


6.166 


5.831 


5.533 


5.259 


63-63 


5.338 


5.626 


5.347 


5.089 


64-64 


5.709 


5.417 


5.158 


4.917 


65-65 


5.471 


5.201 


4.960 


4.736 


66-66 


5.231 


4.982 


4,759 


4,551 


67-67 


4.990 


4.760 


4.555 


4.363 


68-68 


4.747 


4.537 


4.348 


4.171 


69-69 


4.504 


4.312 


4.140 


3.977 


70-70 


4.261 


. 4.087 


3.930 


3.781 


71-71 


4.020 


3.862 


3.719 


3.584 


72*72 


3.781 


3.639 


3.510 


3.387 


73-73 


3.548 


3.421 


3.304 x 


3.193 


74-74 


i 3.324 


3.211 


3.105 


3.005 



[ TA0LE IV. 

Shewing the Value of an Annuity on ihejoint_ Continuance ' 
of Two Lives, haying the .same conjmon Age, accord- ■, 
ingto the Northampton Table of Observations. 

Difference of Age 0. , 





Value st a per 


Value at 4 per 


Value at * per 


Vdtwittper 


Ages. 


Cent. 


Cent. 


Cent. 


Cent. 


1- 1 


9.491 


8.252 


7.287 


6.515 


2- 2 


12.789 


11.107 


9.793 


8-741 


3- 3 


14.196 


12.325 


10.862 


9.689 


4- 4 


15.161 


13.185 


11.621 


10.365 


5- 5 


15.638 


13.591 


1 1.984 


10.691 


6- 6 


16.099 


14.005 


12.358 


11.031 


7- 7 


16.375 


14.224 


12.S9G 


11.25,1 


8- 8 


16.510 


14.399 


12.731 


11.382 


9- 9 


lfi.483 


14.396 


12.744 


11.404 


10-10 


16.339 


14.277 


12.665 


11.345 


11-11: 


16.142 


14.133 


12.546. 


11.249 


12-12 


15.926 


13.966 


12.411 


11.139 


13-13 


15.702 


■13.789 


12.268 


11.023 


14-14 


15.470 


13.604 


12.118 


10.899 


15-15 


15.229 


13.411 


1 1.960 


10.767 


16-16 


14:979 


13.212 


11.793 


10.626 


17-17 


14.737 


13.019 


11-630 


10.489 


18-18 


14.516 


12.841 


11.483 


10.365 


19-19 


14.316 


12.679 


11.351 


10.255 


20-20 


14.133 


12.535 


11.232 


10.156 


21-21 


13.974 


12.409 


11.131 


10.074 


22-22 


13.830 


12.293 


11.042 


10.002 


23-23 


13.6S8 


12.179 


10.951 


9.928 


24-24 


13.534 


12.062 


10.858 


9-853 


25-25 


13.383 


11.944 


10-764 


9.776 


26-26 


13230 


11.822 


10.667 


9697 


27-27 


13.074 


11.699 


10.567 


9.616 


28-28 


12.915 


11.573 


10.466 


9.533 


29-29 


12754 


11.445 


10.362 


9.448 


30-30 


12.589 


11.313 


■ 10.255 


9.360 


31-31 


12.422 


11.179 


10.146 


9.270 


32-32 


12.252 


1 1 .042 


10.034 


9.178 


33-33 


12.079 


10.902 


9.919 


9.082 
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TABLE IV .—continued. 



Ages. 


Value at 8 per 


Value at 4 per 


Value, at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


34-34 


11.902 


10.759 


9.801 


8.984 


35-35 


11.722 


10.612 


9.680 


'8.883 


36-36 


11.539 


10.462 


9.555 


8.778 


37-37 


11.351 


10.307 


9.427 


8.670 


38-38 


11.160 


10.149 


9.294 


8.558 


39-39 


10.964 


9.986 


' 9.158 


8.442 


40-40 


10.764 


9.820 


9.016 


8.322 


41-41 


10.565 


9.654 


8.876 


8.202 


42-42 


10.369 


9.491 


8.737 


8.083 


43-43 


10.175 


9.326 


8.599 


7.965 


44-44 


9.978 


9.160 


8.457 


7.843 


45-45 . 


9.776 


8.990 


8.312 


7.718 


46-46 


9.571 


8.815 


8.162 


7.589 


47-47 


9.362 


8.637 , 


8.008 


7.455 


48-48 


9.149 


8.453 


7.849 


7.316 


49-49 


8.931 


8.266 


7.686 


7.173 


50-50 


8.714 


8.081 


7.522 


7.030 


51-51 


.8.507 


7.900 


7.366 


6.893 


52-52 


8.304 


7.723 


7.213 


6.758 


53-53 


8.099 


7.544 


7.056 


6.620 


54-54 

i 


7.891 


7.362 


6.897 


6.480 


55-55 


7.681 


7.179 


6.735 


6.336 


56-56 


7.470 


6.993 


6.571 


6.190 


57-57 


7.256 


6.805 


6.404 


6.041 


58-58 


7.041 


6.614 


6.234 


5.890 


59-59 


6.824 


,6.421 


6.062 


5.735 


60-60 


6.606 


6.226 


5.888 


5.579 


61-61 


6.387 


6.030 


5.712 


5.420 


62-62 


6.166 


5.831 


5.533 


5.259 


63-63 


5.338 


5.626 


5.347 


5.089 


64-64 ' 


5.709 


5.417 


5.158 


4.917 


65-65 


5.471 


5.201 


4.960 


4.736 


66-66 


5.231 


4.982 


4,759 


4,551 


67-67 


4.990 


4.760 


4.555 


4.363 


68-68 


4.747 


4.537 


4.348 


4.171 


69-69 


4.504 


4.312 


4.140 


3.977 


70-70 


4.261 


• 4.087 


3.930 


3.781 


71-71 


4.020 


3.862 


3.719 


3.584 


72-72 


3.781 


3.639 


3.510 


3.387 


73-73 


3.548 


3.421 


3.304 x 


3.193 


74-74 


3.324 


3.211 


3. 1 05 


3.005 
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TABLES. 

TABLE IV .—continue*!. 



Ages. ' 


Value at 3 per , 


Value at 4 per 


Value at 5 per 


1 

Value at 6 per 


Cent. j 


Cent. 


Cent. 


Cent. 


75-75 


3.114 


3.015 


2.917 


2.827 


76-76 


2.920 


2.833 


2.750 


2.668 


77-77 


2.741 


2.656 


2.583 


2.511 


78-78 


2.550 


2.470 


2.410 


2.346 


79-79 


2.338 


.2.271 


2.217 


2.161 


80-80 


2.122 


2.068 


2.018 


1.969 


81-81 


1.917 


1.869 


1.827 


1.786 


82-82 


1.719 


1.681 


1.642 


1.606 


83-83 


1.538 


1.510 


1.472 


1.441 


84-84 


1.416 


1.387 


1.357 


1.330 


85-85 


1.309 


j 1.339 


1.256 


1.232 


86-86 


1.218 


j 1.195 


1.171 


1.149 


87-87 


1.141 


| 1.124 


1.098 


i.078 


88-88 


1.103 


i 1.030 


1.063 


1.044 


89-89 


1.036 


• 1.015 


1.001 


0.984 


90-90 


0.938 


0.922 


0.909 


0.895 


91-91 


0.769 


0.756 


0.748 


0.737 


92-92 


0.591 


0.583 


0.576 


0.569 


93-93 


0.369 


0.365 


0.361 


0.357 


94-94 


0.203 


0.201 


0.199 


0.197 


95-95 


0.060 


0.060 


0.059 


0.058 


96-96 


0.000 


0.000 


0.000 


0.000 



Difference of Kgejive Y$ars. 



Ages. 


Value at 3 per 


Value* at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-6 


12.347 


10.741 


9.479 


8.467 


2-7 


14.461 


12.581 


11.100 


9.911 


3- 8 


15.300 


13.319 


11.755 


10.498 


4-9 


15.809 


13.775 


12.165 


10.869 


; 5-10 


15.974 


13.933 


12.315 


11.010 


6-11 


16.110 


14.068 


12.447 


11.136 


7-12 


16.137 


14.111 


12.498 


11.192 


8-13 


16.089 


14.089 


12.492 


11.197 


9-14 


15.957 


13.992 


12.421 


11.144 


10-15 


- 15.762 


13.841 


12.302 


11.048 




TABLES. 
TABLE IV.— continued. 



ii» 


Value m 3 per 


Vitus « 4 per 


Value it 5 per 


Value stfiper 


Cm, 


Cent. 


Cent. 


Cent. 


11-16 


15.538 


13.664 


12.158 


10.929 


12-17 


15.308 


13.480 


12.009 


10.805 


13-18 


15.086 


13.303 


11.864 


10.685 


14-19 


14.870 


13.130 


11.723 


10.568 


15-20 


14.660 


12.961 


11.585 


10.453 


16-21 


14.457 


12.799 


11.452 


10.342 


17-22 


14.265 


12.646 


11.327 


10.239 


18-23 


14.082 


12.500 


11.209 


10.140 


19-24 


13.908 


12.361 


11.096 


10.048 


20-25 


13.741 


12.229 


10.989 


9.960 


21-26 


13.584 


12,105 


10.890 


9.879 


22-27 


13.433 


11.987 


10.796 


9.803 


23-28 


13.280 


1 1.866 


10.699 


9.724 


24-29 


13.124 


U.743 


10.600 


9.643 


25.30 


12.966 


11.618 


10.499 


9.561 


26-31 


12.805 


11.489 


10.396 


9.476 


27-32 


12.641 


11.359 


10.289 


9.389 


28-33 


12.474 


11.225 


10.181 


9.299 


29-34 


12.304 


11.088 


10.069 


9.207 


30-35 


12.131 


10.948 


9.954 


9.112 


31-36 


11.955 


10.805 


9.837 


9.014 


32-37 


11.775 


10.659 


9.716 


8.913 


33-38 


11,592 


10.508 


9.591 


8.808 


34-39 


11.404 


10.354 


9.463 


8.701 


35-40 


11.213 


10.196 


9.331 


8.589 


36-41 


1 1.021 


10.037 


9.198 


8.476 


37-42 


10.828 


9.877 


9.062 


8.362 


38-43 


10.635 


9.716 


8.927 


8.246 


39-44 


10.437 


9.550 


8.787 


8.127 


40-45 


10.236 


9.381 


8.643 


8.003 


41-46 


10.033 


9.210 


8.497 


7.878 


42-47 


9.829 


9.037 


8.350 


7.751 


43-48 


9.624 


8.862 


8.200 


7.621 


44-49 


9.414 


8.683 


8.046 


7.488 


45-50 


9.204 


S.503 


7.891 


7.353 


46-51 


8.997 


8.326 


7.737 


7.219 


47-52 


8.790 


8.147 


7.582 


7.084 


48-53 


8.579 


7.965 


7.424 


6.945 


49-54 


8.366 


7.780 


7.262 


6.802 


50-55 


8.152 


7.593 


7.098 


6.658 


51.56 


7.941 


7.409 


6.936 


6.515 
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TABLES. 



Table IV. — continued. 



A ___ 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Ages. 


m 

Cent. 


Cent. 


Cent. 


Cent. 


52-57 


7.730 


7.225 


6.774 


6.371 


53-58 


7.518 


7.039 


6.609 


C.225 


54-59 


7.304 


6.850 


6.442 


6.076 


55-60 


7.088 


6.659 


6.272 


5.924 


56-61 


6.870 


6.465 


6.100 


5.770 


57-62 


6.651 


6.270 


5.925 


5.613 


58-63 


6.427 


6.070 


5.744 


5.450 


59-64 


6.201 


5.867 


5.561 


5.284 


60-65 


5.970 


5.658 


5.372 


5.112 


61-66 


5.737 


5.447 


5.180 


4.938 


62-67 


5.503 


5.285 


4.986 


4.760 


63-68 


5.265 


5.017 


4.786 


4.576 


64-69 


5.025 


4.798 


4.585 


4.390 


65-70 


' 4.783 . 


4.573 


4.378 


4.199 


66-71 


4.540 


4.349 


4.169* 


4.005 


67-72 


4.298 


4.124 


3.960 


3.811 


68-73 


4.059 


3.901 


3.752 


3.616 


69-74 


3.825 


3.683 


3.547 


3.423 


70-75 


3.599 


3.471 


3.347 


3.236 


71-76 


3.386 


3.270 


3.159 


3.059 


72-77 


3.176 


3.070 


2.971 


2.882 


73-78 


2.963 


2.869 


2.780 


2.701 


74-79 


2.743 


2.659 


2.580 


2.511 


75-80 


2.526 


2.448 


2.381 


2.323 


76-81 


2.325 


. 2.258 


2.195 


2.147 


77-82 


2.131 


2.077 


2.013 


1.975 


78-83 


1.947 


1.899 


1.838 


1.810 


79-84 


1.793 


1.751 


1.750 


1.672 


80-85 


1.645 


1.608 


1.573 


1.539 


81-86 


1.511 


1.478 


1.447 


1.417 


82-87 


1.385 


1.356 


1.329 


1.303 


8 N 3-88 


1.284 


1.259 


1.235 


1.212 


84-89 


1.188 


1.1M 


1.145 


1.124 


85-90 


1.074 


1.054 


1.038 


1.021 


86-91 


0.921 


0.902 


0.892 


0.$79 


87-92 


0.756 


0.738 


0,734 


0.7?5 


88-93 


0.562 


0.554 


0.547 


0.541 


89-94 


0.377 


0.373 


0.369 


0.365 


90-95 


0.179 


0.177 


0.175 


0.174 


91-96 


0.000 


0.000 


0.000 


6.000 



TABLES. 

Table IV.— continue*. 

Difference of Age ten Years. 





Value at a 


Value at i per 


Value at S per 


Value at 6 pet 


Afffi 


Cent. 


Cent. 


Cent. 


Cent. 


l-II 


12.346 


10.782 


9.544 


8.547 


2-12 


14.239 


12.433 


11.010 


9.857 


3-13 


14.895 


13.019 


11.528 


10.324 


4-44 


15.287 


13.374 


11.850 


10.617 


5-15 


15.391 


13.479 


11.954 


10.716 


6-16 


15.486 


13.578 


12.052 


10.812 


7-17 


15.490 


13.599 


12.083 


10.849 


8-18 


13.430 


13.569 


1 2.070 


■ 10.847 


9-19 


15,316 


13.482 


12.006 


10.799 


10-20 


15.151 


13.355 


11.906 


10.719' 


11-21 


14.974 


13.217 


11.797 


10.631 


12-22 


14.795 


13.078 


11.686 


10.541 


13-23 


14.612 


12.934 


11.570 


10.446 


14-24 


14.424 


12.784 


11.450 


10.348 


15-25 


11.230 


12.630 


11.324 


10.244 


16-26 


1 4.030 


12.470 


11.193 


10.135 


17-27 


13.832 


12.311 


1 1.063 


10.027 


18-28 


13.642 


12.158 


10.939 


9.924 


19-29 


13.461 


12.013 


10.820 


9.826 


20-30 


13.2»6 


11.873 


10.707 


9.732 


21-31 


13.121 


1 1.742 


10.600 


9.644 


22-32 


12.161 


11.615 


10.498 


9.561 


23-33 


1 '.1.798 


11.485 


10.393 


9.474 


24-31 


12.632 


11.352 


iota's 


9.386 


25-35 


12.463 


11.217 


10.175 


9.295 


26-36 


12.291 


11.078 


10.062 


9.201 


27-37 


12.116 


10.936 


9.946 


9.105 


28-38 


11. 937 


10.791 


9.82(i 


9.005 


29-39 


1 1.735 


10.642 


9.703 


8.902 


3(1-40 


11.568 


10.490 


9.576 


8.795 


31-41 


11.382 


10.336 


9.448 


8.688 


32-42 


11.195 


10.182 


9.320 


8.5S0 


3S-43 


11.007 


10.027 


9.190 


8.471 


34-44 


10.817 


9.869 


9.058 


8.358 


35-45 


10.622 


9.706 


8.921 


8.242 


36-46 


10.424 


9.540 


8.781 


8.122 


37-47" 


10.221 


9.370 


8.636 


7.998 


38-48 


10.014 


9.195 


8.487 


7.870 


39-49 


9.803 


9.015 


8.333 


7.737 
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TABLES. 



Table IV. — continued. 



• 

Ages. 


Value at a per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


40-50 


9.590 


8.834 


8.177 


7.602 


41-51 


9.383 


8.658 


8.025 


7.470 


42-52 


9.179 


8.483 


7.875 


7.340 


43-53 


8.975 


8.308 


7.724 


7.208 


44-54 


8.767 


8.130 


7.569 


7J>73 


45-55 


8.557 


7.948 


7.411 


6.935 


46-56 


8.344 


. 7.763 


7.249 


6.793 


47-57 


8.127 


7.574 


7.084 


6.648 


48-58 


7.907 


7.382 


6.915 


6.498 


49-59 


7.684 


7.186 


6.742 


6.344 


50-60 


7.461 


6.989 


6.568 


6.189 


51-61 


7.240 


6.795 


6.395 


6.035 


52-62 


7.021 


6.600 


6.222 


5.880 


53-63 


6.795 


6.399 


6.042 


5.719 


54-64 


6.568 


6.196, 


5.860 


5.555 


55-65 


6.334 


5.986 


5.671 


5.384 


56-66 


6.098 


5.774 


5.479 


5.209 


57-67 


5.860 


5.559 


5.283 


5.031 


58-68 


5.621 


5.341 


5.084 


4.849 


59-69 


5.380 


5.121 


4.883 


4.665 


60-70 


5.139 


4.900 


4.680 


4.478 


61-71 


4.898 


4.679 


4.476 


4.289 


62-72 


4.659 


4.458 


4.272 


4.099 


63-73 


4.420 


4.236 


4.066 


3.908 


64-74 


4.186 


4.019 


3.864 


3.719 


65-75 


3.958 


3.806 


3.665 


3.533 


66-76 


3.743 


3.606 


3.477 


3.357 


67-77 


3.529 


3.405 


3.289 


3.180 


68-78 


3.310 


3.199 


3.095 


2496 


69-79 


3;077 


2.979 


2.887 


2.799 


70-80 


2.843 


2.757 


2.675 


2.598 


71-81 


2.618 


2.542 


2.470 


2.402 


72-82 


2.401 


2.334 


2.271 


2.211 


73-83 


2.199 


2.141 


2.085 


2.032 


74-84 


2.043 


1.991 


1.941 


1.894 


75-85 


1.903 


1.856 


1.811 


1.769 


76-86 


1.781 


1.739 


1.699 


1.661 


77-87 


1.670 


1.633 


1.597 


1.562 


78-88 


1.580 


1.546 


1.514 


1.483 


79-89 


1.456 


1.427 


1.400 


1.373 


80-90 


1.302 


1.278 


1.255 


L234 



TABLES. 
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Table IV. — continued. 



1 

Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 

* 


Cent. 


Cent. 


Cent. 


pl-91 


1.096 


1.078 


1.061 


1.044 


82-92 


0.877 


0.864 


0.852 


0.840 


83-93 


0.622 


0.614 


0.606 


0.599 


84-94 


0.408 


0.403 


0.398 


0.394 


' 85-95 


0.189 


0.187 


0.185 


0.183 


86-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age Jifteen Years. 



Ages. 



1-16 

2-17 

3-18 

4-19 

5-20 

6-21 

7-22 

8-23 

9-24 

10-25 

11-26 

12-27 

13-28 

14-29 

15-30 

16-31 

17-32 

18-33 

19-34 

90-35 

21-36 

22-37 

23-38 

24-39 

25-40 

26-41 



Value at 3 per 
Cent. 



11.864 

13.659 

14.277 

14.657 

14.776 

14.904 

14.950 

14.929 

14.834 

14.683 

14.508 

14.323 

14.132 

13.936 

13.734 

13.527 

13.320 

13.121 

12.930 

12.744 

12.567 

12.394 

12.218 

12.038 

11.854 

11.670 



Value at 4 per 
Cent. 



10.406 

11.981 

12.531 

12.876 

i2.993 

13.121 

13.178 

13.178 

13.112 

12.998 

12.861 

12.715 

12.564 

12.408 

12.246 

12.078 

11.911 

1 1750 

1L595 

11.445 

11.302 

11.163 

1 1.020 

10.874 

10.725 

10.574 

r4 



Value at 5 per 
Cent. 



9.243 
10.642 
11.134 
11.447 
11.561 
11.685 
11.748 
11.761 
11.715 
11.627 
11.519 
11.402 
11.280 
11.153 
11.021 
10.883 
10.746 
10.613 
10.486 
10.363 
10.246 
10.132 
10.015 
9.895 
9.771 
9.647 



Value at 6 per 
Cent. 



8.301 
9.555 
9.998 
10.284 
10.391 
10.510 
10.576 
10.597 
10.566 

10.497 

10.410 

10.314 

10.215 

10.110 

10.001, 

9.886 

9.771 

9.660 

9.554 

9.451 

9.354 

9.260 

9.163 

9.063 

8.960 

8.855 
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TABLES. 








Table" IV. — continued. 




■ 

Age*. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


27-42 , 


11.486 


10.423 


9.522 


8.751 


28-43 


1 1.302 


10.272 


9.396 


8.645 


29-44 


11.114 


10.117 


9.267 


8.536 


30-45 


10.923 


9.959 


9.135 


8.424 


31-46 


10.728 


9.797 


8.998 


8.309 


32-47 


10.530 


9.631 


8.858 


8.189 


33-48 


10.327 


9.461 


8.714 


8.066 


34-49 


10.120 


9.286 


8.565 


7.938 


35-50 


9.912 


9.110 


8.415 


7.809 


36-51 


9.707 


8.937 


8.267 


7.681 


37-52 


9.503 


8.763 


8.119 


7.553 


38-53 


9.296 


8.586 


7.966 


7.421 


39-54 


9.085 


8.406 


7.810 


7.286 


40-55 


8.870 


8.221 


7.651 


7.146 


41:56 


8.655 


8.035 


7.481) 


7.005 


42-57 


8.439 


7.848 


7.326 


. 6.862 


. 43-58 


8.222 - 


7.660 


7.162 


6.718 


44-59 


8.003 


7.469 


6.994 


6.570 


45-60 


7.781 


7.274 


6.822 


6.418 


46-61 


7.556 


7.076 


6.648 


6.263 


47-62 


7.328 


6.875 


6.469 


6.104 


48-63 


7.093 


6M7 


6.283 


5.937 


49-64 


6.854 


6.454 


6.093 


5.767 


50-65 


6.611 


6.236 


5.897 


5.590 


51-66 


6.369 


6.019 


5.701 


5.412 


52-67 


6.127 


5.801 


5.504 


5.233 


53-68 


5.884 


5.580 


5.303 


5.050 


54-69 


5.638 


5.357 


5.100 


4.864 


55-70 


5.391 


5.132 


4.893 


4.674 


56-71 


5.145 


4.905 


4.685 


4.482 


57-72 


4.899 


4.679 


4.477 


4.289 


58-73 


4.656 


4.455 


4.269 


4.096 


59-74 


4.418 


4.234 


4.064 


3.906 


60-75 


4.189 


4.021 


3.866 


3.721 


61-76 


3.974 


3.821 


3.679 


3.546 


62-77 


3.760 


3.621 


3.492 


3.371 


63-78 


3.538 


3.414 


3.297 


3.188 


64-79 


3.303 


3.192 


3.088 


2.990 


65-80 


3.063 


, 2.965 


2.873 


2.786 


66^81 


2.833 


2.746 


2.664 


2.587 


67-82 


2.610 


2.533 


2.461 


2.393 




TABLES. 
Table IV.— continued. 







Value** per 


Valoeatiptr 


Value at G per 




Cent. 


Cent. 


Cent. 


Cent. 




2.403 


2.336 


2.272 


2.211 


69S4 


2.244 


2.183 


2.126 


2.071 


70-Si 


2.097 


.2.042 


1.991 


1.941 


71-86 


1.963 


1.914 


1.867 


1.823 


72^87 


1.838 


1.794 


1.753 


1.713 


73-88 


1.736 


1.697 


1.660 


1.625 


74-89 


1.603 


1.570 


1.538 


1.508 


73-90 


1.440 


1.413 


1.387 


1.361 


76-91 


1.221 


1.200 


1.180 


1.160 


77-92 


0.985 


0.970 


0.955 


0.942 


78-93 


0.706 


0.697 


0.688 


0.679 


79-94 


0.458 


0.453 


0.448 


0.443 


80-95 


0.210 


0.208 


0.206 


0.204 


81-96 


0.000 


0.000 


0.000 


0.000 



Difference' of Age twenty Years. 





Value .taper 


Value at 4 uer 


Value at S per 


WueatSper 


Ages. 


Cent. 


Cent. 


Cent. 


Cent. 


1-21 


11.413 


10.053 


8.961 


8.070 


2-22 


13.172 


11.605 


10.344 


9.313 


3-23 


13.794 


12.161 


10.843 


9764 


4-24 


14.178 


12.511 


11.163 


10.057 


5-25 


14.301 


12.633 


11.281 


10.170 


6-26 


14.420 


12.754 


11.400 


10.285 


7-27 


14.451 


12.798 


11.452 


10.341 


8-28 


14.417 


12.786 


11.455 


10.354 


9-29 


14.310 


12.710 


11.401 


10.315 


10-30 


14.150 


12.586 


11.304 


10.239 


11-31 


13.965 


12.441 


11.188 


10.144 


12-32 


13.770 


12.286 


1 1.062 


10.042 


13-33 


13.570 ■ 


12.125 


10.932 


9.934 


14-34 


13.363 


11.959 


10.796 


9.822 


15-35 


13.151 


11.787 


10.655 


9703 


16-36 


12.932 


11.609 


10.507 


9.579 


17-37 


12.714 


11.430 


10.358 


9.454 


18-38 


12.502 


11.257 


10.214 


9.333 


19-39 


12.297 


1 1.089 


10.074 


9.215 


20-40 


12.096 


10.924 


9.937 


9.100 



TABLES. 
Table IV. — continued. 



m. 


V.luc « | per 
Cent. 


Cent. 


Cent. 


VbIuh at 6 per 
Cent. 


21-41 


1 1.906 


10.768 


9.809 


8.992 


22-42 


11.723 


10.619 


9.685 


8.889 


23-43 


11.540 


10.470 


9.562 


8.785 


24-44 


1 1.354 


10.317 


9.435 


8.679 


25-45 


11.164 


10.160 


9.304 


8.569 


26-46 


10.970 


10.000 


9.170 


8.455 


27-47 


10.773 


9.836 


9.032 


8.338 


26-48 


10.572 


9.667 


8.890 


8.217 


29-49 


10.366 


9.495 


8.744 


8.092 


30-50 


10.160 


9.321 


3.596 


7.966 


31-51 


9.957 


9.151 


8.451 


7.841 


32J2 


9.756 


8.980 


8.306 


7.716 


33-53 


9.350 


8.806 


8.157 


7.588 


34-54 


9.342 


8.629 


8.005 


7.457 


35-55 


9.131 


8.448 


7.849 


7-322 


36-56 


8.916 


8.264 


7.690 


7.183 


37-57 


8.699 


8.076 


7.527 


7.041 


38-58 


8.477 


7.884 


7.360 


6.894 


39-59 


8.253 


7.689 


7.189 


6.744 


40-60 


8.025 


7.490 


7.015 


6.590 


41-61 


7.796 


7.290 


6.838 


6.434 


42-62 


7.567 


7.088 


6.660 


6.276 


43-63 


7.332 


6.881 


6.477 


6.1 12 


44-64 


7.095 


6.671 


6.289 


5.944 


45-65 


6.850 


6.453 


6.094 


5.769 


46-66 


6.602 


6.230 


5.894 


5.588 


47-67 


6.351 


6.004 


5.690 


5.403 


48-68 


6.096 


5.774 


5.481 


5.213 


49-69 


5.839 


5.541 


5.268 


5.019 


50-70 


5.582 


5.306 


5.054 


4.822 


51-71 


5.328 


5.074 


4.841 


4.626 


52-72 


5.077 


4.845 


4.630 


4.430 


53-73 


4.829 


4.614 


4.417 


4.234 


54-74 


4.585 


4.389 


4.208 


4.040 


55-75 


4.350 


4.171 


4.006 


3.852 


56-76 


4.129 


3.966 


3.815 


3.674 


57-77 


3.908 


3.761 


3.623 


3.494 


58-78 


3.682 


3.549 


3.424 


3.308 


59-79 


3.440 


3.322 


3.210 


3.105 


60-80 


3.197 


3.092 


2.992 


2.899 


61-81 


2.964 


2.870 


2.782 


2.699 
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Table IV. — continued. 



Ages. 


Value at 8 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


62-82 


2.739 


2.656 


2.578 


2.504 


63-83 


2.530 


2.457 


2.387 


2.321 


64-84 


2.371 


2.305 


2.242 


2.182 


65-85 


2.223 


2.163 


2.107 


2.053 


66-86 


2.089 


2.035 


1.984 


1.936 


67-87 


1.963 


1.915 


1.870 


1.826 


68-88 


1.860 


1.817 


1.777 


1.737 


69-89 


1.722 


1.685/ 


1.650 


1.616 


70-90 


1.545 


1.515 


1.486 


1.459 


71-91 


1.303 


1.280 


1.259 


1.238 


72-92 


1.044 


1.028 


1.012 


0.997 


73-93 


0.743 


0.733 


0.723 


0.714 


74-94 


0.480 


0.474 


0.469 


0.464 


75-95 


0.219 


0.217 


0.215 


0.2*3 


76-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age twenty ^ve Years. 



Ages. 


Value at 3 per 


Value at i per 


Value at b per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-26 


1 1.037 


9.770 


8.742 


7.897 


2-27 


12.722 


11.264 


10.080 


9.104 


3-28 


13.307 


11.790 


10.555 


9.537 


4-29 


13.661 


12.116 


10.855 


9.813 


5-30 


13.762 


12.220 


10.959 


9.913 


6-31 


13.859 


12.322 


11.062 


10.016 


7-32 


13.871 


12.350 


11.100 


10.060 


8-33 


13.820 


12.323 


11.090 


10.061 


9-34 


13.698 


12.234 


11.024 


10.012 


10-35 


13.525 


12.098 


10.916 


9,925 


11-36 


13.328 


11.941 


10.758 


9.820 


12-37 


13.120 


11.773 


10.651 


9.707 


13-38 


12.906 


11.600 


10.509 


9.588 


14-39 


12.686 


11.420 


10.360 


9.464 


15-40 


12.459 


11.234 


10.205 


9.333 


16-41 


12.229 


11.044 


10.046 


9.193 
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TABLES. 



Table IV. — continued. 



I A ___ 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Ages. 


Cent. 


Cent. 


Cent. 


Cent. 


17-42 


12.002 


10.856 


9.889 


9.065 


18-43 


11.735 


10.677 


9.739 


8.938 


19-44 


11.574 


10.502 


9.592 


8.814 


20-45 


1 1.367 


10.330 


9.448 


8.692 


21-46 


11.167 


10.165 


9.310 


8.574 


22-47 


10.969 


10.001 


9.173 


8.458 


23-48 


10.768 


9.833 


9.031 


8.338 


24-49 


10.562 


9.661 


8.886 


8.214 


25-50 


10.356 


9.488 


8.739 


8.089 


26-51 


10.154 


9.318 


8.595 


7.966 


27-5 fr 


9.952 


9.148 


8.451 


7.842 


28-53 


9.748 


8.975 


8.304 


7.716 


29-54 


9.540 


8.799 


8.153 


7.586 


30-55 


9.329 


8.619 


7.999 


7.453 


31-56 


9.115 


8.436 


7.841 


7.316 


32-57 


8.897 


8.250 


7.680 


7.175 


33-58 


8.677 


8.060 


7.515 


7.031 


34-59 


8.454 


7.866 


7.346 


6.884 


35 60 


8.227 


7.669 


7.174 


6.732 


36-61 


7.997 


7.469 


6.998 


6.577 


37-62 


7.765 


7.265 


6.819 


6.418 


38-63 


7.525 


7.053 


6.631 


6.252 


39-64 


7.281 


6.838 


6.440 


6.081 


40-65 


7.030 


6.614 


6.240 


5.901 


41-66 


6.776 


6.388 


6.037 


5.718 


42-67 


6.522 


6.159 


5.831 


5.532 


43-68 


6.266 


5.929 


5,622 


5.343 


44-69 


6.008 


5.696 


5.411 


5.150 


45-70 


5.749 


5.460 


5.195 


4.953 


• 46-71 


5.488 


5.222 


4.978 


4.753 


47-72 


5.228 


4.983 


4.758 


4.551 


48-73 


4.970 


4.746 


4.539 


4.348 


49-74 


4.716 


4.511 


4.322 


4.146 


50-75 


4.472 


4.285 


4.112 


3.951 


51-76 


4.245 


4.074 


3.916 


3.768 


52 77 


4.019 


3.864 


3.720 


3.586 


53-78 


3.787 


3.648 


3.518 


3.396 


54-79 


3.540 


3.416 


3.299 


3.189 


55-80 


3.291 


3.180 


3.076 


2.978 


56-81 


3.051 


2.953 


2.861 


2.774 


- 57-82 


2.820 


2.733 


2.651 


2.574 
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Table IV". — continued. 



Agts. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


58-83 


2.608 . 


2.530 


2.457 


2.388 


59-84 


2.446 


2.376 


2.310 


2.247 


60-85 


2.297 


2.234 


2.174 


2.118 


61*86 


2.162 


2.105 


2.051 


2.000 


62-87 


2.036 


« 1.985 


1.937 


1.891 


63-88 


1.932 


L886 


1.843 


1.802 


64-89 


1.790 


1.751 


1.714 


1.678 


65-90 


1.606 


1.575 


1.544 


1.515 


66-91 


1.354 


1.330 


1.307 


1.285 


67-92 


1.083 


1.067 


1.050 


1.035 


68-93 


0.770 


0.760 


0.750 


0.740 


69-94 


0.497 


0.491 


0.485 


0.480 


70-95 


* 0.227 


0.224 


0.222 


0.220 


71-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age thirty Years. 



Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-31 


10.605 


9.438 


8.483 


7.691 


2-32 


12.203 


10.865 


9.767 


8.855 


3-33 


12.743 


11.355 


10.213 


9.263 


4-34 


13.061 


11.651 


10.488 


9.518 


5-35 


13.136 


11.732 


10.572 


9.602 


6-36 


13.207 


11.812 


10.656 < 


9.687 


7-37 


13.195 


11.819 


10.676 


9.715 


8-38 


13.122 


11.772 


10.648 


9.701 


9-39 


12.981 


11.665 


10.565 


9.637 


10-40 


12.791 


11.513 


10.442 


9.537 


11-41 


12.580 


11.342 


10.302 


9.420 


12-42 


12.363 


11.165 


10-156 


9.298 


13-43 


12.144 


10.985 


10.007 


9.173 


14-44 


11.918 


10.799 


9.852 


9.042 


15-45 


11.687 


10.607 


9.690 


8.905 


16-46 


11.448 


10.408 


9.522 


8.762 


17-47 


11.210 


10.208 


9.353 


8.617 



J 



254 



TABLES. 



Table IV. — continued. 



Ages., 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


18-48 


10.975 


10.011 


9.186 


8.473 


19-49 


10.746 


9.818 


9.021 


8.332 


20-50 


10.523 


9.630 


8.861 


8.195 . 


21-51 


10.313 


9.454 


8.712 


8.067 


22-52 


10.111 


9.284 


8.568 


7.944 


23-53 


9.905 


9.111 


8.421 


7.B18 


24-54 


9.696 


8.934 


8.270 


7.688 


25-55 


9.484 


8.754 


8.116 


7.555 


26-56 


9.269 


8.570 


7.958 


7.419 


27-57 


9.051 


8.383 


7.797 


7.279 


28-58 


8.830 


8.193 


7.632 


7.135 


29-59 


8.605 


7.999 


7.464 


6.988 


30-60 


8.378 


7.802 


7.292 


6.837 


31-6! 


8.147 


7.601 


7.116 


6.682 


32-62 


7.914 


7.397 


6.937 


6.524 


33.63 


7.673 


7.186 


6.750 


6.359 


34-64 


7.429 


6.971 


6.559 


6.189 


35-65 


7.177 


6.747 


6.360 


6.010 


36-66 


6.922 


6.520 


6.156 


5.827 


37-67 


6.663 


6.288 


5.948 


5.639 


38-68 


6.401 


6.052 


5.735 


5.446 


39-69 


6.137 


5.813 


5.518 


5.249 


40-70 


5.871 


5.571 


5.298 


5.047 


41-71 


5.605 


5.329 


5.076 


4.844 


42-72 


5.341 


5.087 


4.854 


4.640 


43-73 


5.081 


4.848 


4.634 


4.436 


44-74 


4.826 


4.613 


4.417 


4.235 


45-75 


4.580 


4.386 


4.206 


4.040 


46-76 


4.348 


4.171 


4.006 


3.853 


47-77 


4.115 


3.954 


3.805 


3.666 


48-78 


3.875 


3.731 


3.596 


3.469 


49-79 


3.619 


3.490 


3.369 


3.256 


50-80 


3.362 


3.247 


3.140 


3.039 


51-81 


3.117 


3.015 


2.920 


2.829 


52*82 


2.882 


'2.792 


2.707 


2.627 


53-83 


2.665 


2.585 


2.510 


2.438 


54-84 


2.501 


2.428 


2.360 


2.295 


55-85 


2.349 


2.284 


2.222 


2.164 


56-86 


2.211 


2.153 


2.097 


2.044 


57-87 


2.082 


2.030 


1.980 


1.932 


58-88 


1.975 


1.928 


1.883 


1.841 



TABLES. 



255 



Table IV.— continued. 



Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


59-89 


1.828 


1.788 


1.750 


1.713 


60-90 


1.641 


1.608 


1.577 


1.547 


61-91 


1.382 


1.358 


1.334 


1.311 


62-92 


1.105 


1.088 


1,071 


1.055 


63-93 


0.785 


0.774 


0.764 


0.754 


64-94 


0.506 


0.500 


0.494 


0.489 


66-95 


0.230 


0.228 


0.226 


0.224 


66-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age thirty-Jive Years, 



Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-36 


10.104 


9.047 


8.173 


7.442 


2-37 


11.600 


10.392 


9.390 


8.551 


3-38 


12.087 


10.838 


9.800 


8.928 


4-39 


12.362 


11.097 


10.043 


9.157 


5-40 


12.405 


11.150 


10.102 


9.219 


6-41 


12.446 


11.203 


10,163 


9.283 


7-42 


12.412 


11.190 


10.165 


9.296 


8-43 


12.325 


11.130 


10.124 


9.270 


9-44 


12.174 


11.012 


10.031 


9.197 


10-45 


11.976 


10.851 


9.900 


9.088 


11-46 


11.756 


10.697 


9.774 


8.962 


12-47 


11.525 


10.481 


9.592 


8.827 


13-48 


11.288 


10.284 


9.425 


8.686 


14-49 


11.045 


10.080 


9.252 


8.538 


15-50 


10.799 


9.872 


9.076 


8.386 


16-51 


10.554 


9.665 


8.899 


8.234 


17-52 


10.313 


9.461 


8.724 


8.083 


18-53 


10.076 


9.260 


8.552 


7.934 


19-54 


9.845 


9,063 


8.383 


7.788 


20-55 


9.617 


8.869 


8.216 


7.643 


, 21-56 


9.394 


8,679 


8.053 


7.502 


22-57 


9.174 


8.491 


7.891 


7.362 


23-58 

• 


8.951 


8.299 


7.725 


7.218 
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TABLES. 



Table IV. — continued. 



Ages. 



24-59 
25-60 
26-61 
27-62 
28-63 
29-64 
30-65 
31-66 
32-67 
33-68 
34-69 
35-70 
36-71 
37-72 
38-73 
39-74 
40-75 
41-76 
42-77 
43-78 
44-79 
45-80 
46-81 
47-82 
48-83 
49-84 
50-85 
51-86 

52-87 
53.88 
54-89 
55 90 
56-91 
57-92 
58-93 
59-94 
60-95 
61-96 



Value at 3 per 
Cent. 



8.725 

8.495 
8.263 
8.028 
7.785 
7.539 
7.286 
7.028 
6.768 
6.504 
6.239 
5.971 
5.703 
5.435 
5.169 
4.908 
4.656 
4.420 
4.184 
3.942 
3.685 
3.426 
3.176 
2.936 
2.714 
2.544 
2.388 
2.248 
2.117 
2.008 
1.858 
1.666 
1.402 
1.120 
0.794 
0.511 
0.233 
0.000 



Value at 4 per 
Cent. 



8.104 

7.906 
7.704 
7.499 
7.286 
7.069 
6.844 
6.615 
6.382 
6.146 
5.906 
5.663 
5.419 
- 5.174 
4.930 
4.690 

4.457 
4.238 
4.019 
3.794 
3.552 
3.308 
3.072 
2.843 
2.632 
2.470 
2.322 
2.188 
2.063 
1.960 
1.817 
1.633 
1,377 
1.102 
0.784 
0.505 
0.230 
0.000 



Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


7.556 


7.070 


7.383 


6.919 


7.207 


6.764 


7.027 


6.605 


6.839 


6.439 


6.648 


6.268 


6.447 


6.089 


6.243 


5.905 


6.033 


5.717 


5.820 


5.524 


5.603 


5.326 


5.382 


5.125 


5.159 


4.920 


4.934 


4.714 


4.710 


4.507 


4.488 


4.301 


4.272 


4.101 


4.069 


3.912 


3.865 


3.722 


3.655 


3.525 


3.428 


3.312 


3.197 


3.093 


2.973 


2.881 


2.756 


2.673 


2.554 


2.481 


2.400 


2.334 


2.258 


2.198 


2.131 


2.077 


2.012 


1.963 


1.914 


1.870 


1.778 


1.740 


1.601 


1.570 


1.353 


1.330 


1.085 


1.069 


0.773 


0.763 


0.499 


0.494 


0.228 


0.226 


0.000 


0.000 

1 
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Difference of Agejorty Years. 
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Vaiuea[a f 


Value R 4 per 


Value M 5 per 


Value M 6 per 


Age* 


Cent. 


Cent. 


Cent. 


Cent. 


1-41 


9.523 


8.585 


7.800 


7.135 


2-42 


10.907 


9.839 


8.942 


8.182 


3-43 


L 1.343 


10.242 


9.315 


8.528 


4-44 


11.578 


10.468 


9.531 


8.733 


5-45 


11.597 


10.500 


9.571 


8.778 


6-46 


11.610 


10.528 


9.609 


8.823 


7-47 


1 1.550 


10.491 


9.589 


8.815 


8-48 


11.435 


10.404 


9.524 


8.767 


9-49 


11.260 


10.263 


D.409 


8.673 


10-50 


1 1.044 


10.085 


9.260 


8.548 


11-51 


10.816 


9.894 


9.100 


8.411 


12-52 


10.582 


9.698 


8.934 


8.270 


13-53 


10.344 


9.497 


8.763 


8.123 


14-54 


10.100 


9.290 


8.586 


7.970 


15-55 


9.851 


9.077 


S.403 


7.812 


15-56 


9.595 


8.858 


8.214 


7.648 


17-57 


9.340 


8.639 


8.024 


7.481 


18-58 


9.089 


8.422 


7.835 


7.316 


19-59 


8.841 


8.207 


7.648 


7.153 


20-60 


8.597 


7.995 


7.463 


6.990 


21-61 


8.357 


7.787 


7.281 


6.830 


22-62 


8.119 


7.580 


7.100 


6.670 


23-63 


7.874 


7.365 


6.910 


6.503 


24-64 
25-65 
26-66 


7.626 
7.370 
7.110 


7.147 

6.920 
6.689 


6.717 
6.515 
6.309 


6.331 
6.151 
5.966 


27-67 
28.68 


6.847 
6.581 


6.454 
6.215 


6.098 

5.883 


5.776 
5.581 


29-69 
30-70 
31-71 


6.313 
6.043 
5.772 


5.973 
5J29 

5.483 


5.664 
5.442 
5.218 


5.383 
5.180 
4.974 


32-72 
33-73 
34-74 
35-75 
36-76 
37-77 
38-78 
39-79 


5.502 
5.235 
4.973 
4.720 
4.481 
4.242 
3.996 
3.734 


5.236 
4.991 
4.749 
4.516 
4.295 
4.073 
3.844 
3.598 


4.992 
4.766 
4.543 
4.327 
4.123 
3.916 
3.702 
3.471 


4.767 
4.559 
4.353 
4.152 
3.962 
3.770 
3.570 
3.352 
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TABLES. 



Table IV. — continued. 



Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


40-80 


3.469 


3.349 


3,230 


3.130 


41-81 


3.216 


3.109 


3.009 


2.914 


42-82 


2.973 


2.878 


2.789 


2.705 


43-83 


2.750 


2.666 


2.587 


2.511 


44-84 


2.581 


2.505 


2.433 


2.365 


45-85 


2.424 


2.356 


2.291 


2.230 


46-86 


2.282 


2.221 


2.162 


2.107 


47-87 


2.148 


2.093 


2.041 


1.991 


48-88 


* 2.036 


1.987 


1.941 


1.895 


49-89 


1.882 


1.840 


1.800 


1.761 


50-90 


1.685 


1.651 


1.619 


1.590 


51-91 


1.417 


1.391 


1.367 


1.343 


52-92 


1.130 


1.113 


1.095 


1.079 


53-93 


0.801 


0.790 


0.780 


0.770 


54-94 


0.515 


0.509 


0.503 


0.498 


55-95 


0.234 


0.232 


0.230 


0.228 


56-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age forty -fioe Years. 



Ages. 


Value at a per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-46 


8.888 


8.071 


7.379 


6.787 


2-47 


10.147 


9.221 


8.435 


7.760 


3-48 


10.515 


9M6 


8.759 


8.063 


4-49 


10.697 


9.744 


8.932 


8.230 


5-50 


10.679 


9.742 


8.941 


8.248 


6-51 


10.664 


9.745 


8.956 


8.271 


7-52 


10.586 


9.690 


8.919 


8.248 


8-53 


10.458 


9.591 


8.841 


8.188 


9-54 


10.276 


9.442 


8.718 


8.085 


10-55 


10.055 


9.256 


8.560 


7.951 


1U56 


9.814 


9.052 


8.386 


7.801 


12r57 


9.5« 
9.312 


8.839 


8.203 


7.643 


13-58 


8.622 


8.015 


7.479 


i4-59 


94)53 


8.399 


7.821 


7.310 
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Table IV.— continued. 



1 

Ages. 


Value at 5 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. . 


Cent. 


J 5-60 


8.790 


8.170 


7.622 


7.135 


, 16-61 


8.521 


7.935 


7.416 


6.953 


17^62 


8.252 


7.700 


7.208 


6.770 


l§-63 


7.981 


7.462 


6.998 


6.583 


19-64 


7.714 


7.226 


6.789 


6.396 


20-65 


7.444 


6.986 


6.576 


6.205 


21-66 


7.177 


6.749 


6.364 


6.015 


22-67 


1 6.911 


6.512 


6.151 


5.824 


23-68 


6.643 


6.271 


5,934 


5.628 


24-69 


6.372 


6.027 


5.713 


5.427 


25-70 


6.099 


5.780 


5.489 


5.223 


26-71 


5.826 


5.532 


5.263 


5.016 


27-72 


5.554 


5.283 


5.035 


4.807 


28-73 


5.284 


5.036 


4.808 


4.597 


29-74 


5.019 


4.792 


4.583 


4.390 


30-75 


4.764 


4.557 


4.365 


4.188 


31-76 


4.523 


4.335 


4.160 


3.997 


32-77 


4282 


4.U1 


3.952 


3.804 


33-78 


4.035 


3.881 


3.737 


3.602 


34-79 


3.771 


3.633 


3.505 


3.384 


35-80 


3.506 


3.383 


3,268 


3.160 


36-81 


3.251 


3.142 


3.040 


2.944 


37-82 


3.005 


2.909 


2.818 


2.733 


38-83 


2.779 


2.694 


,2.613 


2.537 


39-84 


2.607 


2.530 


2.457 


2,388 


40-85 


2.448 


2.379 


2.313 


2.251 


41-86 


2.304 


2.241 


2.182 


2.126 


42-87 


2.168 


2.113 


2.060 


2.009 


43-88 


2.055 


2.006 


1.959 


1.914 


44-89 


1.901 


1.859 


L818 


1.779 


45-90 


% L702 


1.668 


1.635 


1,604 


46-91 


1.431 


1.405 


1.380 


1.356 


47-92 


1.140 


1.122 


1.105 


1.089 
(1.776 
0*501 


48-93 


0.808 


0.797 


0.786 


49-94 


0.519 


0.512 


0.507 


50-9? 


0.235 


0.233 


0.231 


0.229 

0*000 

■ 


51-96 
i 


0.000 


0.000 


0.000 



* 2 
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TABLES- 



Table IV. — continued* 



Difference of Age jifty Years. 



Ages. 


Value at 3 per 


Value at 4. per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-51 


8.171 


7.479 


6.885 


6.370 


2-52 


9.300 


8.520 


7.848 


7.264 


3-53 


9.611 


8.815 ' 


8.128 


7.529 


4-54 


9.751 


8.957 


8.269 


7.668 


5 55 


9.707 


8.931 


8.256 


7.665 


6-56 


9.659 


8.902 


8.241 


7.662 


7-57 


9.549 


8.817 


-8.176 


7.612 


8-58 


9.395 


8.691 


8.073 


7.527 


9-59 


9.191 


8.519 


7.927 


7.403 


10-60 


8.952 


8.314 


7.750 


7.250 


11-61 


8.696 


8.092 


7.557 


7.081 


12-62 


8.433 


7.863 


7.357 


6.905 


13-63 


8.161 


7.625 


7.147 


6.719 


14-64 


7.884 


7.381 


6.931 


6.527 


15-65 


7.597 


7.127 


6.705 


6.325 


16-66 


7.304 


6.866 


6.472 


6.115 


17-67 


7.012 


6.604 


6.236 


5.903 


18-68 


6.721 


6.343 


6.001 


5.689 


19-69 


6.434 


6.084 


5.766 


5.476 


20-70 


6.149 


5.826 


5.532 


5.262 


21-71 


5.870 


5.572 


5.300 


5.050 


22-72 


5.595 


5.321 


5.070 


4.840 


23-73 


5.323 


5.072 


4.841 


4.628 


34-74 


5.056 


4.827 


4.615 


4.419 


25-75 


4799 


4.589 


4.396 


4.216 


26-76 


4.556 


4.365 


4.188 


4.024 


27-77 


4.313 


4.140 


3.979 


3.829 


28^78 


4.064 


3.908 


3.762 


3.626 


29-79 


3.798 


3.659 


3.528 


3.406 


30-80 


3.530 


3.406 


3.290 


3.181 


31-81 


3.274 


3.164 


3.060 


2.963 


32-82 


3.027 


2.929 


2.838 


2.751 


33-83 


2.800 


2.713 


2.632 


2.555 


34-84 


2.627 


2.549 


2.476 


2.406 


35-85 


2.468 


2.398 


2.331 


2.268 


36-86 


2.323 


2.260 


2.200 


2.143 


37-87 


2.187 


2.130 


2.077 


2.026 


38-88 


2.072 


2.022 


1.974 


1.929 


39-89 


1.915 


1.872 


1.832 


1.792 



TABLES. 



261 



Table IV, — continued. 



Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


40.90 


1.713 


1.679 


1.646 


1.614 


41-91 


1.439 


1.413 


1.388 


1.364 


42-92 


1.146 


1.128 


1.111 


1.094 


43-93 


0.811 


0.800 


0.790 


0.779 


44-94 


0.521 


0.515 


0.509 


0.503 


45-95 


0.236 


0.234 


0.232 


0.230 


46-96 


0.000 


0.000 


0.000 


0.000 



Difference of Ag&Jlfiifcfive Years. 



Ages. 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-56 


7.412 


6.843 


6.346 


5.911 


2-57 


8.392 


7.756 


7-199 


6.709 


3-58 


8.630 


7.986 


7.421 


6.922 


4-59 


8.712 


8.075 


7.514 


7.017 


5-60 


8.629 


8.011 


7.466 


6.982 


6-61 


8.542 


7.944 


7.415 


6.945 


7-62 


8.400 


7.828 


7.319 


6.865 


8-63 


8.214 


7.669 


7.184 


6.750 


9-64 


7.984 


7.470 


7.010 


6.598 


10-65 


7.718 


7.236 


6.803 


6.414 


11-66 


7.437 


6.987 


6.581 


6.215 


12-67 


7.149 


6.730 


6.351 


6.009 . 


13-68 


6.857 


6.468 


6.116 


5.796 


14-69 


6.562 


6.202 


5.876 


5.578 


15-70 


6.264 


5.933 


5.631 


5.355 


16-71 


5.964 


5.660 


5.382 


5.127 


1 7-72 


5.667 


5.389 


5.133 


4.899 


18-73 


5.378 


5.123 


4.889 


4.673 


19-74 


5.098 


4.866 


4.651 


4.453 


20-75 


4.831 


4.619 


4.424 


4.242 


21-76 


4.583 


4.391 


4.212 


4.046 


22-77 


4.339 


4.164 


4.001 


3.850 


23^78 


. 4.087 


3.930 


3.783 


3.646 


24*79 


3.820 


3.679 


3.548 


3.424 


25-80 


• 3.550 


3.425 


3.308 


3.198 



TABLES. 
Table IV.- 



Aps. 


Value it a per 


V due it 4 per 


Value .< S per 


Value H6«r 


Cent. 


Cent. 


C.LI. 


Cent. 


26-81 


3.292 


3.181 


3.077 


2.979 


27-82 


3.043 


2.945 


2.853 


2.765 


28-83 


2.815 


2.72B 


2.646 


2.568 


29-84 


2.641 


2.563 


2.489 


2.418 


30-85 


2.481 


2.411 


2.344 


2.280 


31-86 


2.336 


2.272 


2.212 


2.154 


32-87 


2.198 


2.142 


2.088 


2.036 


33-88 


2.083 


2.033 


1.985 


1.939 


34-89 


1.925 


1.882 


1.841 


1.802 


35-90 


1.723 


1.688 


1.654 


1.622 


36-91 


1.446 


1.420 


1.395 


1.371 


37-92 


1.152 


1.134 


1.116 


1.099 


38-93 


0.815 


0.804 


0793 


0.783 


39-9-1 


0.523 


0.517 


0.511 


0.505 


40-95 


0.237 


0.235 


0.233 


0.231 


41-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age sixty Years. 



^ 


Value it a per 


Value at 4 per 


Value it j per 


Value at 6 per 


Cent. 


Cent. 


Cent. 


Cent. 


1-61 


6.571 


6.123 


'5-725 


5.372 


2-62 


7.391 


6.894 


6.452 


6.059 


3-63 


7.545 


7.048 


6.605 


6.209 


4-64 


7.562 


7.076 


6.641 


6.251 


5-66 


7.429 


6.963 


6.546 


6.171 


6-66 


7.290 


6.846 


6.447 


6.087 


7-67 . 


7.104 


6.684 


6.306 


5.963 


8-68 


6.884 


6.490 


6.134 


5.811 


9-69 


6.628 


6.262 


5.929 


5.626 


10-70 


6-347 


6.008 


5.700 


5.418 


11-71 


6.056 


5.744 


5.460 


5.199 


12-72 


5.763 


5.478 


5.216 


4.976 


13-73 


5.473 


5.212 


4.972 


4.751 


14-74 


5.188 


4.950 


4731 


4588 


15-7$ 


4,911 


4.6*5 


4,495 


4.310 



TABLES. 
Table 1Y. —continued. 



.... 


Value at 3 per 


Value it 4 pel 


vdueMspw 


Value at 6 per 


Cent. 


Cent. 


Cent. 


C«tt. 


16-76 


4.649 


4.452 


4.270 


4.101 


17-77 


4.388 


4.210 


4.045 


3.892 


18-78 


4.123 


3.964 


3.815 


3.677 


19-79 


3.846 


3.704 


3.571 


3.447 


20-8.0 


3.569 


3.443 


3. 3 as 


3.214 


21-81 


3.307 


3.195 


3.091 


2.992 


22-82 


3.057 


2.958 


2.86S 


2.777 


23-83 


2.828 


2.740 


2.657 


' 2.579 


24-84 


2.653 


2.574 


2.499 


2.429 


25-85 


2.492 


2.421 


2.354 


2.290 


26-86 


2.346 


2.282 


2.221 


2.163 


27-87 


2.208 


2.151 


2.096 


2:044 


. 28-88 


2.091 


2.041 


1.992 


1.946 


29-89 


1-933 


1.889 


1.848 


1.808 


30-90 


1.729 


1.694 


1.660 


1.628 


31-91 


1.451 


■1.425 


1.400 


1.376 


32-92 


1.155 


1.137 


1.119 


1.102 


33-93 


0.817 


0.806 


0.795 


0.785 


34-94 


0.524 


0.518 


0.512 


0.506 


35-95 


0.238 


0.235 


0.233 


0.231 


36-96 


0.000 


0.000 


0.000 


0.000 



Difference of Age sixty-five Yean. 



Ages. 


Value at 3 per 


Value at A per 


Value at s per 


Value u 6 per 


Cent. 




Cent. 




1-66 


5.633 


5.295 


4.996 


4.728 


2-67 


6.266 


5.896 


5.569 


5.276 


3-68 


6.330 


5.965 


5.641 


5.352 


4-69 


6.277 


5.924 


5.611 


5.332 


5-70 


6.102 


5.768 


5.472 


5.209 


6-71 


5.925 


5.6)0 


5.331 


5.084 


7-72 


5.714 


5.418 


5.157 


4.929 


8-73 


5.480 


6.204 


4.963 


4.752 


9-74 


5.225 


4.969 


4.747 


4.556 


10-75 


4.962 


4.725 


4.522 


4.350 



TABLES. 
Table IV.— -continued. 



A E m. 


Value at | per 


Vahlt n 4 


Vl!ue]tsper 


Value at 6 per 


C«nt. 


Cent. 


Cent. 


Cent. 


1 1-76 


4.707 


4.487 


4.301 


4.1-18 


12-77 


4.449 


4.268 


4.195 


3.943 


13-78 


4.185 


4.022 


3.871 


3.729 


14-79 


3.904 


3.759 


3.624 


3.497 


15-80 


3.621 


3.492 


3.372 


3.259 


16-81 


3.348 


3.235 


3.128 


3.028 


17-82 


3.087 


2.987 


2.893 


2.804 


18-83 


2.849 


2.760 


2.677 


2.598 


19-84 


2.668 


2.589 


2.513 


2.442 


20-85 


2.503 


2.431 


2.364 


2.299 


21-86 


2.354 


2.290 


2.229 


2.171 


22-87 


2.216 


2.158 


2.104 


2.051 


23-88 


2.099 


2.048 


1.999 


1.953 


24-89 


1.939 


1.895 


1.854 


1.814 


25-90 


1.734 


1.699 


1.665 


1.633 


26-91 


1.455 


1.429 


1.404 


1.379 


27-92 


1.158 i 


1.140 


1.122 


1.105 


28-93 


0.819 


0.808 


0.797 


0.786 


29-94 


0.525 


0.519 


0.513 


0.507 


30-95 


0.238 


0.236 


2.234 


0.231 


31-96 


0.000 


0.000 


0.000 


0.000 





Difference 


of Age seventy Years. 




Agw. 


Value at 3 per 
Cent. 


««.,. 


Value it t per 
Cent. 


Vilue u 6 per 
Cart. 


1-71 


4.611 


4.380 


4.169 






5.061 


4814 


4.588 


4.380 




5.051 


4.811 


4.591 






4.953 


4.726 


4.516 






4.768 


4.557 


4.362 






4.599 


4.403 


4.221 


4.053 




4.402 


4.222 


4.055 






4.180 


4.016 


3.864 






3.921 


3.775 


3.638 






3.647 


3.517 


3.395 


3.281 



TABLES. 



265 



Table IV. — continued. 







% 




* 


AgM 


Value at 3 per 


Value at 4 per 


Value at 5 per 


Value at 6 per 


Cent. 


Centt 


Cent. 


Cent. 


11-81 


3.380 


3.264 


3.156 


3.054 


12-82 


3.122 * 


3.020 


2.924 


2.833 


13-83 


2.884 


2.794 


2.709 


2.628 


14-84 


2.703 


2.622 


2.545 


2.472 


15-85 


2.535 


2.462 


2.393 


2.327 


16-86 


2.380 


2.315 


2.253 


2.194 


17-87 


2.235 


2.177 


2.121 


2.069 


18-88 


2.112 


2.061 


2.012 


1.965 


19-89 


1.948 


1.904 


1.862 


1.822 


20-90 


1.739 


1.704 


1.670 


1.638 


21-91 


1.459 


1.432 


1.407 


1.382 


22-92 


1.160 


1.142 


1.J24 


1.107 


23-93 


0.820 


0.809 


0.798 


0.788 


24-94 


0.526 


0.520 


0.5 J 4 


0.508 


25-95 


0.238 


0.236 


0.234 


0.232 


26-96 


0.000 


0.000 


0.000 


0.000 



J 
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TABLE V. 

Shewing the Values of three equal joint Lives, according 
to the Northampton Table of Observations, reckoning 
Interest at 4 per Cent. 



Common 


Value at 4 per 


Common 


Value at 4 per 


Common 


Value at 4 per 


Age. 


Cent. 


Age. 


Cent. 


Age. 


Cent. 


1 


5.309 


33 


8.848 


65 


3.914 


2 


8.251 


34 


8.718 . 


66 


3.733 


3 


9.632 


35 


8.585 


67 


3.550 


4 


10.661 


36 


8.448 


68 


3.366 


5 


11.170 


37 


8.309 


69 


3.181 


6 


11.707 


38 


8.165 


70 


2.995 


7 


12.058 


39 


8.017 


71 


2.8 JO 


8 


12.266 


40 


7.865 


72 


2.627 


9 


12.298 


41 


7.714 


73 


2.448 


10 


12.200 


42 


7.567 


74 


2.277 


11 


12.043 


43 


7.423 


75 


2.119 


12 


11.865 


44 


7.276 


76 


1.985 


13 


11.678 


45 


7.126 


77 


1.855 


14 


11.481 


46 


6.972 


78 


1.720 


15 


1 1.274 


47 


6.813 


79 


1.563 


16 


11.056 


48 


6.650 


80 


1.400 


17 


10.845 


49 


6.482 


81 


1.245 


18 


10.656 


50 


6.317 


82 


1.092 


19 


10.490 


51 


6.161 


83 


0.949 


20 


10.342 


52 


6.011 


84 


0.860 


21 


10.222 


53 


5.859 


85 


0.782 


22 


10.118 


54 


5.705 


86 


0.716 


23 


10.012 


55 


5.550 


87 


0.662 


24 


9.905 


56 


5.393 


88 


0.646 


25 


9.796 


57 


5.235 


89 


0.614 


26 


9.685 


58 


5.076 


90 


0.563 


27 


9.572 


59 


4.916 


91 


0.452 


28 


9.457 


60 


4.755 


92 


0.337 


29 


9.340 


61 


4.593 


93 


0.185 


30 


9.221 


62 


4.432 


94 


0.085 


31' 


9.099 


. 63 


4.263 


95 


0.015 


32 


8.975 


64 


4.093 
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TABLE VI. 

Shewing the Values of three joint Lives, whose Differences 
of Age are 10 and 20 Years, according to the North- 
ampton Table of Observations, reckoning Interest at 4 
per Cent 

Differences of Age 10 and 20 Years. 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 



Ages. 



11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 



21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 



Value at 4 per 
Cent. 



8.627 

9.914 
10.344 
10.598 
10.655 
10.708 
10.700 
10.654 
10.562 
10.438 
10.305 
10.170 
10.031 

9.887 
9.738 
9.584 
9.429 
9.278 
9.131 
8.986 
8.850 
8.718 
8.586 
8.451 
8.313 
8.171 
8.027 
7.878 
7.725 
7.571 
7.420 
7.272 
7.123 
6.971 
6.8 16 
6.658 
6.497 
6.332 



Ages. 


39 


49 


59 


40 


50 


60 


41 


51 


61 


42 


52 


62 


43 


53 


63 


44 


54 


64 


45 


55 


65 


46 


56 


66 


47 


57 


67 


48 


58 


68 


49 


59 


69 


50 


60 


70 


51 


61 


71 


52 


62 


72 


53 


63 


73 


54 


64 


74 


55 


65 


75 


56 


66 


76 


57 


67 


77 


58 


68 


78 


59 


69 


79 


60 


70 


80 


61 


71 


81 


62 


72 


82 


63 


73 


83 


64 


74 


84 


65 


75 


95 


66 


76 


86 


67 


77 


87 


68 


78 


88 


69 


79 


89 


70 


80 


90 


71 


81 


91 


72 


82 


92 


73 


83 


93 


74 


84 


94 


75 


S& 


95 


* 







Value at 4 per 
Cent. 



6.164 
5.994 

5.827 
5.662 
5.494 
5.322 
5.145 
4.965 
4.782 
4.597 
4.408 
4.219 
4.032 
3.847 
3.660 
3.477 
3.298 
3.128 
2.959 
2.785 
2.598 
2.408 
2.224 
2.044 
1.875 
1.743 
1.623 
1.519 
1.425 
1.350 
1.248 
1.122 
0.951 
0.767 
0.548 
0.362 
0.169 
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!J 





It 




1 5 




£ 3 




S£ 


s. 


f 1 


> 


i* 


w 

CO 


«J 


2 


iii 












Jl 




II 




11 




"8 .a 




1* 




> 




1 



1 
j 


14.293 
12.881 
11.581 
10.416 
9.257 
8.224 
7.227 
6.348 
5.554 
4.835 
4.250 
3.723 
3.334 
2.890 
2.554 
2.227 
1.874 


? 


'wuxot^seoio— > eqmTfirtto^iceBO 


oo-tnn'»irtioiN!»ao -.cmTin 


> 


49.569 
47.111 
44.690 
42.309 
39.970 
37.676 
35.408 
33.191 
31.010 
28.688 
26.778 
24.763 
22.819 
20.938 
19.139 
17.428 
15.611 


«f 






i 


97.294 
94.279 
91.279 
88.313 
85.350 
82.390 
79.458 
76.557 
73.690 
70.827 
68.012 
65.262 
62.556 
59.872 
57.213 
54.602 
52.060 


< 


s^sssssssssssssss 


SSSSSSSSSSSSSSSSSZ 


> 


47.872 
44.704 
41.630 
38.676 
35.790 
32.884 
29-960 
27.017 
24.059 
21.095 
18.105 
15.100 
12.414 
09.406 
06.388 
03.365 
00.332 




i 


rtTiniDMjoaio ~N«jwnjtD(-.«a 


ajOlO — MM-Tir: j?k*joiO-;N«^ 


j 


42.800 
72.450 
81.950 
87.063 
87.868 
88.104 
86.934 
84.703 
81.654 
77.837 
73.734 
69.654 
65.697 
61.877 
58.162 
54.583 
51.165 




i 


ONCoao-Nrt^inifls.(DoiO''«< 
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TABLE IX. 

Shewing the Probabilities of Survivorship between two Persona of 

all Ages, whose common Difference of Age ia'not less than ten 

Yean, computed from the Northampton Table of Observations. 



Ten years difference. 


Twenty years difference. 


Thirty years difference. 


^ 


Probabilities. 


Agee. 


Probabilmei. 


A,*.. 


Probabilities. 


LI 


1 


.5859 


.4141 


21 


l 


.5246 


.4754 


31 


1 


.4823 


.5177 


12 


2 


.5136 


.4864 


22 


2 


.4433 


.5567 


32 


2 


.3936 


.6064 


13 


3 


.4823 


.5177 


23 


3 


.4088 


.5912 


33 


3 


.3557 


.6443 


14 


4 


.4598 


.5402 


24 


4 


.3900 


.6100 


34 


4 


.3286 


.6714 


15 


f 


.4470 


.5530 


35 


5 


.3769 


.6231 


35 


5 


.3135 


.6865 


B 


6 


.4343 


.5657 


2J5 


6 


.3640 


.6360 


36 


6 


.2985 


.7015 


17 


1 


.4253 


.5747 


27 


7 


.3548 


.6452 


37 


7 


.2883 


.7117 


IS 


B 


.4191 


.5809 


28 


8 


.3484 


.6516 


38 


6 


.2798 


.7202 


19 


9 


.4160 


.5840 


29 


9 


.3452 


.6548 


39 


9 


.2753 


.7247 


20 


10 


.4153 


.5847 


30 


10 


.3441 


.6559 


40 


10 


.2733 


.7267 


21 


11 


.4158 


.5842 


31 


11 


.3440 


.6560 


4! 


11 


.2724 


■7276 


22 


12 


.4168 


.5832 


32 


12 


.3442 


.6558 


42 


12 


.2718 


.7282 


23 


13 


.4178 


.5822 


33 


13 


.3444 


.6556 


43 


13 


.2714 


.7286 


24 


14 


.4190 


.5810 


34 


14 


.3447 


.6553 


44 


14 


.2711 


.7289 


2;, 


15 


.4202 


.5798 


35 


IS 


.3451 


.6549 


45 


15 


.2708 


.7292 


26 


16 


.4216 


.5784 


36 


16 


.3456 


.6544 


4 6 


16 


.2706 


.7294 


27 


17 


.4226 


-5774 


37 


17 


.3458 


.6542 


47 


17 


.2701 


.7299 


« 


IS 


.4232 


.5768 


38 


18 


.3454 


.6546 


■18 


18 


.2690 


.7310 


29 


19 


.4234 


.5766 


39 


19 


.3444 


.6556 


49 


19 


.2672 


.7328 


30 


21) 


.4231 


.5769 


40 


20 


.3429 


.6571 


50 


20 


.2650 


.7350 


31 


21 


.4222 


.5778 


41 


21 


.3408 


.6592 


n 


21 


.2621 


.7379 


32 


22 


.4209 


.5791 


42 


22 


.3384 


.6616 


5 2 


22 


.2589 


.7411 


fta 


23 


.4197 


.5803 


43 


23 


.3359 


.6641 


53 


23 


.2556 


.7444 


34 


24 


.4183 


.5817 


44 


24 


.3335 


.6665 


54 


24 


.2522 


-7478 


35 


25 


.4170 


.5830 


45 


25 


.3309 


.6691 


55 


25 


.2487 


.7513 


30 


26 


.4156 


.5844 


■1(5 


26 


.3283 


.6717 


5 


36 


.2452 


.7548 


37 


27 


.4141 


.5859 


47 


■21 


.3256 


.6744 


57 


27 


.2416 


.7584 


3S 


28 


.4126 


.5874 


48 


28 


.3228 


.6772 


5H 


28 


.2379 


.7621 


3!) 


23 


.4110 


.5890 


49 


2!) 


.3199 


.6801 


5 i) 


29 


.2341 


.7659 


40 


30 


.4094 


.5906 


.-,!> 


30 


.3170 


.6830 


00 


30 


.2302 


.7698 


41 


51 


.4078 


.5922 


5! 


31 


.3143 


.6857 


81 


31 


.2263 


.7737 


■VI 


32 


.4063 


.5937 


v,2 


32 


.3116 


.6884 


02 


32 


.2223 


.7777 


43 


33 


.4049 


.5951 


53 


33 


.3088 


.6912 


63 


33 


.2181 


.7819 


44 


34 


.4034 


.5966 


54 


34 


.3060 


.6940 


04 


34 


.2138 


.7862 


45 


35 


.4019 


.5981 


H 


35 


.3032 


.6968 


05 


35 


.2093 


.7907 
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TABLES. 
Table IX.— continued. 



Ten yean difference. 


Twenty ye»re difference. 


Thirty yean difference. 


Ago. 


Probabilities 


ARe*. 


I'r.-.l. .Mil i..-. 


A,„. 


Probabilities. 


46 


36 


.4004 


.5996 


56 


36 


.3003 


.6997 


66 


36 


.2047 


.7953 


47 


37 


.3988 


.6012 


57 


37 


.2973 


.7027 


67 


37 


.2001 


.7999 


■is 


38 


.3971 


.6029 


58 


38 


.2943 


■ 7057 


US 


38 


.1954 


.8046 


49 


39 


.3954 


.6046 


59 


39 


.2913 


.7087 


Ii9 


39 


.1906 


8094 


50 


40 


.3938 


.6062 


60 


40 


2882 


.7118 


70 


40 


.1859 


8141 


51 


41 


.3923 


-6077 


61 


4L 


.2849 


.7151 


71 


41 


.1610 


.8190 


52 


42 


.3907 


.6093 


62 


42 


.2814 


.7186 


72 


42 


.1758 


.8242 


53 


43 


.3890 


.6110 


63 


43 


.2774 


.7226 


73 


43 


.1705 


.8295 


54 


44 


.3881 


.6119 


64 


44 


.2733 


.7267 


74 


44 


1653 


.8347 


M 


45 


.3853 


.6147 


65 


45 


2690 


.7310 


75 


-15 


.1604 


.8396 


56 


46 


.3835 


.6165 


(ill 


46 


.2646 


.7354 


76 


46 


.1560 


.8440 


K 


47 


.3816 


.6184 


67 


■17 


.2601 


.7399 


77 


47 


1515 


.8485 


58 


48 


.3797 


.6203 


(is 


48 


.2555 


.7445 


78 


■18 


.1468 


.8532 


59 


49 


.3777 


.6223 


(if* 


49 


.2509 


.7491 


79 


49 


.1416 


.8584 


60 


50 


.3756 


.6244 


71* 


50 


.2461 


.7539 


80 


50 


.1361 


.8639 


61 


51 


.3730 


.6270 


71 


51 


.2406 


.7594 


81 


51 


.1304 


.8696 


62 


52 


.3700 


.6300 


72 


52 


.2349 


.7651 


8J 


52 


.1246 


.8754 


63 


53 


.3668 


.0332 


73 


53 


.2291 


.7709 


S;f 


53 


.1194 


.8806 


64 


54 


.3634 


.6366 


71 


54 


.2235 


.7765 


*4 


54 


.1160 


.8840 


65 


55 


.3597 


.6403 


/.» 


55 


.2181 


7819 


85 


55 


.1130 


.8870 


66 


56 


.3558 


.6442 


76 


56 


.2131 


.7869 


S'i 


56 


.1104 


.8896 


67 


57 


.3517 


.6483 


77 


SI 


.2080 


.7920 


87 


57 


.1080 


.8920 


6fi 


58 


.3474 


.6526 


78 


58 


.2024 


.7976 


88 


58 


.1063 


.8937 


69 


59 


.3430 


.6570 


79 


59 


.1959 


.8041 


89 


59 


.1025 


8975 


70 


60 


.3385 


.6615 


SO 


60 


.1890 


8110 


90 


60 


.965 


.9035 


71 


61 


.3338 


.6662 


81 


61 


.1823 


.8177 


91 


61 


.868 


.9132 


n 


62 


.3290 


■6710 


82 


62 


.1757 


.8243 


91' 


62 


.754 


.9246 


73 


63 


.3246 


.6754 


83 


63 


.1703 


.8297 


93 


63 


.618 


■9382 


74 


64 


.3204 


.6706 


84 


04 


.1673 


.8327 


94 


64 


.493 


.9507 


75 


65 


.3170 


.6830 


85 


65 


.1655 


.8345 


95 


65 


.368 


.9632 


76 


66 


.3145 


.6855 


86 


66 


.1629 


.6371 


96 


66 


.258 


.9742 


77 


67 


.3120 


.6880 


87 


67 


.1638 


.8362 










78 


68 


.3090 


.6910 


88 


66 


.1644 


.8356 










79 


69 


.3047 


.0953 


89 


69 


.1623 


.8377 










80 


70 


.3000 


.7000 


90 


70 


.1567 


.8433 










81 


71 


.2958 


.7042 


91 


71 


.1450 


.8550 










82 


72 


.2919 


.7081 


92 


72 


.1305 


.8695 










83 


73 


.2890 


.7110 


93 


73 


.1108 


.8892 










84 


74 


.2902 


.7098 


94 


74 


.924 


9076 










85 


75 


.2917 


.7083 


95 


75 


.717 


.9283 










86 


76 


.2925 


.7075 


96 


76 


.512 


.9488 
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Table lXr-conttnued. 



Ten jan difference. 




A**. 


Probabilities. 


tff 


77 


.2942 


.7058 


88 


78 


.2994 


.7006 




89 


79 


.3029 


.6971 




90 


HO 


.3022 


.6978 




HI 


HI 


.2897 


.7103 




92 


m 


.2720 


.7280 




93 


h:i 


.2420 


.7580 




94 


H4 


.2049 


.7951 




95 


tu 


.1606 


.8394 




M 


86 


.1173 


.8827 





Forty years difference. 


Fifty years difference. 


Sixty years difference, 


** 


Probabilities. 


*. 


Probabililiei. 


Ages. 


Probabilities. 


41 


1 


.4357 


.5643 


51 


1 


.3916 


.6084 


61 


1 


.3494 


.6506 


42 


2 


.3398 


.6602 


52 


2 


.2887 


.7113 


62 


2 


.2413 


.7587 


43 


3 


.2985 


.7015 


53 


3 


.2446 


.7554 


63 


S 


.1952 


.8048 


44 


4 


.2688 


.7312 


M 


4 


.2128 


.7872 


04 


.4 


.1619 


.8381 


45 


fi 


.2520 


.7480 


55 


6 


.1948 


.8052 


05 


5 


.1428 


.8572 


46 


6 


.2353 


.7647 


56 


6 


.1768 


.8232 


06 


6 


.1237 


.8763 


47 


7 


.2230 


.7770 


57 


7 


.1635 


.8365 


67 


,7 


.1092 


.8908 


-18 


8 


.2140 


.7860 


5? 


8 


.1535 


.8465 


68 


8 


.0982 


.9018 


49 


9 


.2086 


.7914 


59 


9 


.1474 


.8526 


09 


9 


.0912 


.9088 


50 


10 


.2059 


.7941 


60 


10 


.1442 


.8558 


70 


10 


.0873 


.9127 


51 


11 


.2045 


.7955 


61 


11 


.1422 


.8578 


71 


11 


.0846 


.9154 


52 


12 


.2035 


.7965 


62 


12 


.1406 


.8594 


72 


12 


.0825 


.9175 


53 


13 


.2026 


.7974 


63 


13 


,1390 


.8610 


73 


13 


.0805 


.9195 


54 


14 


.2018 


.7982 


64 


14 


.1376 


.8624 


74 


14 


.0788 


.9212 


55 


15 


.2011 


.7989 


65 


15 


.1362 


.8638 


75 


15 


.0775 


.9225 


56 


16 


.2005 


.7995 


66 


16 


.1350 


.8650 


70 


10 


.0768 


.9232 


57 


17 


.1996 


.8004 


67 


17 


.1335 


.8665 


77 


17 


.0759 


.9241 


58 


18 


.1981 


.8019 


OS 


18 


.1314 


.8086 


78 


18 


.0743 


.9257 


59 


19 


.1959 


.8041 


69 


19 


.1286 


.8714 


7!) 


19 


.0719 


.9281 


60 


20 


.1931 


.8069 


70 


20 


.1253 


.8747 


80 


20 


.0690 


.9310 
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Table IX.— continued. 



Forty yeiri differ* rice. 


Fifty yeirs difference. 


Sliry years difference. 




Probabilities. 


A g e, 


Probabilities. 


Ag«, 


Probabiliiiei. 


61 


21 


.1896 


.8104 


71 


21 


.1211 


.8789 


Si 


21 


.0655 


.9345 


62 


22 


.1855 


.8145 


72 


22 


.1165 


.8835 


82 


22 


.0616 


.9384 


63 


23 


.1812 


.8188 


73 


23 


.1120 


.8880 


S3 


23 


.0581 


.9419 


$4 


24 


.1768 


.823': 


71 


24 


.1075 


.6925 


8! 


24 


.0556 


.9444 


65 


25 


.1723 


.8278 


75 


25 


.1032 


.8968 


85 


35 


.0532 


.9469 


66 


26 


.1676 


.8324 


76 


26 


.0991 


.9009 


SO 


26 


.0511 


.9489 


(17 


27 


.1629 


.8371 


77 


27 


.0950 


.9050 


87 


27 


.0490 


.9510 


68 


28 


.1581 


.8419 


7H 


28 


.0907 


.9093 


88 


28 


.0473 


.9527 


(ill 


29 


.1532 


.8468 


711 


29 


.0861 


.9139 


89 


29 


.0448 


.9552 


70 


30 


.1483 


.8517 


*0 


30 


.0815 


.9185 


90 


30 


.0413 


.9587 


71 


31 


.1434 


.8566 


81 


31 


.0770 


.9230 


91 


31 


.0363 


.9637 


72 


32 


.1384 


.8616 


82 


32 


.0727 


.9273 


92 


32 


.0310 


.9690 


73 


33 


.1335 


.8665 


*3 


33 


.0688 


.9312 


93 


33 


.0248 


.9752 


n 


34 


.1287 


.8713 


84 


34 


.0660 


.9340 


9-1 


34 


.0194 


.9806 


75 


35 


.1242 


.8758 


85 


35 


.0635 


.9365 


95 


36 


.0140 


.9860 


76 


36 


.1199 


.8801 


Mi 


36 


.0612 


.9388 


96 


36 


.0095 


.9905 


77 


37 


.1156 


.8844 


87 


37 


.0591 


.9409 










78 


38 


.1112 


.8888 


88 


38 


.0574 


.9426 










79 


39 


.1064 


.8936 


89 


39 


.0548 


.9452 










80 


40 


.1021 


.8979 


90 


40 


.0511 


.9489 










81 


41 


.0968 


.9032 


91 


41 


.0455 


.9545 










82 


42 


.0919 


.9081 


92 


42 


.0392 


.9608 










83 


■13 


.0876 


.9124 


93 


43 


.0315 


.9685 










84 


44 


.0846 


.9154 


94 


44 


.0247 


.9753 










85 


45 


.0818 


.9182 


95 


45 


.0180 


.9820 










Sfi 


At 


.0795 


.9205 


96 


46 


.0123 


.9877 










b7 


47 


.0774 


.9226 


















88 


48 


.0759 


.9241 


















89 


49 


.0732 


.9268 


















90 


50 


.0690 


.9310 


















91 


51 


.0617 


.9383 


















n 


52 


.0533 


.9467 


















93 


53 


.0432 


.9568. 


















94 


54 


.0342 


.9653 


















95 


55 


.0251 


.9749 


















96 


56 


.0173 


.9827 



















TABLES. 
Table IX.— continued. 



875 



at j jein difference. 


Eighty years difference. 


Ninety yean difference. 


* 


Probabilities. 


Age*. 


Probabilities 


A|«. 


Probabilities 


1 


.3049 


.6951 


81 


1 


.2495 


-7505 


91 


1 


.1893 


.8107 


2 


.1945 


.8055 


82 


2 


.1437 


.8563 


92 


3 


.0918 


.9082 


3 


.1487 


.8513 


83 


3 


.1034 


.8966 


93 


3 


.0553 


.9446 


4 


.1159 


.6841 


84 


4 


.0763 


.9237 


94 


4 


.0312 


.9688 


5 


.0980 


.9020 


85 


5 


.0634 


.9366 


95 


£ 


.0212 


.9788 


e 


-0798 


.9202 


86 


6 


.0492 


.9508 


96 


6 


.0115 


.9885 


7 


.0660 


.9340 


87 


7 


.0385 


.9615 










s 


.0553 


.9447 


88 


8 


.0304 


.9696 










9 


,0484 


.9516 


89 


9 


.0250 


.9750 













.0444 


.9556 


90 


10 


.0216 


.9784 










I 


.0418 


.9582 


91 


11 


.0186 


.9814 










2 


.0397 


.9603 


93 


12 


.0157 


.9843 










3 


.0380 


.9620 


93 


13 


.0125 


.9875 










-1 


.0372 


.9628 


94 


14 


.0097 


.9903 










.1 


.0368 


.9632 


95 


IS 


.0070 


.9930 










.6 


.0370 


.9630 


M 


10 


.0049 


.9051 










.; 


.0373 


.9627 


















18 


.0375 


.9625 


















!> 


.0367 


.9633 


















n 


.0345 
.0309 


.9655 
.9691 


















>2 


.0263 


.9737 


















la 


.0210 


.9790 


















M 


.0164 


.9836 


















Z5 


.0118 


.9882 


















2G 


.0080 


.9920 
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Eighty Yean Difference. 
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to 
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• 

• 
u 

C 

u 
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Shewing the Probabilities and Expectation of Human Life 
among Males and Females, separately taken, in the King- 
dom of f " * 





Males. 






Females. 


Bora 10,282—282 born d 


*ad. 


(0,277— 217boro dead- 


Ae«. 


th*. 


Deer. 


Ira** 


Living. 


Deer. 


**«* 


Bom alive 


10,000 


23 in 


33.20 


10,000 


2090 


35.70 


I year 


7,;oo 


500 


42.45 


7,910 


518 


44.00 


2 


7,200 


337 


43.83 


7,392 


350 


46.05 


3 


6,863 


240 


44.96 


7,042 


250 


47.31 


4 


6,623 


150 


45.57 


6,792 


135 


48.04 


5 


6,473 


125 


45.62 


6,657 


ISO 


48.00 


6 


6,348 


105 


45.50 


6,537 


105 


47.87 


7 


6,243 


§8 


45.26 


6,432 


66 


47.64 


8 


6,153 


75 


44.91 


6,347 


70 


47.28 


9 


6,078 


65 


44.46 


6,277 


60 


46.80 


10 


6,013 


55 


43.94 


6,217 


52 


46.25 


11 


5,958 


45 


43.26 


6,165 


46 


45 .55 


12 


5,913 


46 


42.58 


6,119 


40 


44.85 


13 


5.868 


40 


41.91 


6,079 


35 


44.15 


14 


5,828 


40 


41.24 


6,044 


35 


43.46 


15 


5,788 


39 


40.56 


6,009 


36 


42.76 


J6 


5,749 


39 


39.83 


5,974 


-U 


42.04 


1/ 


5,710 


39 


39.11 


5,934 


40 


4U1 


.18 


5,671 


44 


38.33 


5,894 


42 


40.59 


19 


5,627 


44 


37.67 


5,852 


43 


39.87 


20 


5,583 


50 


36.95 


5,809 


43 


39.15 


21 


5,533 


50 


36.28 


5,766 


43 


38.43 


22 


5,483 


59 


35.62 


5,723 


43 


37.72 


23 


5,433 


55 


34.96 


5,680 


44 


37.01 


24 


5,378 


52 


34.30 


5,636 


45 


36.29 


25 


5,323 


55 


33.G3 


5.591 


45 


35.58 


26 


5,268 


55 


32.98 


5,546 


50 


34.90 


27 


5,213 


55 


32.32 


5,496 


52 


34.21 



* See Dr. Price's Treatise on Reversionary Payments. Vol. II. 
j.410, 7th J editlbn. 



TABLES. 
Table XI.— tontiimrd. 



Males. 


Females. 


Age. 


Living. 


Dra. 


to***. 


U*» 


Deer. 


M<t 


28 


5,158 


55 


31.66 


5,444 


55 


33.53 


29 


5,103 


56 


31.00 


5,389 


55 


32.85 


30 


5,049 


59 


30.34 


5,334 


60 


32.17 


31 


4,988 


60 


29.69 


5,274 


60 


31.54 


32 


4.928 


60 


29.04 


5,214 


65 


30.91 


93 


4,868 


60 


28.39 


5,149 


65 


30.23 


34 


4,808 


60 


27.74 


5,084 


65 


29.66 


35 


4,748 


60 


27-09 


5,019 


60 


29.03 


36 


4,688 


60 


26.43 


4,959 


56 


28.26 


37 


4,628 


60 


25.76 


4,903 


56 


27.50 


38 


4,568 


60 


25.09 


4,847 


56 


26.74 


3!) 


4,508 


60 


24.42 


4,791 


58 


25.97 


11) 


4,448 


65 


23.75 


4,733 


65 


25.21 


•11 


4,383 


72 


23.15 


4,668 


75 


24.68 


42 


4,311 


80 


22.54 


4,593 


76 


24.75 


43 


4,231 


80 


21.93 


4,517 


76 


23.62 


44 


4,151 


80 


21.32 


4,441 


75 


23.10 


45 


4,071 


80 


20.71 


4,366 


72 


22.57 


48 


3,991 


80 


20.12 


4,294 


67 


21.91 


47 


3,911 


80 


19.52 


4,227 


65 


21.24 


48 


3,831 


80 


18.92 


4,162 


6.1 


20.53 


49 


3,751 


85 


18.32 


4,097 


70 


19.92 


50 


3,666 


95 


17.72 


4,027 


75 


19.26 


51 


3,571 


95 


17.17 


3,952 


80 


18.64 


52 


3,476 


95 


16.63 


3,872 


85 


18.01 


53 


3,381 


95 


16.08 


3,787 


85 


17.39 


54 


3,286 


95 


15.53 


3,702 


85 


16.77 


55 


3,191 


95 


14.98 


3,617 


85 


16.15 


56 


3,096 


95 


14.43 


3,532 


85 


15.53 


57 


3,001 


100 


13.87 


3,447 


90 


14.92 


58 


2,901 


100 


13.33 


3,357 


90 


14.31 


59 


2,801 


100 


12.79 


3,267 


100 


13.69 


so 


2,701 


105 


12.24 


3,167 


110 


13.08 


61 


2,596 


no 


11.72 


3,057 


118 


12.56 


62 


2,486 


115 


11.21 


2,939 


120 


12.04 


63 


2,371 


115 


10.73 


2,819 


120 


11.52 


64 


2,256 


115 


10.26 


2,699 


120 


11.01 


65 


2,141 


115 


9.78 


2,579 


120 


10.49. 


no 


2,026 


115 


9.30 


2,459 


120 


9.97 



28* 
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TABLES. 










Table XL — continued. 








Males. 




Females 


»• 


Age*. 

67 


Living. 


Dear.. 


Expectat. 


Living. 


Deer. 


Expectat;. 


1,911 


120 


8.84 


2,339 


120 


9.46 


68 


1,791 


125 


8.40 


2,219 


120 


8.94 


69 


1,666 


125 


7.99 


2,099 


120 


8.42 


70 


1,541 


125 


7.60 


1,979 


130 


7.91 


71 


1,416 


125 


7.22 


1,849 


140 


7.53 


72 


1,291 


,120 


6.87 


1,709 


150 


7.1(5 


73 


1,171 


120 


6.53 


1,559 


160 


6.78 


74- 


1,051 


110 


6.22 


1,399 


150 


6.40 


75 


941 


105 


5.89 


1,249 


140 


6.03 


76 


836 


100 


5.56 


1,109 


130 


5.73 


77 


736 


90 


5.25 


979 


120 


5.43 


78 


, 646 


85 


4.92 


859 


110 


5.11 


79 


561 


80 


4.59 


749 


100 


4.79 


80 


481 


75 


4.27 


649 


95 


4.47 


81 


406 


70 


3.96 


554 


90 


4.13 


82 


336 


65 


3.69 


464 


85 


3.84 


83 


271 


60 


3.45 


379 


80 


3.59 


84 


211 


50 


3.30 


299 


75 


3.42 


85 


161 


40 


3.16 


224 


55 


3.40 


86 


121 


30 


3.04 


169 


40 


3.34 


87 


91 


22 


2.88 


129 


30 


3.22 


88 


69 


17 


2.64 


99 


23 


3.05 


89 


52 


14 


2.34 


76 


18 


2.82 


90 


38 


12 


2.02 


58 


15 


2.55 


91 


26 


9 




43 


12 ' 




92 


17 


7 




31 


10 




93 


10 


6 




21 


8 




94 


4 


3 




13 


6 




95 


1 


1 




7 


4 




96 










3 


. 2 




97 





o 1 




1 


1 | 


. 
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TABLE XII. 

Shewing the Probabilities of the Duration of Human Life 
among Males and Females, taken collectively, deduced 
from the preceding Table. 





Born 10,249—249 born dead. 


Age. 


Living. 


Deer. 


Expect. 


Age. 

33 


Living. 


Deer. 

63 


Expect. 


Born alive 


10,000 


2195 


34.42 


5,010 


29.30 


1 year 


7,805 


509 


42.95 


34 


4,947 


63 


28.67 


2 years 


7,296 


344 


44.92 


35 


4,884 


59 


28.03 


3* 


6,9*52 


245 


46.1 1 


36 


4,825 


58 


27.31 


4 


6,707 


143 


46.78 


37 


4,767 


58 


26.68 


5 


6,564 


122 


46.79 


38 


4,709 


58 


26.01 


6 


6,442 


105 


46.66 


39 


4,651 


60 


25.33 


7 


6,337 


87 


46.43 


40 


4,591 


65 


24.66 


8 


6,250 


73 


46.07 


41 


4,526 


73 


24.05 


9 


6,177 


62 


45.61 


42 


4,453 


78 


23.44 


10 


6,115 


54 


45.07 


43 


4,375 


78 


22.83 


11 


6,061 


45 


44.38 


44 


4,297 


78 


22.22 


12 


6,016 


42 


43.70 


45 


4,219 


76 


21.61 


13 


5,974 


38 


43.01 


46 


4.143 


74 


20.98 


14 


5,936 


37 


42.33 


47 


4,069 


72 


20.35 


15 


5,899 


37 


41.64 


48 


3,997 


73 


19.72 


16 


5,862 


40 


40.92 


49 


3,924 


78 


19.09 


17 


5,822 


40 


40.19 


50 


3,846 


85 


18.46 


18 


5,782 


42 


39.47 


51 


3,761 


87 


17.87 


19 


5,740 


43 


38.74 


52 


3,674 


90 


17.29 


20 


5,697 


47 


38.02 


53 


3,584 


90 


16.70 


21 


5,650 


47 


37.33 


54 


3,494 


91 


16.12 


22 


5,603 


48 


36.64 


55 


3,403 


91 


15.53 


23 


5,555 


48 


35.96 


56 


3,312 


92 


14.95 


24 


5,507 


50 


35.27 


57 


3,220 


95 


14.37 


25 


5,457 


50 


34.58 


58 


3,125 


95 


13.79 


26 


5,407 


52 


33.91 


59 


3,030 


100 


13.21 


27 


5,355 


54 


33.23 


60 


2,930 


108 


12.63 


28 


5,301 


55 


32.56 


61 


2,822 


114 


12.12 


29 


5,246 


55 


31.88 


62 


2,708 


118 


11.62 


30 


5,191 


59 


31.21 


63 


2,590 


118 


11.11 


31 


5,132 


60 


30.57 


64 


2,472 


118 


10.61 


32 


5,072 


62 


29.94 


65 


2,354 


118 


10.10 1 
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TA*jU8. 



Table XII— continued. 





Bom 10,240—249 born dead. 


Age. 


Living. 


Dear. 


Expect. 


Age. 

83 


Living. 


Iter. 


Bxpecc. 


66 


2,236 


118 


9.62 


309 


65 


3.5f 


67 


2,118 


121 


9.15 


84 


244 


55 


3.39 


68 


1,997 


124 


8.67 


85 


189 


45 


3.23 


69 


1,873 


124 


8.20 


86 


144 


35 


3.09 


70 


1,749 


127 


7.72 


87 


109 


27 


2.92 


71 


1,622 


133 


7.32 


88 


82 


20 


2.71 


72 


1,489 


135 


6.89 


89 


62 


15 


2.43 


73 


1,354 


140 


6.53 


90 


47 


14 


2.05 


74 


1,214 


130 


6.23 


91 


33 


12 


1.71 


75 


1,084 


121 


5.91 


92 


21 


10 


1.40 


76 


963 


115 


5.59 


93 


11 


6 




77 


848 


105 


5.28 


94 


5 


3 


* 


78 


743 


95 


4,96 


95 


2 


1 


i 


79 


648- 


90 


4.61 


96 


1 


1 




80 


558 


90 


4.28 








» 


81 


468 


84 


4.01 








■" 


82 


384 


75 


3.80 
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TABLE XIII. 

Shewing the Values of Annuities on Single Lives among 
Males and Females, according to the Probabilities of 
the Duration of Life in the Kingdom of Sweden. See 
Table XL 





Males. 




Females. 


Lives in general. 


Ages. 


4 per Genu 


5 per Cent. 


1 
4 per Cent 


5 per Cent* 


4 per Cent. 


5 per Cent. 


1 


16.503 


14.051 


16.820 


14271 


16.661 


14.161 


2 


17.355 


14.778 


17.719 


15.034 


17.537 


14.906 


3 


17.935 


15.279 


18.344 


15.571 


18.139 


15.425 


4 


18.328 


15.624 


18.780 


15.951 


18.554 


15.787 


5 


18.503 


15.786 


18.92? 


16.088 


18.715 


15.937 


6 


18.622 


15.901 


19.045 


16.203 


18.833 


16.052 


7 


18.693 


15.977 


19.131 


16.291 


18.912 


16.134 


8 


18.725 


16.021 


19.162 


16.335 


18.943 


16.178 


9 


18.715 


1 6.030 


19.151 


16.343 


18.933 


16.186 


10 


18.674 


16.014 


19.109 


16.325 


18.891 


16.169 


U 


18.600 


15.970 


19.041 


16.286 


18.820 


16.128 


12 


18.491 


15.896 


18.952 


16.2?9 


18.721 


16.062 


13 

i 


18.378 


15.819 


18.840 


16.153 


18.609 


15.986 


14 


18.246 


15J24 


18.707 


16.059 


18.476 


15.891 


15 


18.105 


15.624 


18.568 


15.960 


18.336 


15.792 


16 


17.958 


15.517 


18.424 


15.856 


18.191 


15.686 


17 


17.803 


15.404 


18.290 


15.761 


18.046 


15.582 


16 


* 17.643 


15.285 


38.151 


15.662 


17.897 


15.473 


19 


17.492 


15.175 


18.013 


15.563 


17.752 


15.369 


20 


17.335 


15.059 


] 7.872 


15.462 


17.603 


15.260 


21 


17.192 


14.955 


17.725 


15.356 


17.458 


15.155 


22 


17.042 


14.846 


17.573 


15.245 


17.307 


15.045 


23 


16.887 


14.732 


17.414 


15.129 


17.150 


14.930 


24 


16.742 


14.627 


17.252 


15.009 


16.997 


14.818 


25 


16.592 


14.517 


17.087 


14.686 


16.839 


14.701 


26 


16.436 


14.402 


16.915 


14.757 


16.675 


14.579 


27 


16.274 


14.282 


16.751 


14.636 


16.512 


14.459 


26 


16.105 


14.156 


16.588 


14.515 


16.346 


14.335 


29 


15.930 


14.024 


16,427 


14.396 


16.178 


14.210 


30 


15,751 


13.889 


16.261 


14.272 


16.006 


14.080 


31 


15.575 


13.756 


16.104 


14.156 


15.839 


13.956 


32 


16,395 


13.619 


15.941 


14.035 


15.668 


13.827 
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TABLES. 



Table XIII.— continued. 





Males. 




Female*. 


Lives in general. 


Ages. 


4 per Cent. 


5 per Cent, 


4 per Cent. 


5 per Cent. 


4 per Cent. 


> 

5 per Cent. 


33 


15.208 


13.477 


15.787 


13.923 


15.497 


13.700 


34 


15.014 


13.327 


15.629 


13.806 


15.321 


13.566 


35 


14.812 


13.170 


15.465 


13.684 


15.138 


13.427 


36 


14.601 


13.006 


15.278 


13.542 


14.939 


13.274 


37 


14.382 


12.833 


15.070 


13.382 


14.726 


13.107 


38 


14.154 


12.652 


14.854 


13.213 


14.504 


12.932 


39 


13.916 


12.462 


14.629 


13.036 


14.272 


12.749 


40 


13.668 


12.261 


14.401 


12.856 


14.034 


12.558 


41 


13.426 


12.065 


14.185 


12.687 


13.805 


12.376 


42 


13.196 


11.880 


13.994 


12.538 


13.595 


12.209 


43 


12.984 


11.710 


13.798 


12.387 


13.391 


12.048 


44 


12.763 


11.532 


13.596 


12.229 


13.179 11.880 


45 


12.535 


11.347 


13.383 


12.061 


12.959 


11.704 


46 


12.297 


11.153 


13.151 


11.876 


12.724 


11.514 


47 


12.051 


10.951 


12.894 


11.668 


12.472 


11.309 


48 


11.795 


10.738 


12.620 


11.443 


12.217 


11.090 


49 


11.528 


10.516 


12.333 


11.205 


11.930 


10.860 


50 


11.267 


10.298 


12.049 


10.970 


11.658 


10.634 


51 


11.030 


10.100 


11.769 


10.737, 


11.399 


10.418 


52 


10.785 


9.895 


11.492 


10.507 


1 1.138 


10.201 


63 


10.531 


9.682 


11.220 


10.280 


10.875 


9.981 


54 


10.269 


9.460 


10.937 


10.042 


10.603 


9.751 


55 


9.998 


9.229 


10.642 


9.792 


10.320 


9.510 


56 


9.717 


8.988 


10.334 


9.529 


10.025 


9.258 


57 


9.425 


8.736 


10.012 


9.253 


9.718 


8.994 


58 


9.140 


8.489 


9.692 


8.976 


9.416 


8.732 


59 


8.845 


8.232 


9.358 


8.684 


9.101 


8.458 


60 


8.540 


7.963 


9.039 


8.406 


8.789 


8.184 


61 


8.241 


7700 


8.739 


8.144 


8.490 


7.922 


62 


7.950 


7.442 


8.453 


7.895 


8.201 


7.668 


63 


7.669 


7.193 


8.166 


7.643 


7.917 


7.418 


64 


7.382 


6.938 


7.870 


7.382 


7.626 


7.160 


65 


7.090 


6.676 


7.566 


7,111 


7.328 


6.893 


66 


6.792 


6.408 


7.252 


6.831 


7.022 


6.619 


67 


6.489 


6.134 


6.930 


6.541 


6.709 


6.337 


68 


6.201 


5.872 


6.596 


6.239 


6.398 


6.055 


69 


5.933 


5.628 


6.253 


5.926 


6.093 


5.777 


70 


5.670 


5.389 


5.897 


5.599 


5.783 


5.494 


71 


5.418 


5.158 


5.564 


5.293 


5.491 


5.225 If 
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Table XI1L— continued. 





Males. 




Females. 


Lives in 


general. 


i 

Ages. 


4 per Cent. 


5 per Cent. 


4 per Cent. 


3 per Cent. 


4 per Cent. 


• 
5 per Cent. 


n 


5.180 


4.940 


5.261 


5.013 


5.220 


4.976 


73 


4.940 


4.719 


4.998 


4.770 


4.969 


4.744 


74 


4.724 


4.521 


4.792 


4.581 


4.758 


4.551 


75 


4.487 


4.302 


4.582 


4.388 


4.534 


4.345 


76 


4.253 


4.084 


4367 


4.189 


4.310 


4.136 


. 77 


4.024 


3.871 


4.145 


3.983 


4.084 


3.927 


78 


3.768 


3.631 


3.913 


3.767 


3.840 


3.699 


. 79 


3.512 


3.390 


3.668 


3.536 


3.590 


3.463 


80 


3.260 


3.152 


3.402 


3.285 


3.331 


3.218 


81 


3.017 


2.921 


3.145 


3.041 


3.081 


2.981 


82 ' 


2.792 


2.706 


2.905 


2.812 


2.848 


2.759 


83 


2.600 


2.523 


2.699 


2.615 


2.649 


2.569 


84 


2.473 


2.403 


2.559 


2.480 


2.516 


2.441 


85 


2.371 


2.306 


2.552 


2.476 


2.461 


2.391 


86 


2.281 


2.222 


2.518 


2.446 


2.399 


2.334 


87 


2.154 


2.103 


2.431 


2.365 


2.292 


2.238 


88 


1.955 


1.912 


2.294 


2.236 


2.124 


2.074 


89 


1.698 


1.664 


2.108 


2.059 


1.903 


1.861 


90 


1.417 


1.392 


1.873 


1.833 


1.645 


1.612 


91 


1.154 


1.136 


1.628 


1.596 


1.391 


1.366 


92 


0.835 


0.824 


1.349 


1.325 


1.092 


1.074 


93 


0.477 


0.471 


1.071 


1.054 


0.774 


0.762 


94 


0.240 


0.238 


0.799 


0.788 


0.519 


0.513 


95 


0.000 


0.000 


0.544 


0.537 






96 


0.000 


0.000 


0.320 


0.317 
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TABLE XIV. 

Shewing the Values of Annuities on Two joint Lives, ac- 
cording to the Probabilities (in Table XII.) of the 
Duratioit of Human Life among Males and Females 
collectively* reckoning Interest at 4 per Cent. 

Interest 4 per Cent. 
Differences of Age 0, 6, 12, and 18 Years* 



1 1 ' 
Ages. 


Values. 


Ages. 


Values. 


Ages. 


Values. 


Ages. 


Values. 


1- 1 


12.252 


1- 7 


13.989 


1-13 


13.894 


1-19 


13.389 


2- 2 


13.583 


2- 8 


14.780 


2-14 


14.557 


2-20 


14.008 


3- 3 


14.558 


3- 9 


15.323 


3-15 


14.988 


3-21 


14.41/ 


4- 4 


15.267 


4-10 


15.685 


4-16 


15.259 


4-22 


14.671 


5- 5 


15.577 


5-11 


15.817 


5-17 


15.326 


5-23 


14.725 


6* 6 


15.820 


6-12 


15.887 


6-18 


15.354 


6-24 


14.740 


7- 7 


1 6.003 


7-13 


15.914 


7-19 


15.351 


7-25 


14.727 


8- 8 


16.109 


8-14 


15.888 


8-20 


15.310 


8-26 


14.673 


9- 9 


16.152 


9-15 


15.824 


: 9-21 


15.244 


9-27 


14.590 


10-10 


16.141 


10-16 


15.729 


10-22 


15.149 


10-28 


14.484 


li-n 


16.087 


11-17 


15.617 


11-23 


15.033 


11-29 


14.357 


12-12 


15.982 


12-18 


15.477 


12-24' 


14.889 


12-30 


14.202 


13-13 


15.855 


13-19 


15.327 


13-25 


14.736 


13-31 


14.045 


14-14 


15.701 


14-20 


15.164 


14-26 


14.566 


14-32 


13.874 


15-15 


15.535 


15-21 


15.001 


15-27 


14.392 


15-33 


13.700 


16-16 


15.361 


16-22 


14.832 


16-28 


14.216 


16-34 


13.520 


17-17 


15.196 


17-23 


14.665 


17-29 


14.042 


, 17-35 


13.340 


18-18 


15.023 


18-24 


14.491 


18-30 


13.860 


18-36 


13.141 


19-19 


14.854 


19-25 


14.390 


19-31 


13.687 


19-37 


12.934 


20-20 


14.682 


20-26 


14.144 


20-32 


13.512 


20-38 


12.720 


21-21 


14.525 


21-27 


13.976 


21-33 


13.345 


21-39 


12.505 


22-22 


14.360 


22-28 


13.807 


22-34 


13.173 


22-40 


1 2.286 


23-23 


14.194 


23-29 


13.635 


23-35 


12.997 


23-41 


1 2.073 


24-24 


14.020 


24-30 


13.455 


24-36 


12.801 


24-42 


11.873 


25-25 


13.849 


25-31 


13.284 


25-37 


12.599 


25-43 


11.683 


26-26 


13.671 


26-32 


1^.108 


26-38 


12.387 


26-44 


11.485 


27-'27 


13.495 


27-33 


12.935 


27-39 


12.170 


27-45 


11.284 


28-28 


13.323 


28-34 


12.763 


28-40 


11.953 


28-46 


11.072 


29-29 


13.148 


29-35 


12.586 


29-41 


11.742 


29-47 


10.847 


30-30 


12.9115 


30-36 


12.390 


30-42 


11.543 


30-48 


10.606 


31-31 


12.795 


31-37 


12.192 


31-43 


11.359 


31-49 


10.365 



TABLES. 

TABLE XIV.— continued. 

Interest 4 per Cent, 



A E e, 


Values. 


w. 


Value.. 


A 6e , 


Values. 


Ages. 


Values. 


32-32 


12.624 


32-38 


11.988 


32-44 


11.170 


32-50 


10.128 


33-33 


12.456 


33-39 


11.779 


33-45 


10.978 


33-51 


9.905 


34-34 


12.286 


34-40 


1 1.56S 


34-46 


10.775 


34-52 


9.679 


35-35 


12.109 


35-41 


11.361 


35-47 


10.557 


35-53 


9.452 


36-36 


11.904 


36-42 


11.156 


36-48 


10.314 


36-54 


9.207 


37-37 


11.683 


37-43 


10.953 


37-49 


10.059 


37-55 


8.951 


38-38 


11.452 


38-44 


10.741 


38-50 


9.805 


38-56 


8.683 


30-39 


11.209 


39-45 


10.519 


39-5! 


9.558 


39-57 


8.404 


40-40 


10.964 


40-46 


J 0.286 


40-52 


9.308 


40-58 


8.124 


41-41 


10.732 


41-47 


10.049 


41-53 


9.066 


41-59 


7-839 


42-42 


10.531 


42-48 


9.813 


42-54 


8.830 


42-60 


7.569 


43-43 


10.346 


43-49 


9.581 


43-55 


8.597 


43-61 


7.318 


44-44 


10.154 


44-50 


9.351 


44-56 


8.354 


44-62 


7.075 


45-45 


9.954 


45-51 


9.129 


45-57 


8.101 


45-63 


6.836 


4G-46 


g.73G 


46-52 


8.897 


46-58 


7.841 


46-64 


6.586 


47-47 


9.497 


47-53 


8.658 


47-59 


7.563 


47-65 


6.323 


48-48 


9.236 


48-54 


8.402 


48-60 


7.281 


48-66 


6.048 


49-49 


8.966 


49-55 


8.139 


49-61 


7.008 


49-67 


5.764 


50-50 


8.707 


50-56 


7.874 


50-62 


6.749 


50-68 


5.487 


51-51 


8.469 


51-57 


7.613 


51-63 


6.505 


51-69 


5.221 


52-52 


8.230 


52-58 


7.351 


52-64 


6.256 


52-70 


4.953 


53-53 


7.994 


53-59 


7.083 


53-65 


6.004 


53-71 


4.694 


54-54 


7.748 


54-60 


6.814 


54-66 


5.743 


54-72 


4.455 


55-55 


7.495 


55-61 


6.555 


55-67 


5.474 


55-73 


4.231 


56-56 


7.229 


56-62 


6.299 


56-68 


5.204 


56-74 


4.043 


57-57 


6.954 


57-63 


6.045 


57-69 


4.936 


57-75 


3.844 


58-58 


6.678 


58-64 


5.788 


58-70 


4.664 


58-76 


3.637 


59-59 


6.388 


59-65 


5.519 


59-71 


4.395 


59-77 


3.430 


60-60 


6.104 


60-66 


5.249 


60-72 


4.149 


60-78 


3.210 


61-61 


5.844 


61-67 


4.984 


61-73 


3.927 


61-79 


2.974 


62-62 


5.600 


62-6S 


4.729 


62-74 


3.747 


62-80 


2.744 


C3-63 


5.367 


63-69 


4.4S2 


63-75 


3.563 


63-81 


2.557 


64-64 


5.128 


64-/0 


4.231 


64-76 


3.370 


64-82 


2.396 


65-65 


4.881 


65-7! 


3.982 


65-77 


3.180 


65- SO 


2.252 


66-66 


4.626 


66-72 


3.750 


66-78 


2.974 


60-84 


2.123 


67-67 


4.362 


67-73 


3.527 


67-79 


2.743 


67-85 


2.010 


68-68 


4.130 


68-74 


3.340 


68-80 


2.514 


68-86 


1.910 


G9-69 


3.851 


69-75 


3.147 


69-81 


2.324 


69-87 


1.798 


70-70 


3.593 


70-76 


2.946 


70-82 


2.155 


70-88 


1.661 


71-71 


3.345 


71-77 


2.752 


71-83 


2.004 


71-89 


1.464 
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Table XIV. — continued. 
Interest 4 per Cent. 



Ages. 


Values. 


Ages. 


Values. 


Agcr. 


Values. 


Ages. 


Values. 


72-72 


3.128 


72-78 


2.558 


72-84 


1.875 


72-90 


1.189 


73-73 


2.935 


73-79 


2.355 


73-85 


1.768 


73-91 


0.937 


74-74 


2.797 


74-80 


2.172 


74-86 


1.692 


74-92 


0.708 


75-75 


2.648 


75-81 


2.017 


75-87 


1.605 


75-93 


0.575 


76-76 


2.490 


7G-82 


1.877 


76-88 


1.497 


76-94 


0.481 


77-77 


2.340 


77-83 


1.756 


77-89 


1.339 


77-95 


0.421 


78-78 


2.170 


78-84 


1.639 


78-90 


1.097 






79-79 


1.967 


79-85 


1.524 


79-91 


0.863 






80-80 


1.758 


80-86 


1.416 


80-92 


0.638 






81-81 


1.600 


81-87 


1.320 


81-93 


0.511 




> 


82-82 


1.472 


82-88 


1.225 


82-94 


0.427 






83-83 


1.364 


83-89 


1.094 


83-95 


0.379 


a 




84-84 


1.276 


84-90 


0.902 










85-85 


1.212 


85-91 


0.725 










86-86 


1.172 


86-92 


0.556 










87-87 


1.127 


87-93 


0.459 






• 




88-88 


1.071 


88-94 


0.396 










89-89 


0.949 


89-95 


0.364 










90-90 


0.718 




• 










91-91 


0.516 














92-92 


0.326 














93-93 


0.236 














94-94 


0.190 














95-95 


0.024 ! 






* 









TABLES. 



%QS 



Table XIV. — continued* 



Interest 4 per Cent. 
Differences of Age 24, 30, 36, and 42 Years. 



Ages. 


Values. 


Ages. 


Values. 


Ages. 


Values. 


Ages. 


Values. 


1-25 


12.832 


1-31 


12.196 


1-37 


1 1 .465 


1-43 


10.546 


2-26 


13.409 


2-32 


12.730 


2-38 


11.913 


2-44 


10.946 


3-27 


13.778 


3-33 


13.066 


3-39 


12.164 


3-45 


11.168 


4-28 


14.003 


4-34 


13.264 


4-40 


12.284 


4-46 


11.260 


5-29 


14.037 


5-35 


13.277 


5-41 


12.242 


5-47 


11.183 


6-30 


1 4.033 


6-36 


13.242 


6-42 


12.135 


6-48 


11.064 


7-31 


14.006 


7-37 


13.170 


7-43 


12.112 


7-49 


10.915 


8-32 


13.944 


8-38 


13.059 


8-44 


1 2.004 


8-50 


10.743 


9-33 


13.855 


9-39 


12.913 


9-45 


11.865 


9-51 


10.560 


10-34 


13.741 


10-40 


1 2.743 


10-46 


11.694 


10-52 


10.357 


11-35 


13.604 


11-41 


12.563 


11-47 


11.493 


11-53 


10.140 


12-36 


13.428 


12-42 


12.379 


12-48 


11.259 


12-54 


9.898 


13-37 


13.234 


13-43 


12.196 


13-49 


11.011 


13-55 


9.644 


14-38 


13.023 


14-44 


11.997 


14-50 


10.759 


14-56 


9.371 


15-39 


12.798 


15-45 


11.787 


15-51 


10.514 


15-57 


9.087 


16-40 


12.570 


16-46 


11.562 


16-52 


10.264 


16-58 


8.799 


17-41 


12.351 


17-47 


1 J .328 


17-53 


10.018 


17-59 


8.503 


18-42 


12.146 


18-48 


11.076 


18-54 


9.761 


18-60 


8.208 


19-43 


11.951 


19-49 


10.819 


19-55 


9.500 


19-61 


7.928 


20-44 


11.751 


20-50 


10.567 


20-56 


9.228 


20-62 


7.658 


21-45 


11.550 


21-51 


1 0.332 


21-57 


8.953 


21-63 


7.396 


22-46 


11.335 


22-52 


10.092 


22-58 


8.675 


22-64 


7.127 


23-47 


11.107 


23-53 


9.852 


23-59 


g.385 


23-65 


6.851 


24-48 


10.862 


24-54 


9.602 


24-60 


8.097 


24-66 


6.566 


25-49 


10.612 


25-55 


9.347 


25-61 


7.823 


25-67 


6.275 


26-50 


10.364 


26-56 


9.080 


26-62 


7.557 


26-68 


5.986 


27-51 


10.130 


27-57 


8.807 


27-63 


7.297 


27-69 


5.702 


28-52 


9.894 


28-58 


8.534 


28-64 


7.032 


28-70 


5.415 


29-53 


9.659 


29-59 


8.250 


29-65 


6.761 


29-71 


5.136 


30-54 


9.413 


30-60 


7.967 


30-66 


6.481 


30-72 


4.881 


31-55 


9.167 


31-61 


7.702 


31-6? 


6.197 


31-73 


4.646 


32-56 


8.912 


32-62 


7.446 


32-68 


5.917 


32-74 


4.453 


33-57 


8.651 


33-63 


7.196 


33-69 


5.642 


33-75 


4.251 


34-58 


8.389 


34-64 


6.942 


34-70 


5.364 


34-76 


4.040 


35-59 


8.114 


35-65 


6.679 


35-71 


5.093 


35-77 


3.833 


36-60 


7.833 


36-66 


6.402 


36-72 


4.840 


36-78 


3.605 


37-61 


7.561 


37-67 


6.115 


37-73 


4.603 


37-79 


3.352 


38-62 


7.296 


38-68 


5.828- 
i 


38-74 

;3 


4.405 


38-80 


3.098 
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TABLES. 

Table XIV.— continued. 
Interest 4 per Cent. 



AgW. 


Vol net. 


Asm, 


Values. 


Age*. 


VulllM. 


A S «, 


Values. 


39-63 


7.033 


39-69 


5.543 


39-75 


4.195 


39-81 


2.889 


40-64 


6.763 


40-70 


5.254 


40-76 


3.975 


40-82 


2.710 


41-65 


6.492 


41-71 


4.977 


41-77 


3.762 


41-83 


2.553 


42-66 


6.225 


42-72 


4.730 


42-78 


3.539 


42-84 


2.418 


43-67 


5.957 


43-73 


4.507 


43-79 


3.295 


43-85 


2.305 


44-68 


5.689 


44-74 


4.322 


44-80 


3.052 


44-86 


2.203 


45-69 


5.426 


45-75 


4.128 


45-81 


2.854 


45-87 


2.083 


46-70 


5.153 


46-76 


3.921 


46-82 


2.684 


46-88 


1.933 


47-71 


4.884 


47-77 


3.715 


47-83 


2.533 


47-89 


1.708 


48-72 


4.633 


48-78 


3.489 


48-84 


2.396 


48-90 


1.385 


49-73 


4.398 


49-79 


3.238 


49-85 


2.277 


49-91 


1.090 


50-74 


4.205 


50-80 


2.990 


50-86 


2.171 


50-92 


0.818 


51-75 


4.008 


51-81 


2.792 


51-87 


2.050 


51-93 


0.662 


52-76 


3.803 


52-82 


2.623 


52-88 


1.901 


52-94 


0.551 


53-77 


3.605 


53-83 


2.475 


53-89 


1.681 


53-95 


0.46B 


54-78 


3.389 


54-84 


2.344 


54-90 


1.366 






55-79 


3.150 


55-85 


2.232 


55-91 


1.078 






56-80 


2.909 


56-86 


2.130 


56-92 


0.810 






57-81 


2.710 


57-87 


2.010 


57-93 


0.655 






58-82 


2.539 


58-88 


1.864 


58-94 


0.546 






59-83 


2.385 


59-89 


1.644 


59-95 


0.464 






60-84 


2.248 


60-90 


1.333 










61-85 


2.135 


61-91 


1.050 










62-86 


2.037 


62-92 


0.789 










63-87 


1.926 


63-93 


0.G39 










64-88 


1.790 


64-94 


0.533 










65-89 


1.585 


65-95 


0.456 










66-90 


1.290 














67-91 


1.017 














68-92 


0.764 














69-93 


0.617 














70-94 


0.514 














71-95 


0.441 
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TABLE XV. 

Shewing the Decrements and Expectations of Life accord- 
' ing to the Tables of Mortality published by M. de 
Parcieux. 



Ag«. 




Living. 


Deer. 


Expect. 


Age. 

35 


Living. 


Deer. 


Expert. 


10,000 


2550 


34.89 


4,740 


52 


30.95 


1 


7,450 


362 


45.67 


36 


4,688 


51 


30.29 


2 


7,088 


265 


47.27 


37 


4,637 


49 


29.62 


3 


6,823 


205 


47.78 


38 


4,587 


49 


28.94 


4 


6,618 


150 


48.25 


39 


4,538 


'48 


28.24 


5 


6,468 


123 


48.35 


40 


4,490 


49 


27.76 


6 


6,345 


102 


48.28 


41 


4,441 


49 


26.84 


7 


6,243 


91 


48.06 


42 


4,392 


50 


26.13 


8 


6,154 


81 


47.75 


43 


4,342 


51 


25.42 


9 


6,073 


69 


47.38 


44 


4,291 


52 


24.72 


10 


6,004 


58 


46.92 


45 


4,239 


53 


24.02 


11 


5,946 


49 


46.37 


46 


4,186 


54 


23.32 


12 


5,897 


43 


45.75 


47 


4,132 


55 


22.61 


13 


5,854 


39 


45.08 


48 


4,077 


56 


21.91 


14 


5,815 


37 


44.38 


49 


4,021 


57 


21.21 


15 


5,778 


38 


43.64 


50 


3,964 


59 


20.50 


16 


5,740 


41 


42.95 


51 


3,905 


62 


19.80 


17 


5,699 


44 


42.25 


52 


3,843 


66 


19.12 


18 


5,655 


47 


41.58 


53 


3,777 


70 


18.45 


19 


5,608 


50 


40.92 


54 


3,707 


76 


17.78 


20 


5,558 


52 


40.29 


55 


3,631 


81 


17.15 


21 


5,506 


53 


39.66 


56 


3,550 


85 


16.53 


22 


5,453 


54 


39.04 


57 


3,465 


88 


15.92 


23 


5,399 


55 


38.43 


58 


3,377 


91 


15.33 


24 


5,344 


56 


37.82 


59 


3,286 


95 


14.74 


25 


5,288 


57 


37.21 


60 


3,191 


99 


14.16 


26 


5,231 


58 


36.61 


61 


3,092 


102 


13.59 


27 


5,173 


57 


35.83 


62 


2,990 


105 


13.04 


28 


5,116 


56 


35.41 


63 


2,885 * 


107 


12.50 


29 


5,060 


55 


35.00 


64 


2,778 


109 


11.96 


30 


5,005 


54 


34.17 


65 


2,669 


110 


11.42 


31 


4,951 


54 


33.55 


66 


2,559 


111 


10.89 


32 


4,897 


53 


32.91 


67 


2,448 


112 


10.37 


33 


4,844 


52 


32.26 


68 


2,336 


113 


9.85 


1 34 


. 4,792 


52 


31.61 


69 


2,223 


114 


9.32 



u 4 
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Table XV.— continued. 



Age. 


Living. 


Deer. 


Expect. 


Age. 


Living. 


Dear. 


Xxpect. 


70 


2,109 


116 


8.79 


84 


404 


77 


3.59 


71 


1,993 


119 


8.28 


85 


327 


66 


3.33 


72 


1,874 


125 


7.77 


86 


261 


55 


3.04 


73 


1,749 


132 


7.29 


87 


206 


47 


2.72 


74 


1,617 


138 


6.85 


88 


159 


42 


2.38 


75 


1,479 


142 


6.43 


89 


117 


37 


2.05 


76 


1,337 


139 


% 5.99 


90 


80 


30 


1J7 


77 


1,198 


134 


5.71 


91 


50 


22 


1.54 


78 


1,064 


128 


5.37 


92 


28 


14 


1.36 


79 


936 


124 


5.04 


93 


14 


8 


1.21 


80 


812 


115 


4.73 


94 


6 


3 


1.17 


81 


697 


107 


4.43 


95 


3 


2 


83 


82 


590 


98 


4.14 


96 


1 


1 


50 


83 


492 


88 


3.86 


97 
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TABLE XVI. 

Shewing the Values of Single Lives according to the 
Probabilities of the Duration of Life in Mr. De Par- 

, cieux's Table of Mortality. See Mr. Florencourt's 
Dissertations on Political Arithmetic) p. 288. 

Interest 5 per Cent. 



Age. 


Value. 


Age. 
25 


Value. 


Age. 


Value. 


Age. 

75 


Value. 





11.083 


15.112 


50 


11.425 


4.674 


1 


14.620 


26 


15.040 


51 


11.178 


76 


4.429 


2 


15.135 


27 


14.969 


52 


10.926 


77 


4.190 


3 


15.509 


28 


14.893 


53 


10.673 


78 


3.953 


4 


15.750 


29 


14.810 


54 


10.418 


79 


3.719 


5 


15.924 


30 


14.722 


55 


10.168 


80 


3.501 


6 


16.041 


31 


14.627 


56 


9.930 


81 


3.283 


7 


16.118 


32 


14.527 


57 


9.682 


82 


3.072 


8 


16.169 


33 


14.421 


58 


9.431 


83 


2.868 


9 


16.204 


34 


14.306 


59 


9.177 


84 


2.668 


10 


16.210 


35 


14.189 


60 


8.923 


85 


2.461 


11 


16.194 


36 


14.065 


61 


8.669 


86 


2.237 


12 


16.145 


37 


13.930 


62 


8.413 


87 


1.976 


13 


16.077 


38 


13.786 


63 


8.155 


88 


1.688 


14 


15.994 


39 


13.632 


64 


7.893 


89 


1.409 


15 


15.901 


40 


13.466 


65 


7.626 


90 


1.164 


16 


15.807 


41 


13.296 


66 


7.351 






17 


15.716 


42 


13.116 


67 


7.069 






18 


15.631 


43 


12.931 


68 


6.778 






19 


15.550 


44 


12.738 


69 


6.479 






20 


15.474 


45 


12.539 


70 


6.171 






21 


15.401 


46 


12.333 


71 


5.856 






22 


15.328 


47 


12.119 


72 


5.540 






23 


15.256 


48 


11.897 


73 


5.232 






24 


15.184 


49 


11.666 


74 


4.942 
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TABLE XVII. 

Shewing the Probabilities and Expectation of Life among 

Males and Females at Chester. 





Males. 






Females. 


* 


Age. 


Living. 


Deer. 


Expect. 


Living. 


Deer. 


Expectat. 





1,927 


220 


28.13 


2,139 


161 


33.27 


3 months 


« • 


75 


- 


— *. 


64 


- 


6 months 


• 


76 


- 


• . 


69 


"* 


9 months 


- 


67 


- 


• o» 


74 


- 


1 year 


1,489 


180 


35.26 


1,771 


181 


39.09 


2 


1,309 


107 


39.04 


1,580 


127 


42.75 


3 


1,202 


67 


41.47 


1,463 


77 


45.13 


4 


1,135 


34 


42.89 


1,386 


53 


46.61 


5 


1,101 


30 


43.20 


1,333 


30 


47.44 


6 


1,071 


24 


43.40 


1,303 


10 


47.52 


7 


1,047 


18 


43.38 


1,285 


11 


47.18 


8 


1,029 


11 


43.03 


1,274 


9 


46.59 


9 


1,018 


8 


42.59 


1,265 


7 


45.44 


10 


1,010 


6 


4J.92 


1,258 


6 


45.17 


11 


1,004 


5 


41.16 


1,252 


6 


44.30 


12 


999 


5 


40.37 


1,246 


7 


42.94 


13 


994 


6 


39.57 


1,239 


7 


42.84 


14 


988 


6 


38.81 


1,232 


8 


42.08 


15 


982 


7 


38.05 


1,224 


9 


41.35 


16 


975 


9 


37.32 


1,215 


10 


40.64 


17 


966 


10 


36.66 


1,205 


11 


39.98 


18 


956 


11 


36.04 


1,194 


12 


39.35 


19 


945 


11 


35.34 


1,182 


11 


38.74 


20 


934 


11 


34.86 


1,171 


10 


38.10 


21 


923 


11 


34.27 


1,161 


10 


37.43 


22 


912 


12 


33.68 


1,151 


10 


36.75 


23 


900 


12 


33.12 


1,141 


11 


36.06 


24 


888 


12 


32.56 


1,130 


12 


35.41 


25 


876 


13 


32.00 


1,118 


16 


34.78 


26 


863 


13 


31.48 


1,102 


16 


34.18 


27 


850 


13 


30.95 


1,086 


16 


33.69 


28 


837 


12 


30.42 


1,070 


16 


33.28 


29 


825 


11 


29.86 


1,054 


16 


32,68 
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Table XVII.— continued. 



■ 


Males. 




Females 


. 


Age. 

■ 

30 


Living. 


Deer. 


Expectat. 


Living. 


Decf. 


Expectat. 


814 


10 


29.25 


1,038 


13 


32.27 


31 


804 


9 


28.61 


1,025 


13 


31.68 


32 


795 


10 


27.93 


1,012 


13 


31.58 


33 


785 


10 


27.29 


999 


13 


30.47 


34 


775 


10 


26.63 


986 


13 


29.87 


35 


765 


11 


25.96 


973 


14 


29.26 


36 


754 


11 


25.34 


959 


14 


28.58 


37 


743 


12 


24.71 


945 


14 


28.10 


38 


731 


12 


24.11 


931 


14 


27.52 


39 


719 


13 


23.50 


917 


15 


26.93 


40 


706 


13 


22.92 


902 


15 


26.37 


41 


693 


14 


22.33 


887 


15 


25.80 


42 


679 


14 


21.65 


872 


15 


25.48 


43 


665 


15 


21.24 


857 


14 


24.67 


44 


650 


15 


20.72 


843 


15 


24.07 


45 


635 


15 


20.20 


828 


15 


23.50 


46 


. 620 


15 


19.67 


813 


15 


22.93 


47 


605 


15 


19.15 


798 


15 


22.35 


48 


590 


16 


18.62 


783 


16 


21.75 


49 


574 


16 


18.13 


767 


15 


21.21 


50 


558 


16 


17.64 


752 


15 


20.61 


51 


542 


16 


17.14 


737 


14 


20.03 


52 


526 


16 


16.65 


723 


14 


19.41 


53 


510 


16 


16.15 


709 


14 


18.78 


54 


494 


15 


15.66 


695 


14 


18.31 


55 


479 


14 


15.14 


681 


13 


17.52 


56 


465 


14 


14.58 


668 


13 


16.85 


57 


451 


14 


14.01 


655 


13 


16.17 


58 


437 


14 


13.22 


642 


15 


15.49 


59 


423 


16 


12.88 


627 


15 


14.85 


60 


■ 407 


19 


12.37 


612 


20 


14.20 


61 


388 


22 


] 1.94 


592 


25 


13.66 


62 


366 


22 


11.63 


567 


25 


13.24 


63 


344 


22 


11.34 


542 


25 


12.83 


64 


322 


20 


11.09 


517 


21 


12.43 


65 


302 


16 


10.78 


496 


17 


11.93 


66 


286 


13 


10.36 


479 


15 


11.34 


67 


273 


11 


9.83 


464 


15 


10.69 


68 


262 


11 


9.22 


449 


16 


10.03 
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Table XV11. — continued. 



Males. 


Females 


• 


Age. 

69 


Living. 


Deer. 


Rxpectat. 


Living. 


Deer. 


Expectat. 


251 


13 


8.61 


433 


20 


9.38 


70 


238 


16 


8.05 


413 


25 


8.81 


71 


222 


22 


7.60 


388 


30 


8.35 


72 


200 


22 


7.38 


358 


30 


8.01 


73 


178 


21 


7.23 


328 


30 


7.69 


74 


157 


18 


7.13 


298 


27 


7.42 


75 


139 


15 


6.99 


271 


23 


7.11 


76 


124 


12 


6.77 


248 


22 


6.72 


77 


112 


11 


6.44 


226 


21 


6.33 


78 


101 


11 


6.19 


205 


21 


5.93 


79 


90 


10 


5.77 


184 


21 


5.55 


80 


80 


10 


5.43 


163 


21 


5.20 


81 


70 


10 


5.14 


142 


21 


4.89 


82 


60 


9 


4.91 


121 


21 


4.66 


83 


51 


8 


4.69 


100 


21 


4.53 


84 


43 


7 


4.47 


79 


18 


4.60 


85 


36 


6 


4.25 


61 


12 


4.81 


86 


30 


5 


4.00 


49 


8 


4.86 


87 


25 


4 


3.70 


41 


6 


4.72 


88 


21 


4 


3.30 


35 


4 


4.44 


89 


17 


3 


2.97 


31 


4 


3.95 


90 


14 


3 


2.50 


27 


4 


3.46 


91 


11 


3 


2.04 


23 


4 


2.98 


92 


8 


3 


1.62 


19 


4 


2.50 


93 


^ 

a 


2 


1.30 


15 


4 


2.03 


94 


3 


2 


0.83 


11 


4 


1.59 


95 


1 


1 


0.50 


7 


3 


1.21 


96 








4 


3 


0.75 


97 








1 


1 


0.50 
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TABLE XVIIL 

The present Value of ail to be received at the End of any 
Number of Years, not exceeding 100; discounting at 
the Rates of 3, 4, 5, and 6 per Cent Compound 
Interest. 



Years. 


d per Cent. 


4 per Cent. 


5 percent. 


6 per Cent. 


1 


.970874 


.961538 


.952381 


.943396 


2 


.942596 


.924556 


.907029 


.889996 


3 


.915142 


.888996 


.863838 


.839619 


4 


.888487 


.854804 


.822702 


.792094 


5 


.862609 


.821927 


.783526 


.747258 


, G 


► .837484 


.790315 


.746215 


.704961 


7 


.813092 


.759918 


.710681 


.665057 


8 


.789409 


.730690 


.676839 


.627412 


9 


.766417 


.702587 


.644609 


.591898 


10 


.744094 


.675564 


.613913 


.558395 


11 


.722421 


.649581 


.584679 


.526788 


12 


.701380 


.624597 


.556837 


.496969 


13 


.680951 


.600574 


.530321 


.468839 


14 


.661118 


.577475 


.505068 


.442301 


15 


.641862 


.555265 


.481017 


.417265 


16 


.623167 


.533908 


.458112 


.393646 


17 


.605016 


.5J,3373 


.436297 


.371364 


18 


.587395 


.493628 


.415521 


.350344 


19 


.570286 


.474642 


.395734 


.330513 


20 


.553676 


.456387 


.376889 


.311805 


21 


.537549 


.438834 


.358942 


.294155 


22 


.521893 


.421955 


.341850 


.277505 


23 


.506692 


.405726 


.325571 


.261797 


24 


.491934 


.390121 


.310068 


- .246979 


25 


.477606 


.375 1 1 7 


.295303 


.232999 


2(5 


.463695 


.360689 


.281241 


.219810 


27 


.450189 


.346817 


.267848 


.207368 


28 


.437077 


.333477 


.255094 


.195630 


29 


.424346 


.320651 


.242946 


.184557 


30 


.411987 


.308319 


.231377 


.174110 


31 


.399987 


.296460 


.220359 


.164255 


32 


.388337 


.285058 


.209866 


.154957 
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Table XVIII.— continued. 



Years. 


3 per Cent. 


4 per Cent. 


5 per Cent. 


6 per Cent. 


33 


.377026 


.274094 


.199873 


.146186 


34 


.366045 


.263552 


.190355 


{ .137912 


35 


.355383 


.253415 


.181290 


.130105 


36 


.345032 


.243669 


.172657 


.122741 


37 


.334983 


.234297 


.164436 


.115793 


38 


.325226 


.225285 


.156605 


.109239 


39 


.315754 


.216621 


.149148 


.103056 


40 


.306557 


.208289 


.142046 


.097222 


41 


.297628 


.200278 


.135282 


.091719 


42 


.288959 


.192575 


.128840 


.086527 


43 


.280543 


.185168 


.122704 


.031630 


44 


.272372 


.178046 


.116861 


.077009 


45 


.264439 


.171198 


.111297 


.072650 


46 


.256737 


.164614 


.10599* 


.068538 


47 


.249259 


.158233 


.100949 


.064653 


43 


.241999 


.152195 


.096142 


.060998 


49 


.234950 


.146341 


.091564 


.057546 


50 


.228107 


.140713 


.087204 


.054288 


51 


.221463 


.135301 


.083051 


.051215 


52 


.215013 


.130097 


.079096 


.048316 


53 


.208750 


.125093 


.075330 


.045582 


54 


.202670 


.120282 


.071743 


.043001 


55 


.196767 


.115656 


.068326 


.040567 


56 


.191036 


.111207 


.065073 


.038271 


57 


.185472 


.106930 


.061974 


.036105 


58 


.180070 


.102817 


.059023 


.034061 


59 


.174825 


.098863 


.056212 


.032133 


60 


.169733 


.095060 


.053536 


.030314 


€1 


.164789 


.091404 


.050986 


.028598 


62 


.159990 


.087889 


.048558 


J026980 


63 


.155330 


.084508 


.046246 


.025453 


64 


.150806 


.081258 


.044044 


..024012 


65 


.146413 


.078133 


.041946 


.022653 


66 


.142149 


.075128 


.039949 


.0213/0 


«7 


.138009 


.072238 


.038047 


.020161 


68 


.133989 


,069460 


.036235 


.019020 


69 


.130086 


.066788 


.034509 


.017943 


70 


.126297 


.064219 


.032866 


.016927 
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Table XV III.— continued. 



Years. 


3 per Cent. 


4 per dent. 


i • 

5 per Cent. 


• 

6 per Cent. 


71 


.122619 


.061749 


.031301 


.015969 


72 


.119047 


.059374 


.029811 


.015005 


73 


.115580 


.057091 


.028391 


.014213 


74 


.112214 


.054895 


.027039 


.013408 


75 


.108945 


.052784 


.025752 


.012649 


76 


.105772 


.050754 


.024525 


.011933 


77 


.102691 


.048801 


.023357 


.011258 


> 78 


.099700 


.046924 


< .022245 


.010620 


79 


.096796 


.045120 


.021186 


.010019 


80 


.093977 


.043384 


.020177 


.009452 


81 


.091240 


.041716 


.019216 


.008917 


82 


.088582 


.040111 


.018301 


.008412 


83 


.086002 


.038569 


.01 7430 


.007936 


84 


.083497 


.037085 


.016600 


.007487 


85 


.081065 


.035659 


.015809 


.007063 


86 


.078704 


.034287 


.015056 


.006663 


87 


.076412 


.032969 


.014339 


.006286 


88 


.074186 


.031701 


.013657 


.005930 


89 


.072026 


.030481 


.013006 


.005595 


90 


.069928 


.029309 


.012387 


.005278 


91 


.067891 


.028182 


.011797 


.004979 


92 


.065914 


.027098 


.011235 


.004697 


93 


.063994 


.026056 


.010700 


.004432 


94 


.062130 


.025053 


.010191 


.004181 


95 


.060320 


.024090 


.009705 


.003944 


96 


.058563 


.023163 


.009243 


.003721 


97 


.056858 


.022272 


.008803 


.003510 


98 


.055202 


.021416, 


.008384 


.003312 


99 


.053594 


.020592 


.007985 


.003124 


100 


.052033 


.019800 


.007604 


.002947 



SfH 



TABLE XIX. 



Vali 
of Y 



of an AihhiM t 



Bates of 3, 4, 5, and 6L per Cart. 



of Otoe 
100, 



Gar any 
die several 



p— 


SferCeK. 




sprC- 


< per Gear. 


1 


.9708 


.9615 


.9523 


3433 


2 


1.9134 


1-8861 


1.8591 


1.8333 


3 


2-8286 


2J75I 


2J232 


2.6730 


4 


3.7170 


3^299 


3-5459 


3.4651 


5 


45797 


4.4518 


43294 


4^123 


6 


5.4171 


5.2421 


5-0756 


4.9173 


7 


6.2302 


64020 


5-7863 


53323 


8 


7.0196 


6J327 


6.4632 


6:2097 


9 


7.7861 


7.4353 


7.1078 


6.8016 


10 


8-5302 


8.1109 


7.7217 


73600 


11 


9.2526 


8.7605 


8.3064 


7-8868 


12 


9.9540 


93850 


8.8632 


83838 


13 


10.6349 


9.9856 


93935 


8^526 


14 


11.2960 


103631 


9.8986 


9.2949 


15 


1 1.9379 


11.1184 


10^796 


9.7122 


16 


123611 


11.6523 


10.8377 


10.1058 


17 


13.1661 


12.1656 


11.2740 


10.4772 


18 


13.7535 


12.6593 


11.6895 


10.8276 


19 


14.3238 


13.1339 


12.0853 


11.1581 


20 


148774 


133903 


12.4622 


11.4699 


21 


15.4150 


! 14.0291 


12.8211 


11.7640 


22 


15.9369 


1 14.4511 


13.1630 


12.0415 


23 


16.4436 


: 14.8568 


13.4885 


12.3033 


24 


16.9355 


> 15.2469 


13.7986 


123503 


25 


17.4131 


! 15.6220 


14.0939 


12.7833 


26 


17.8768 


15.9827 


14.3751 


13.0031 


27 


18.3270 


16.3295 


14.6430 


13.2105 


28 


18.7641 


16.6630 


148981 


13.4061 


29 


19.1884 


16.9837 


15.1410 


13.5907 


1 30 


19.6004 


17.2920 


15.3724 


13.7648 
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Table XIX. — continued. 





I j 






< 


• 
Years. 

* 


3 per Cent. 


4 per Cent. 

• 


5 per Cent. 


6 per Cent. 


31 


20.0004 


17-5884 


15.5928 


13.9290 


32 


20.3887 


17.8735 


15.8026 


14.0840 


33 


20.7657 


18.1476 


16.0025 


14.2302 


34 


21.1318 


18.4111 


16.1929 


14.3681 


35 


21.4872 


,18.6646 


16.3741 i 


14.4982 

* 


36 


21,8322 


18.9082 


16.5468 


14.6209. 


37 


22.1672 


19.1425 


16.7112 


14.7367 


38 


22.4924 


19.3678 


16.8678 


14.8460 


39 


22.8082 


19.5844 


17.0170 


14.9490 


40 


23.1147 


1 9.7927 


17.1590 


15.0462 


41 


23.4124 


19.9930 


17,2943 


15.1380 


42 


23.7013 


20.1856 


17.4232 


15.2245 


43 


23.9819 


20.3707 


17.5459 


15.3061 


44 


24.2542 


20.5488 


17.6627 


15.3831 


45 


245187 j 


20.71/00 


17.7740 


15.4558 


46 


24.7754 


20.8846 


17.8800 


15.5243 


47 


25.0247 


21.0429 


17.9810 


15.5890 


48 


25.2667 


21.1951 


18.0771 


15.6500 


49 


25.5016 


21.3414 


18.1687 


15.7075 


50 


25.7297 


21.4821 


18.2559 


15.7618 


51 


25.9512 


21.6174 


18.3389 


15.8130 


52 


26.1662 


21.7475 


18.4180 


15.8613 


53 


26.3749 


21.8726 


18.4934 


15.9069 


54 


26.5776 


21.9929 


18.5651 


15.9499 


55 


26.7744 


22.1086 


18.6334 


15.9905 


56 


26.9654 


22.2198 


18.6985 


16.0288 


57 


27.1509 


22.3267 


18.7605 


16.0649 


58 


27.3310 


' 22.4295 


18.8195 


16.0989 


59 


27.5058 


22.5284 


1&8757 


16.1311 


60 


27.6755 


22.6234 


18.9292 


16.1614 


61 


27.8403 


22.7148 


18.9802 


16.1900 


62 


28.0003 


22.8027* 


19.0288 


16.2170 


63 


28.1556 


22.8872 


19.0750 


16.2424 


64 


28.3064 


22.9685 


19.1191 


16.2664 


G5 j 


28.4528 


23.0466 < 


19.1610 


1&2891 
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Table XIX. — continued. 



Yean. 


8 per Cent. 


4 per Cent. 


5 per Cent.- 


6 per Cent. 


66 


28.5950 


23.1218 


19.2010 


16.3104 


67 


28.7330 


23.1940 


19.2390 


1 6.3306 


68 


28.8670 


23.2635 


19.2753 


1 6.3496 


69 


28.9971 


23.3302 


19.3098 


16.3676 


70 


29.1234 


23.3945 


19.3426 


16.3845 


71 


29.2460 


23.4562 


19.3739 


1 6.4005 


72 


29.3650 


23.5156 


19.4037 


16.4155 


73 


29.4806 


23.5727 


19.4321 


16.4297 


74 


29.5928 


23.6276 


19.4592 


16.4431 


75 


29.7018 


23.6804 


19.4849 


16.4558 


76 


29.8076 


23.7311 * 


19.5094 


16.4677 


77 


29.9102 


23.7799 


1-9.5328 


16.4790 


78 


30.0099 


23.8268 


19.5550 


16.4896 


79 


30.1067 


23.8720 


19.5762 


16.4996 


80 


30.2007 


23.9153 


19.5964 


16.5091 


81 


30.2920 


23.9571 


19.6156 


16,5180 


82 


30.3805 


23.9972 


1 9.6339 


1 6.5264 


83 


30.4665 


24.0357 


19.6514 


16.5343 


84 


30.5500 


24.0728 


19.6680 


16.5418 


85 


30.6311 


24.1085 


19.6838 


16.5489 


86 


30.7098 


24.1428 


19.6988 


16.5556 


87 


30.7862 


24.1757 


19.7132 


16.5618 


88 


30.8604 


24.2074 


19.7268 


16.5678 


89 


30.9324 


24.2379 


19.7398 


1 6.5734 


90 


31.0024 


24.2672 


19.7522 


16.5787 


91 


31.0703 


24.2954 


19.7640 


16.5836 


92 


31.1362 


24.3225 


19.7752 


16.5883 


93 


31.2002 


24.3486 


19.7859 


16.5928 


94 


31.2623 


24.3736 


19.7961 


1 6.5969 


95 


31.3226 


24.3977 


19.8058 


16.6009 


96 


31.3812 


24.4209 . 


19.8151 


16.6046 


97 


31.4380 


24.4431 


19.8239 


16.6081 


98 


31.4932 


24.4646 


19.8323 


16.6114 


99 


31.5468 


24.4852 


19.8403 


16.6145 


100 


31.5989 


24.5050 


19.8479 


16.6175 ; 


Perpetuity. 


33.3833 | 


25.0000 


20.0000 


16.6666 \ 
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TABLE XX. 

Shewing the Sum to which £\ Principal will increase at 
Compound Interest in any Number of Years not ex- 
ceeding a Hundred. 



• 

1 


t per Cent. 


4 per Cent. 


5 per Cent. 


6 per Cent. 


1.030,000 


1.040,000 


1.050,000 


1.060,000 


2 


1.060,900 


1.081,600 


1.102,500 


1.123,600 


3 


1.092,727 


1.124,864 


1.157,625 


1.191,016 


4 


1.125,508 


1.169,858 


1.215,506 


1.262,476 


5 


1.159,274 


1.216,652 


1.276,281 


1.338,225 


6 


1.194,052 


1.265,319 


1.340,095 


1.418,519 


7 


1.229,873 


1.315,931 


1.407,100 


1.503,630 


8 


1.266,770 


1.368,569 


1.477,455 


1.593,848 


9 


1.304,773 


1.423,311 


1.551,328 


1.689,478 


10 


1.343,916 


1 .480,244 


1.628,894 


1.790,847 


11 


1.384,233 


1.539,454 


i. 7 10,339' 


1.898,298 


12 


1.425,760 


1.601,032 


1.795,856 


2.012,196 


13 


1.468,533 


1.665,073 


1.885,649 


2.132,928 


14 


1.512,589 


1.731,676 


1.979,931 


2.260,903 


15 


1.557,967 


1.800,943 


2.078,928 


2.396,558 


16 


1.604,706 


1.872,981 


2.182,874 


2.540,351 


17 


1.652,847 


1 .947,900 


2.292,018 


2.692,772 


18 


1.702,433 


2.025,816 


2.406,619 


2.854,339 


19 


1.753,506 


2.106,849 


2.526,950 


3.025,599 


20 


J. 806,111 


2.191,123 


2.653,297 


3.207,135 


21 


1.860,294 


2.278,768 


2.785,962 


3.399,563 


22 


1.916,103 


2.369,918 


2.925,260 


3.603,537 


23 


1.973,586 


2.464,715 


3.071,523 


3.819,749 


24 


2.032,794 


2.563,304 


3.225,099 


4.048,934 


25 


2.093,777 


2.665,836 


3.386,354 


4.291,870 


26 


2.156,591 


2.772,469 


3.555,672 


4.549,382 


27 


2.221,289 


2.883,368 


3.733,456 


4.822,345 


28 


2.287,927 


2.998,703 


3.920,129 


5.111,686 


29 


2.356,565 


3.118,651 


4.116,135 


5.418,387 


30 


2.427,262 


3.243,397 


4.321,942 


5.743,491 


31 


2.500,080 


3.373,133 


4.538,039 


6.088,100 


32 


2.575,082 


3.508,058 


4.764,941 


6.453,386 


33 


2,652,335 


3.648,381 


5.003,188 


6.840,589 


34 


2.731,905 


3.794,316 


5.253,347 


- 7.251,025 


35 


2.813,862 


3.946,088 


5.516,015 


7.686,086 


36 


2.898,278 


4.103,932 


5.791,816 


8.147,252 



x2 
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TABLES. 



Table XX. — continued. 



2 



4 per Oat. 



I 



«P» 



37 2.985,226 

38 3.074,783 

39 3.167,026 

40 3.262,037 
41' 3.359,898 

42 3.460,695 

43 3.564,516 

44 3.671,452 

45 3.781,595 

46 3.895,043 

47 4.011,895 

48 4.132,251 

49 4.256,219 

50 4383.906 

51 4.515,423 

52 4.650,885 

53 4.790,412 

54 4.934,124 

55 5.082,143 

56 5.234,613 

57 5.391,651 

58 5.553,400 

59 5.720,003 

60 5.891,603 

61 6.068,351 

62 6.250,401 

63 6.437,913 

64 6.631,051 

65 6.829,982 

66 7.034,882 

67 7.245,928 

68 7.463,306 

69 7.687,205 

70 7.917,821 

71 8.155,356 

72 8.400,017 

73 8.652,017 

74 8.911,578 

75 9.178,925 

76 9.454,293 

77 9.737,922 



4.268,089 
4.438,813 
4.616,365 
4.801,020 
4.993,061 
5.192,783 
5.400,495 
5.616,515 
5.841,175 
6.074^22 
6.317,815 
6.570,528 
6.833,349 
7.106,683 
7.390,950 

7.686,588 

7.994,052 

8.313,814 

8.646366 

8.992,221 

9.351,910 

9.725,986 

10.115,026 

10.519,627 

10.940,412 

11.378,029 

11.833,150 

12.306,476 

12.798,735 

13.310,684 

13.843,112 

14.396,836 

14.972,709 

15.571,618 

16.194,483 

1 6.842,262 

17.515,952 

18.216,591 
18.945,254 
19.703,064 
20.491,187 



1,406 

5_477 I 

! 

t 

i 

4 

i 

i 

i 



6.081,406 

6385,477 

6.704,751 

7.039,988 

7391,988 

7.761,587 

8.149,666 

8357,150 

8.985,007 

9.434,258 

9.905,971 

10.401,269 

10.921,333 

11.467,399 

12.040,769 

12.642,808 

13.274,948 

13.938,696 

14.635,630 

15367,412 

16.135,783 

16.942,572 

17.789,700 

18.679,185 

19.613,145 

20.593,802 

21.623,492 

22.704,667 

23.839,900 

25.031,895 

26.283,490 

27.597,664 

28.977,548 
30.426,425 
31.947,746 
33.545,134 
35,222,390 
36.983,510 
38.832,685 
40.774,320 
42.813,036 



8.636,087 
9.154,252 
9.703,507 
10.285,717 
10.902,861 
11.557,032 
12.250,454 
12.985,481 
13.764,610 
14390,487 
15.465,916 
16.393,871 
17377,504 
18.420,154 
19325,363 
20.696,885 
21.938,698 
23.255,020 
24.650,321 
26.129,340 
27.697,101 

29358,937 
31.120,4(3 
32.987,690 
34.966,952 
37.064,969 
39.288,867 
41.646,199 
44.144,971 
46.793,669 
49.601,290 
52377,367 
55.732,009 
59.075,930 
62.620,485 
66377,715 
70360,378 
74.582,000 
79.056,920 
83.800336 
88.828,356 



TABLES. 
Table XX.—contitiued. 



Yrs. 


S per Cent. 


4 per CftU. 


5 per Cent. 


6 per Cent. 


78 


10.030,059 


21.310,834 


44.953,688 


94.158,057 


79 


10.330,961 


22.163,268 


47-201,372 


99.807,541 


80 


10.640,890 


23.049,799 


49.561,441 


105.795,993 


SI 


10.960,117 


23.971,791 


52.039,513 


112.143,753 


82 


U. 288,920 


24.930,662 


54.641,488 


118.872,378 


83 


11.627,588 


25.927,889 


57.373,563 


126.004,720 


84 


11.976,416 


26.965,004 


60.242,241 


133.565,004 


85 


J 2.335,/ 08 


28.043,604 


63.254,353 


141.578,904 


m 


12.705,779 


29.165,349 


66.417,071 


150.073,638 


b; 


13.086,953 


30.331,963 


69.737,924 


159.078,057 


88 


13.479,561 


31.545,241 


73.224,820 


168.622,740 


80 


13.883,948 


32.807,051 


76.886,061 


178.740,104 


90 


14.300,467 


34.119,333 


80.730,365 


189.464,511 


91 


14.729,431 


35.484,106 


84.766,883 


200.832,381 


92 


15.171,365 


36.903,470 


89.005,227 


212.882,324 


93 


15.626,506 


38.379,609 


93.455,488 


225.655,264 


M 


16.095,301 


39.914,794 


98.128,263 


239.194,580 


95 


16.578,160 


41.511,385 


103.034,676 


253.546,254 


90 


17.075,505 


43.171,841 


108.186,410 


268.759,030 


97 


17.587,770 


44.898,715 


113.595,730 


284.884,572 


n 


18.115,403 


46.694,663 


119.275,517 


301.977,646 


99 


18.658,866 


48.562,450 


125.239,293 


320.036,305 


m 


19.218,631 


50.504,948 


131.501,257 


339.302,083 



TABLE XXI. 

Shewing the Sum to which s£l per Annum will increase 
at Compound Interest in any Number of Years not ex- 
ceeding a Hundred. 



■< 


i^te 


4 per Cent. 


5 per Cent. 


6 per Cent. 


1 


1.0(10,000 


1.000,000 


1.000,000 


1.000,000 


2 


2.030,000 


2.040,000 


2.050,000 


2.060,000 


3 


3.090,900 


3.121,600 


3.152,500 


3.183,600 


i 


4.183,627 


4.246,464 


4.310,125 


4.374,616 


a 


5.309,135 


5.416,322 


5.525,631 


5.637,092 


6 


G.468,409 


6.632,975 


6.801,912 


6.975,318 


7 


7.662,462 


7.898,294 


8.142,008 


8.393,837 


8 


8.892,336 


9.214,226 


9.549,108 


9.897,467 


9 


10.159,106 


10.582,795 


11.026,664 


11.491,315 


10 


1 1 .463,879 


12.006,107 


12.577,892 


13.180,794 


1! 


12.807,795 


13.486,351 


14.206,787 


14.971,642 


12 


14.192,029 


15.025,805 


15.917,126 


16.869,941 


13 


15.617,790 


16.626,837 


17.712,982 


18.882,137 


14 


17.086,324 


18.291,911 


19.598,631 


21.015,065 


15 


18.598,913 


20.023,587 


21.578,563 


23.275,969 


16 


20.156,881 


21.824,531 


23.657,491 


25.672,528 


17 


21.761,587 


23.697,512 


25.840,366 


28.212,879 


18 


23.414,435 


25.645,412 


28.132,384 


30.905,652 


19 


25.116,868 


27.671,229 


30.539,003 


33.759,991 


20 


26.870,374 


29.778,078 


33.065,954 


36.785,591 


21 


28.676,485 


31.969,201 


35.719,251 


39.992,726 


■::' 


30.536,780 


34.247,969 


38.505,214 


43.392,290 


23 


32.452,883 


36.617,888 


41.430,475 


46.995,827 


2-1 


34.426,470 


39.082,604 


44.501,^98 


50.815,577 


25 


36.459,264 


41.645,908 


47.727,098 


54.864,512 


26 


38.553,042 


44.311,744 


51.113,453 


59.156,382 


27 


40.709,633 


47.084,214 


54.669,126 


1 63.705,765 


28 


42.930,922 


49.967,582 


58.402,582 


68.528,111 


20 


45.218,850 


52.966,286 


62.322,711 


73.639,798 


30 


47.575,415 


56.084,937 


66.438,847 


79.058,186 


31 


50.002.678 


59.328,335 


70.760,789 


84.801,677 


32 


52.502,758 


62.701,468 


75.298,829 


90.889,778 


33 


55.077,841 


66.209,527 


80.063,770 


97.343,164 


34 


57.730,176 


69.857,908 


85.066,959 


104.183,754 


35 


60.462,081 


73.652,224 


90.320,307 


111.434,779 


36 


63.275,944 


77:598,313 


95.836,322 


119.120,866 



tables. 
Table XXI.— continued. 



? 


a per Cent. 


4 per Cent. ' 


5 per Celt. 


e ptr Cent. 


37 


66.174,222 


81.702,246 


101.628,136 


127.268,118 


38 


€9.159,449 


85.970,336 


107.709,545 


135.904,205 


39 


72.234,232 


90.409,149 


114.095,023 


145.058,458 


40 


75.401,259 


95.025,515 


120.799,774 


154.761,965 


41 


78.663,297 


99.826,536 


127.839,762 


165.047,683 


42 


82.023,196 


104.8)9,597 


135.231,751 


175.950,544 


43 


85.483,892 


110.012,381 


142.993,338 


187:507,577 


44 


89.048,409 


115.412,876 


151.143,005 


199.758,031 


45 


92.719,861 


121.029,392 


159.700,156 


2 2.743,513 


46 


96.501,457 


126.870,567 


168.685,163 


226.508, 24 


47 


100.396,500 


132.945,390 


178.119,421 


24 .098,612 


48 


104.408,395 


39.263,206 


188.025,392 


256.564,528 


49 


108.540,647 


145.833,734 


1 98.426,662 


272.958,400 


50 


112.796,867 


152.667,083 


209.347,905 


2!J0.335,904 


51 


117.180,773 


159.773.767 


220 .8 15,395 


308.756,058 


52 


121.696,196 


167.164,717 


232.856, 65 


328.281,122 


53 


126.347,082 


174.851,306 


245.498,973 


348.978,307 


54 


131.137,494 


182.845,358 


258.773,922 


370.917,006 


55 


136.071,619 


191.159,173 


272.712,618 


394.172,026 


56 


141.153,768 


199.805,539 


287.348,249 


418.822,348 


57 


146.388,381 


208.797 761 


302.715,661 


444.951,689 


j8 


151.780,032 


2 8.149,672 


3 8.651,444 


4/2.648,790 


59 


157.333,433 


227.875,658 


335.794,017 


502.007,7 7. 


60 


163.053,436 


237 990,685 


353.583,717 


533.128,180 


6! 


168.945,039 


248.5 0,3 2 


372.262,903 


566.115,871 


62 


175.013,391 


259.450,725 


391.876,048 


60 .082,824 


63 


181.263,792 


270.828,751 


412.469,851 


638. 47,793 


64 


187.701,706 


282.66 ,904 


434.093,343 


677.436,661 


65 


194.332,757 


294.968,380 


456.798,01 1 


719.082,860 


66 


201.162,740 


307.767,115 


480.637,911 


763.227,832 


67 


208.197,622 


321.077,800 


505.669,807 


810.021,502 


68 


2 5.443,551 


334.920,912 


531.953,297 


859.622,792 


69 


222.906,858 


349.317,748 


559.550,962 


912,200,160 


70 


230.594,063 


364.230,458 


588.528,510 


967.932,169 


71 


238.5 ,885 


379.802,077 


618.954,936 


1027.008,099 


72 


246.067,242 


396.056,560 


650.902,683 


1089.628,585 


73 


255.067,259 


4 2.898,822 


684.447,817 


1)56.006,300 


74 


263.719,277 


430.414,775 


719.670,208 


1226.366,679 


75 


272.630,855 


448.631,366 


756.653,7 8 


1300.948,679 


76 


281.809,781 


467.576,621 


795.486,404 


1380.005,600 


77 


291.264,074 


487.279,686 


836.260.724 


1463.805,936 


78 


301.001,996 


507770,873 


879.073,760 


1552.634,292 



$12 



TABLES, 



Table XXL — continued. 





• 

3 per Cent. 


4 per Cent. 


5 per Cent. 


■ 

6 per Cent. 


79 


311.032,056 


529.081,708 


924.027,448 


1646.792,350 


: 80 


321.363,018 


551.244^76 


971.228,821 


1746.599,891 


81 


332.003,909 


574.294,775 


1020790,262 


1852^95,884 


82 


342.964,026 


598.266,566 


1072.829,775 


1964.539,637 


83 


354.252,947 


623.197,229 


1127.471,264 


2083.412,016 


84 


365.880,535 


649.125,118 


1184.844,827 


2209.416,737 


85 


377.856,951 


676.090,123 


1245.087,068 


2342.981,741 


86 


390.192,660 


704.133,728 


1308.341,422 


2484.560,645 


87 


402.898,440 


733.299,077 


1374.758,493 


2634.634,284 


88 


415,985,393 


763.631,040 


1444.496,418 


2793 J7\ 2,341 


89 


429.464,955 


795.176,282 


1517.721,238 


2962.335,082 


90 


443.348,903 


827.983,333 


1594.607,300 


3141.075,187 


91 


457.649,370 


862.102,667 


1675.357,665 


3330.539,698 


92 


472.378,851 


897.586,773 


1760.104,549 


3531.372,080 


93 


487.550,217 


934.490,244 


1849.109,776 


3744.254,405 


94 


503.176,723 


972.869,854 


1942.565,265 


3969.909,669 


95 


519.272,025 


1012.784,648 


2040.693,528 


4209.104,249 


96 


535.850,186 


1054.296,034 


2143.728,205 


4462.650,504 


97 


552.925,692 


1097.467,875 


2251.914,615 


4731.409,534 


98 


570.513,462 


1142.366,590 


2365.510,346 


5016.294,106 


99 


588.628,866 


1189.061,254 


2484.785,863 


5318.271,753 


100 


607.287,732 


1237.623,704 


2610.025,156 


5638.368,058 
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APPENDIX. 



I HE last four tables may be found in most of the books 
on compound interest; and though it forms no part of my 
design in this work to enter fully into that subject, it may 
not be improper to givfc some explanation of the principles 
on which they are computed ; more especially as constant 
recourse is had to one or other of than in the solution of 
the different problems in the doctrine of life annuities and 
reversions. 

Let r be £\ increased by its interest for a year, then 
will £\ be the present value of r to he received at the end 

of that time; and as r is to 1, so is I to -*, the present 

value of £1 to be received at the end of a year. If the 
payment is postponed to the end of two years, r must be 
increased by its interest for a year, and will amount to 

r + r x r — 1 zz r*. And as j* is to 1, so is 1 to j^, the 

present value of dl to be received at the end of two years* 
In like manner, if the payment is deferred for three years,, 



* If r denote the interest only of £\ t the value of &&1 pay- 
able at the end of 1, 2, 3, &c. years, will be > "=s 0> =i«* 

l + r l+rp l+rj 3 

&c; and the amount of £\ improved, at compound interest, at 
the end of 1,2, 3, &c. years, will be l+r, 1+rl 2 , l+r)V &c. 
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r* must be increased by its interest for a year* and will 
amount to r* + r 4 x r — 1=7*; and r 3 will be to 1 as 1 

to -y, the present value of £l to be received at the end of 

three years. By proceeding in this manner, the value of 
£l to be received at the end of 4, 5, 6, &c. years, will be 

—r* — > -x> &c. The numbers, therefore, in the different 

columns of the 18th Table are found by dividing £\ by 
r,t* 9 r 5 , &c. : thus, if the rate of interest be 3 per cent., 

the first number is - — = .9708 ; the second number 

1.03 

'i 1 

= .9426; the third number =s q = .9151, and 



so on. 

As' the value of an annuity certain for any number of 
years consists of the values of £\ payable at the end of 
each year in that term, the numbers in the 19th Table are 
the sums of the values in the 18th Table; hence the value 
of an annuity certain for three years at 3 per cent, is the 
sum of the three first numbers in the 18th Table, that is 
,9708 + .9426 4- .9151 = 2.8285. For four years it is 
£.8285 + .8885 = 3.7170; and so on for a longer term, 
and at a different rate of interest The numbers in the 20th 
Table, giving the amount of £\ with its accumulated in- 
terest in any number of years, are the several powers of r, 
which have been found above to express that amount; 
that is, they are r, r 4 , r 8 , r 4 , &c, according*as the term is 
1, 2, 3, 4, &c. years. Thus, for the term of four years, 
and at 4 per cent, interest, the fourth number in the second 

column is Eo4} 4 =r 1.16986; for the term of six years it is 

1.04) 6 = 1.26532, &c. And the numbers in the 21st 
Table, giving the amount of art annuity with its accumu- 
lated interest in any number of years, are evidently the 
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sum of the different powers of r given in Tab. 19tb; thus, 
the amount of j£l per annum for three years is ■ I + f -+ r* ; 
for four years 1 -h r + r 8 -f r 3 , and so on. Supposing 
then the term to be three years, and the rate of interest 
3 per cent., the amount will be 3.0909, as in Tab. 21st, 
or the sum of j£l added to the .first two numbers in the- 
20th Table. If the term be four years, it will be 4.18363* 
as in Tab. 21st, or ggl added to the first three numbers in 
Tab. 20th. 

By the assistance of the foregoing tables, an answer to 
most of the cases in compound interest may be easily ob- 
tained; and in order to exemplify this, I shall just insert' 
the following : 

I. Supposing an estate subject to a fine of jfilOO, to be 
paid at the end of every 20 years from the present time, 
and it were required to know the value of those fines for 
100 years, at 5 per cent. — By Tab. 18th, the values of £l * 
payable at the end of 20, 40, 60, 80, and 100 years, are 
respectively equal to .3769, .1420, .0535, .0202, and 
.0076, amounting to .5002 ; which being multiplied into 
100, produces ^50.02 for the value of those fines. If 
their value for ever is required, it may be obtained from 
the 20th Table, by dividing unity by the amount of £l in 
twenty years, lessened by unity, and multiplying the quo- 
tient into the given fine. Thus, the amount of £\ in 20 
years by Table 20th is 2.6533, and unity divided by 1.6533 
quotes .6048 ; the value, therefore, of the fines for ever is 
^60.48. 

II. Supposing the value were required of an annuity of 
i^lOO at 4 per cent., for a term of 20 years, to commence 
at the expiration of 10 years. By Tab. 19th, the value of 
an annuity for 30 years, at 4 per cent., is 17.292, and the 
value of an annuity for 10 years is 8.1 1 1 ; their difference 
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is 9.181, and consequently the value of this reversionary 
annuity is ^918.100. If the value of this annuity for ever 
after a term of ten years had been required, 8.111 must 
have been deducted from 25 (the perpetuity), and the 
answer in that case would have been j£l688.9. 

III. Supposing it were ..required to ascertain the sum 
whkh > should be annually applied to the extinction of a 
debt of j^lOOO in fifteen years, at 5 per cent. In this case, 
recourse must be had to Tab. 21st, from which it appears 
that £l per annum in fifteen years, at 5 per cent, will 
amount to 21.758. Dividing, therefore, 1000 by 21.758, 
we have £k5.96 for the answer. 

A great variety of other cases might be stated ; but these 
are sufficient for my present purpose. If the values are 
required at a rate of interest different from either of those 
rates at which the tables are computed, it becomes ne- 
cessary to adopt other methods; and the following theorems, 
containing the solution of some of the most important cases, 
are inserted with the view of giving a general, rather than 
a complete view of the subject *• 

Let p be the present value of an annuity a 9 n the number 
of payments at r interest; 1st. If a 9 «, and r are given, p 

will be = «•*+"*- 1 , 2d. If n, jp, r are given, a will 



r. l+r 



* The values in the 19th and 21st Tables are found by a 
shorter process than by the addition of the several terms in the 
18th and 20th Tables. If r be £\ increased by its interest for 
a year, the value of an annuity certain of g£\ for n years will be 

; and the amount of an annuity of .£1 in n 



r— l r". r— i 

years will be =: 
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^ = K- *+*> , 3d j f ^ ^ r are gltren> w will be = 

=> B being = . 4th. If cu p* n are given, 

Log. i + r ° «-;»• ° 

r will be = g-^M-i^Mip^ G being = 5)^77. 

Again, let m be the amount of an annuity a for n years 
at r interest ; 1st. Supposing a 9 n 9 r to be given, *» will be 

=s a * ^+*V- * ; 2d. Supposing w, jp, r to be given, a will be 



r 
ntr 



; 3d. Supposing a, 01, r to be given, n will be 
= — -■==, (C being = — — ) ; and 4th. Supposing a 9 m, 

X-og. l+r > ° a J 

n to be given, r will be = ^ ae+^i.ia.D^ I-^ x> being 



l +r]»— i 
Log.C 

X-og 



n+i 



a/* 



n— r 



Example L Let a the annuity be 10, r the interest 
.045, and n the time, twenty years, then will p be = 

= i^I^l = iso.079. If p> n, and r. 



10 X 1.045 



\*>-l 



.045 xS) W .045X2.41171 

be 130.079, 20, and .045 respectively, a will be = 



50 



1.045 



130.079 X £45 X 1.045/ — 14.117 __ 



jwTi = iTHTy = 10 * If «> Jft *» r b « 

10, 130.079, and .045 respectively, n will be = Log. 

10 _ .3823260 •«■•<• 

10T-M5-* 130.079 + ***• 1 ' 04S = ^77^ = 20 " ABd rf 

a, p, and n respectively be 10, 1 30.079, and • 20, 

. i 

an^ 2 ... _ nr\r\ *\ 2' 



200 



- n+1 will be = 

P I 130.079 



.JI = 1.5375]- = 1.04181. 



and r will be = 6 " ^ 36 "" 12x 19x - 04181 — 6- >/ 36-9.5327 = 



19 



19 



6— */ 26.4673 6—5.1446 _J q^- 

19 """ 19 
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Example II. Let a the annuity be = 10, r the in- 
terest = .035, and n the time be 30 years, m the amount 

h 1iL V 10 X 1.035l5°-l 10X180678 _- i/?00 ^ T . 

will then be >- = — — = 516.227. Let 

.035 .035 

n, m, arid r respectively be 30, 516.227, and .035, and a 
will be = -° 35 X MM7 = ^^ = 10. If«, m, andrbe 

r^SO-.! 1.80678 

10, 516.227, and .035, ^i? will be 2.80678, and n 

a 
_ _ 4482090 

= Log. 2.80678 -7- Log. 1.035 = ^^ 3 = 30. Lastly, 
if a, m, «, be respectively = 10, 516,227, and 30; 



5=i will be = *Iii2l]5 = 1.720756 ;■, = 1.03814, and 

300 1 -* y 

./36+12 x31 X .03814— 6 ./50188— 6 7*0843 — 6 ^^ r * 

31 31 31 



* It should be observed, that although r has been taken for 
the interest of g£l for a year in these examples, the rules for de- 
termining the values of a 9 p 9 m, or n, would have answered equally 
well if r had been taken for any fraction of a year, and n had 
been taken for the number of payments instead of the number of 
fears: thus, if the payments instead of being made yearly had 
been supposed in these examples to be made quarterly, r in the 

former would have been — - — , and in the latter = - — ; and 

4 4 

ft, instead of being = 20 and 30, would have been =2 80 and 
120: that is, p in the first example would have been zz 

10x1.01125^ _ 13L418> and m in the ^ ond example = 

•045 X 1.01125) 80 

— ' °^ 75 * = 527.048 ; and n in the former would have 

.035 

been = Log. of — f- Log. of 1.01125 = 80, 

10— .045X131.418 5 * 



and in the latter = Log. of J3i ' M '- 04H1 ° ^ Log. f 1.00875 



.454032 i Qi\ 



.0037836 
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. In most books on the subject of annuities certain, and 
compound interest, it has been usual to combine the five 
quantities <z, m, n, p, and r, and to give theorems for de- 
termining the value of either of them when the other four 
are known. But it seldom or ever happens that m the 
amount, andjp the value of the annuity, are both known in 
the same case, and therefore it will not be necessary to 
give those theorems here. 

As the following problems have occurred in practice, 
and I am not aware that solutions of them have been 
given in any book on the subject, it may not be im- 
proper to insert them in this place, although not im- 
mediately connected with the object and design of this 
work. 

Problem I. To find the value of an annuity for ri 

years, supposing the first payment to be a 9 the 2d a—d, 

the 3d a— 2d % the nth a— n— Id. 

Solution. The series expressing the value of this 
annuity* supposing r to be .M?l increased by its interest for 



Mii a , a—d a — 2d , a— n — l.d T ., 

ayear, will be 7 + -^ + -*-'--' + ~H Let 

Abe the value of ^1 per annum for n years, and this 

series will be found = a x A + ""-1— n 1-L g» 

Example. Let the annuity be ^40 in the first year/ 
decreasing £\ 4s. in the 2d and subsequent years for a 
term of 14 years, and let r be = 1.05. Then will 

., . . • • ^ 13 X 1.2 

the above expression be 40 x 9.8986 + 2 05 — 

.88565X1.2 = S9 5 #94; 4, + 15 7 - 5 8 _225.45= ^328.074. 



1.8856C X .0025 

Problem II. To determine the sum to which an 
annuity will accumulate at the end of n years* supposing 
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such annuity to be received yearly, and its interest to be 
improved half-yearly. 

Solution. Let a be the given annuity, and r the in- 
terest of £l for a yebr ; then will the sum to which the 
first payment of the annuity at the end of the first year, 
will accumulate, together with its interest, improved half- 

yearly during w— 1. years, be = a. 1 -f -| ; the sum to 
which the second payment will accumulate in n— 2. years, 

be a. 1 4- -1 ; the sum to which the third payment will 



accumulate in w— 3 years be = a. 1 +IJ ; and so on. 
The whole sum therefore will be expressed by the series 

1+ » +1+ - a + 1+ -J + 1+ lJ ) = ax 



1* 




21 

Example. Let a be = 500, r = .05, and n = 30. 

The above expression will then be =: 500 x "" 

=: 500 x 67*1567 = 33,578.350. Were the above sum 
improved annually, it would amount to 33,219.4. And 
were the annuity received and improved half-yearly, it 
would amount to 33,998. 

Pboblem III. To determine the value of jffl per 
annum for n years after n years, of £% per annum for n 
years after 2n years, of j£3 per annum for n years after 
3n years, and so on increasing after the expiration of each 
n years for ever. 

Solution. Supposing in this case r to be £\ increased 
by its interest for a year, and the value of the annuity will 



r2»+l 
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be = ~ + jJ- + -i_ + &c. - - - ( r 4) - - - + 

2 a / 9 \ 33 3 

— ) - - - &c. &c. &c. The sums of these several 



series are 



r». r— l r^xr-i r*n.r— i rS n . r— i 

3 3 

„ ==• - - - &c. &c. respectively. The whole 

value therefore will be expressed by the two series 

3 



4 \ 1 

*- r "iH 4- &c.) = — — • 

r / r— l. r"— l 

Corollary. If n be = 1, the value of the above annuity 



will become = =r; which is known to be the true value 

from other principles. 

Example. Supposing A to hold a lease for 21 years, 
on condition that at the end of that term the rent should 
be increased 5 guineas for the next 21 years, 10 guineas 
for the following 21 years, and sa increasing 5 guineas per 
annum every 21 years for ever ; what is the value of such 
increasing rent at 3&5 per cent. Answer. In this case n is 
= 21, and r = 1.05 ; the value therefore will be= 5.25 x 

_^ = 5.25 x 11.2 = 58.8. 

.05 X 1.05 1 21 — 1 

Problem IV. To determine the sum which should be 
paid for any given annuity for n years, so as to secure the 
purchaser the. return of his capital at the expiration of the 
term, supposing him to have the means of reproducing 
that capital at j> per cent., and that the value of the annuity 
is computed at r per cent. 

Solution. Let a be the given annuity, and x the capi- 
tal to be reproduced at the end of n years, or the sum 

Y 
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which should be paid for the annuity on the above condi- 
tions. Since l JL£jL l is the amount of ^1 per annum 
at ; interest in n years, a — rx x *t* ,7* will be equal 



to x ; from which equation x is easily found = — c 

Example. ^1 purchases an annuity of <^65 for 10 years, 
and is to be allowed £9 per cent, in the purchase, but 
being unable to improve the difference between £65 and 
the interest at £9 per cenU on the capital at no higher 
rate than £S per cent. ; it is proposed to make him such 
allowance in the purchase money as shall enable him to 
replace his capital at the end of the term by improving it 
at this reduced interest. In this case g is = .03, r = .09, 
7i = 10, and a =z 65 ; and x will therefore be = 

.03 ♦ i O3l>o — i x .09 * 03 ♦ ,344 x ,0 ^ 

words; 866.710 x .09 = 38.004, and 65 - 33.004 ( = 
31.096) multiplied into 11.464 the amount of j^l per 
annum in 10 years, by Tab. 21, gives 366.710. 

Corollary. When g s r, the above expression be- 



comes **~— which is known to express the amount of 
^1 ^>*r annum in n years. 



Observation. 

The values of annuities cm two joint lives in the 4tfc 
Table are given only for every five years difference of age* 
and in the 14th Table for every six years difference. But 
the values for the intermediate ages may be found with 
sufficient accuracy by the method of interpolation* Thus, 
supposing it were required to find from the 4th Table the 



t 
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value at 5 per cent, of two joint lives aged 44 and 52 ; we 
shall have 7.875 for the value of two joint lives aged 52 
and 42, and 7.582 for the value of two joint lives aged 52 
and 47* If the difference, or .292 be divided by 5, the quo- 
tient or .0586, will be the 5th mean between these two 
values. Deducting .1 1 7* or two of these means, from 7.875, 
the remainder, or 7-758 will be the value required. In 
like manner, if it were required to determine the value at 
At per cent, by the 14th Table of an annuity on two joint 
lives age 63 and 54, the value of two joint lives aged 68 
and 51 is 6.505, the value of two joint aged 63 and 
57 is 6,045, and their difference, or .460, being divided by 
6, gives .0767 for the 6th mean between those two values. 
Three of these means, or .230, being subtracted from 
6.505, will leave 6.275 for the value of the two joint lives 
aged 63 and 54 years. 



?2 
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POSTSCRIPT. 



. THE following nosological table, though it may not 
have an immediate connection with the doctrine of life 
annuities and reversions, or perhaps lead to any certain 
conclusions respecting the proportion in which different 
disorders prevail among the human species, cannot, how- 
ever, be considered as altogether unimportant, or forming 
an improper addition to this work. 

It should be observed, that the diseases of which the 
members of the Equitable Society are stated to have died, 
are all certified by gentlemen of the medical profession, 
and therefore that the present table is so far correct It 
contains also an account of all the deaths that have hap- 
pened in the Society during the course of the last 20 years, 
among a population exceeding 150,000 persons; so that it 
is not improbable but that, as to the diseases of which they 
have died, it gives results not very different from those 
which take place in general among the inhabitants of this 
country. 

The number of deaths appears to have been much less 
than they should have been by the Northampton^ or indeed 
by any other table of observations, with which I am ac- 
quainted. How far this circumstance may have had any 
effect in changing the proportions of the diseases to each 
other, I must leave for the investigation of the medical pro- 
fession, as this may possibly be a question of greater difficulty 
than it is to ascertain the effect which it has had on the 
funds of this Society. 
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